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PBW FILTRATION AND BASES FOR SYMPLECTIC LIE
ALGEBRAS

EVGENY FEIGIN, GHISLAIN FOURIER AND PETER LITTELMANN

ABSTRACT. We study the PBW filtration on the highest weight rep-
resentations V(A) of sp,,. This filtration is induced by the standard
degree filtration on U(n™). We give a description of the associated
graded S(n™)-module grV () in terms of generators and relations. We
also construct a basis of grV(A). As an application we derive a graded
combinatorial formula for the character of V(A) and obtain a new class
of bases of the modules V().

INTRODUCTION

In this paper we continue the study of the PBW filtration on irreducible
representations of simple Lie algebras initiated in [FFoL]. The goal of this
paper is to develop the theory of PBW-graded modules for symplectic Lie
algebras spo,,. We start with recalling the definition of the PBW filtration.

Let g be a simple Lie algebra and let g = n™ @ h & n~ be a Cartan de-
composition. For a dominant integral A we denote by V'(\) the irreducible
g-module with highest weight \. Fix a highest weight vector vy € V().
Then V(A) = U(n™)vy, where U(n™) denotes the universal enveloping alge-
bra of n~. The degree filtration U(n™)s on U(n™) is defined by:

Un™)s =span{zy...x2;: x; €n 1 < s}

In particular, U(n™ )y = C and grU(n~) ~ S(n~), where S(n~) denotes the
symmetric algebra over n~. The filtration of U(n™) by the subspaces U(n™),
induces a filtration of V(\) by the subspaces V' (\):

V(A)s = Un™)sua.

We call this filtration the PBW filtration. The central objects of our paper
are the associated graded spaces grV () as S(n~)-modules for g of type C,,.
We note that grV () = S(n~)v, is a cyclic S(n™)-module. So one has

grV(A) = Sn7)/I(N),

for some ideal I(\) C S(n™). For example, for any simple root «; the power

é?’o”)“ of a root vector f,, € n_, belongs to I(\) since O(j"ai)Hv)\ =0in

V(A). To describe I(\) explicitly, we prepare some notations. All positive
1
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roots of sp,,, can be divided into two groups:
Qij =i+t +oy, 1<i<j<n,
di=aitapt...tomtoapat...ta; 1<i<j<n

In particular, o 7 is the highest root. Consider the action of the opposite

subalgebra n™ on V(). It is easy to see that nTV(\)s < V(\)s, so we
obtain the structure of an U(n™)-module on grV (\) as well. We show:

Theorem A. The ideal I()\) is generated as S(n™)-module by the subspace

Un™)o Span{féi\f"'j)ﬂ, 1<i<j<n-—1, fo(:’zai’")ﬂ, 1<i<n}
Theorem A should be understood as a commutative analogue of the well-
known description of V' (\) as the quotient

V() = Un™)/(fOe0 T 1 < i < n)

(see for example [H]).

Our second problem (closely related to the first one) is to construct a
monomial basis of grV(\). The elements [] -, fo*va with s, > 0 obviously
span grV(A) (recall that the order in [] ., f5* is not important since fq
are considered as elements of S(n™)). For each \ we construct a set S(\) of
multi-exponents s = {s, }o>0 such that the elements

foon =[] firva, s € SO
a>0
form a basis of grV(X). To give a definition of S(A) we need the notion of
a symplectic version of Dyck path, which is precisely defined in Section [I],
Definition The definition is similar to the one for usual Dyck paths,
see for example [FFoL]). In short, a Dyck path p = (p(0),...,p(k)) is a
sequence of positive roots starting at a simple root «;, ending at a root «;
or oz, j =1 and obeying some recursion rules. We denote by D the set of
all Dyck paths.
For a dominant weight A we introduce a polytope P(X) C Rgoz

If p(0) = a4, p(k) = «j, then

o ) Sp(o) —+ -+ Sp(k) S (Ay ai,j))
P(A) = {(Sa)a>0 | Vp eD: if p(o) — a“p(k) = 04].37 then ’

Let S(X) be the set of integral points in P(\).
We show:

Theorem B. The set of elements fSvy, s € S(A), forms a basis of grV (A).
For s € S(\) define the weight
wt(s) 1= Z Saj ik + Z Sa, 70 k-
1<j<k<n 1<j<k<n

As an important application we obtain:
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Corollary 0.1.

i) For each s € S(\) fix an arbitrary order of factors fo in the product
[loso for. Let f5 = [[asofa2 be the ordered product. Then the
elements fSvy, s € S(N), form a basis of V(\).

i) dim V() =4S()N).

iii) charV(A) = Ysesi) eAwHs),

We note that the order in the corollary above is important since we are
back to the action of the (in general) not commutative enveloping algebra.
We thus obtain a family of bases for irreducible sp,,,-modules. The existence
of these bases (with the same indexing set) was proved by Vinberg for sp,
(see [V]).

The modules grV(\) have one more nice property. Namely, given two
dominant integral weights A and p, consider the subspace grV (A, u) —
grV(\) ® grV(u) generated from the product of highest weight vectors:
grV(Ap) = Sn7)(vy ® v,). We prove that grV (A, u) ~ grV(A + )
as n~-modules. This is an analogue of the corresponding classical result.
In type A this statement was proved in [FFoL]. Dualizing the embedding
grV (A + pn) < grV(A\) @ grV(p), one obtains an algebra structure on the
space @, (grV(N\))*. The projective spectrum of this algebra is a certain
deformation of the symplectic flag variety. In type A it was studied in [F3].

Remark 0.2. The data labeling the basis vectors is similar to that for the
symplectic Gelfand-Tsetlin patterns (see [GT], [BZ]). However, these bases
are very different from the symplectic GT basis. On the combinatorial side
the connection with the Gelfand-Tsetlin patterns was recently clarified by
Ardila, Bliem and Salazar [ABS|. Generalizing a result of Stanley, they
show that for every partition A there exists a marked poset (P, A, \) such
that the Gelfand-Tsetlin polytope coincides with the corresponding marked
order polytope and our polytope P(A) coincides with the corresponding
marked chain polytope. Note that both polytopes have the same Ehrhart
polynomials [ABS].

We finish the introduction with several remarks. The PBW filtration for
highest weight representations was considered in [FFolL], [Kum], [FEJMT],
[F'1], [F2], [E3]. It was shown that it has important applications in alge-
braic geometry, representation theory of current and affine algebras and in
mathematical physics.

There exist special representations V' (\) such that the operators f$ consist
only of mutually commuting root vectors, even before passing to grV ().
These modules can be described via the theory of abelian radicals and turned
out to be important in the theory of vertex operator algebras (see [GG],
[FFT), [FTJ).
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Finally we note that grV(\) carries an additional grading on each weight
space V(A)* of V(N):

gV =P gr VW =EPVNE/VA
s>0 s>0
The graded character of the weight space is the polynomial
Pau(e) =) ([dim VL / V)L )e
s>0
Define the degree
deg(s) := Z Sajp + Z
1<j<k<n 1<j<k<n

for s € S(\), and let S(A)* be the subset of elements such that 1 = A—wt(s).
Then

Corollary. px.(q) = > scsn qiees.

We note that our filtration is different from the Brylinski-Kostant filtra-
tion (see [Br], [Kos]).

Our paper is organized as follows:
In Section 1 we introduce notations and state the problems. Sections 2 and
3 are devoted to the proof of Theorems A and B. In Section 2 we prove the
spanning property of our basis and in Section 3 we finalize the proof.

1. DEFINITIONS

Let Rt be the set of positive roots of spsy,. For each a € RT we fix a
non-zero element f, € n_,. Let a;, w; i = 1,...,n be the simple roots and
the fundamental weights. All positive roots of sp,,, can be divided into two
groups:

ajj =0 tai1+- - ta, 1<i<j<n,

aiJ:O‘i+ai+1+"'+an+an—1+...+aj, 1<i<j<n

(note that «;,, = ;). We will use the following short versions

;=05 fij=fa,; fi7=TIa

We recall the usual order on the alphabet J = {1,...,n,n—1,...,1}
1<2<...<n—-1l<n<n-1<...<1.

o = O _.
(2 (2 i,7

Let spy, = nt @& h & n~ be the Cartan decomposition. Consider the
increasing degree filtration on the universal enveloping algebra of U(n™):
(1.1) Un™)s =span{z;...z;: x; €n 1 < s},

for example, Un")p =C- 1.
For a dominant integral weight A\ = mywy + -+ - + myuwy, let V(A) be the
corresponding irreducible highest weight sp,,-module with a highest weight
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vector vy. Since V(\) = U(n")vy, the filtration (II) induces an increasing
filtration V' (\)s on V(\):

V(A)s =U(n™)svn.
We call this filtration the PBW filtration and study the associated graded

space grV (A). In the following lemma we describe some operators acting on
grV(A). Let S(n™) denotes the symmetric algebra of n™.

Lemma 1.1. The action of U(n™) on V(A) induces the structure of a S(n™)-
module on grV(X\) and

gr(V () = S o

The action of U(nt) on V(X) induces the structure of a U(n™)-module on
grV (X).

Our aims are:

e to describe grV(A) as an S(n~)-module, i.e. describe the ideal
I(\) < S(n™) such that grV(\) ~ S(n™)/I()\);
e to find a basis of grV(A).
The description of the ideal is given in the introduction (see Theorem A).
To describe the basis we introduce the notion of the symplectic Dyck paths:

Definition 1.2. A symplectic Dyck path (or simply a path) is a sequence
p = (p(0),p(1),...,p(k)), k=0

of positive roots satisfying the following conditions:

a) the first root is simple, p(0) = «; for some 1 < i < n;

b) the last root is either simple or the highest root of a symplectic
subalgebra, more precisely p(k) = «; or p(k) = as for some i < j <
n;

¢) the elements in between obey the following recursion rule: If p(s) =
a4 with 7,¢ € J then the next element in the sequence is of the
form either p(s + 1) = oy q41 or p(s + 1) = 1,4 where z + 1
denotes the smallest element in J which is bigger than z.

To give a visual interpretation of the notion of a Dyck-path for spg, ar-
range the positive roots in the form of a triangle. In this picture, a Dyck
path is a path in the directed graph, starting at a simple root root and
ending at one of the edges.

oy — 012 — 013 — Q14 — O

A A A A A
Q22 — Q3 — Q24 — 0423 — 04275
\ \ \
a33 — Q34 — 0433
1

Q4.4
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Denote by D the set of all Dyck-paths. For a dominant weight A =
Yoy maw; let P(X) C ]R o be the polytope

If p(O) = aiap(k‘) = «j, then
_ . Sp(0) T Sp S it e my,
(1.2) P(\) = {(Sa)a>0 |VpeD: if p(0 ) = a,, ( ) = O‘j hen }’
Sp(O) (k) < m; + T+ my

and let S(A) be the set of integral points in P()\).
For a multi-exponent s = {s3}>0, 3 € Z>0, let f° be the element
= II 75
BERT

In the next two sections we prove the following theorem (Theorem B from
the introduction), which immediately implies Corollary [0.1]

Theorem 1.3. The set f5vy, s € S(\), forms a basis of grV (A).

Proof. In Section 2 we show that the elements fSvy, s € S(A), span grV (),
see Theorem [2.4] In Section 3 we show that the elements are linear inde-
pendent in grV (\) (see Theorem [3.6]), which finishes the proof. O

2. THE SPANNING PROPERTY

We start with writing down the powers of certain positive roots annihi-
lating a highest weight vector in an irreducible sp,,,-module.

Lemma 2.1. Let A = Y " mw; be the spy,-weight and let V(N\) be the
corresponding highest weight module with highest weight vector vy. Then

(2.1) farmatl, 0, 1<i<j<n—1,
(2.2) mitetmatly =0, 1<i <n.

Oé—

Proof. For each positive root o we have the corresponding slo-triple {e,, hq,
fa}- Now the lemma follows immediately from the sly-theory. O

In the following we use the differential operators 0, defined by
f —a ifﬁ—a€A+,
8afﬁ = { g

0, otherwise.

As in the A,-case (see [FFoll]), we have a natural action of U(n™) on S(n™)
coming from the natural action of U(n™) on S(g) and the identification
S(n7) ~ S(g)/S(n")S(h@nT). The operators 9, satisfy the property

Oafp = cap(ad ea)(fp),

where ¢, g are some non-zero constants. In what follows we sometimes use
the equality a;n = 5.
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Lemma 2.2. The only non-trivial vectors of the form 0gfa, o, > 0 are
as follows: for a = a;;, 1 <i<j<mn

(2.3) Oisfij = fs+15, 1 <s5<j, Osjfij= fis—1, 1 <5=Z],
andfora:aij, 1<i<j<n

(2.4)

ai,s i fs+137 1<s<y, ai,s 7 fj7ma Jj <s, 82',? i fj,s—b Jj<s,
(2.5)

854_13]0@'5 = fi,sa 1< s </, aj,H_lfiJ = fi,sa J<s, 8j,s—1fi,j = fi,?y J<s.

Let us illustrate this lemma by the following picture in type Cs.

L] L] L] L] L] L] . (0] [0}

o o o o o o o
L] L] L] o L]
o o o

Here all circles correspond to the positive roots of the root system of
type Cs in the following way: in the upper row we have from left to right
11,5 015,047, .., 7, in the second row we have from left to right
2,2, .., 25,0 7, -+ Oy 3, and the last line corresponds to the root ass.
Now let us take the root o 3 (which corresponds to the fat circle). Then all
roots which can be obtained by applying the operators dsz are depicted as
filled small circles.

The following remark will be important for us.

Remark 2.3. Formula (Z3]) reproduces the picture in type A,. Formulas
23), [24) and (ZF) resemble the situation in type Ag,—1. The difference
is that in the symplectic case the roots g f, with fixed a do not form two
segments (as in type A), but three segments.

Our goal is to prove the following theorem.

Theorem 2.4. i) The vectors fSvy, s € S(\) span grV ().
ii) Let I(\) be the ideal I(\) = S(n~)(U(n") o R), where
R= span{f&?ff”'+mj+1, 1<i<j<n—1, frt-tmatl ] < <p}
There exists a monomial order on S(n~) = C[f, | @ > 0], denoted
by “ =", such that for any s & S(\) there exists a homogeneous
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expression (a straightening law) of the form

(2.6) =D atteI(n).

s>t

Remark 2.5. In the following we refer to (2.6) as a straightening law for
the polynomial ring S(n~) = C[f, | @ > 0] with respect to the ideal I(\).
Such a straightening law implies that in the quotient ring S(n™)/I(\) we
can express f° for s ¢ S()\) as a linear combination of monomials which are
smaller in the monomial order than f®, but of the same total degree since
the expression in (2.6]) is homogeneous.

We show first that i) implies 7):

Proof. [ii) =1)] The elements in R obviously annihilate vy € grV(\), and
so do the elements of U(n™) o R, and hence so do the elements of the ideal
I(X). As a consequence we get a surjective map S(n~)/I(A) — grV(A).
Suppose s € S(A). We know by i) that f5 = > ,cef* in S(n™)/I(A).
If some t with nonzero coefficient ¢ is not an element of S(X), then we
can again apply a straightening law and replace f* by a linear combination
of smaller monomials. Since there are only finite number of monomials of
the same total degree, by repeating the procedure if necessary, after a finite
number of steps we obtain an expression of f$ in S(n~)/I(\) as a linear
combination of elements f*, t € S(\). It follows that the set {f* |t € S(\)}
is a spanning set for S(n~)/I(\), and hence, by the surjection above, we get
a spanning set {ftvy |t € S(\)} for grV(\). O

To prove the second part we need to define the total order. We start by
defining a total order on the variables:

fom >
fn—l,m > fn—l,n > fn—l,n—l >
(2'7) fn—2,m > fn—2,m > fn—2,n > fn—2,n—1 > fn—z,n_2 >
> . > ... >

Hi>ha> > fa=t> fhin > fip1>00> fiz> fine

We use the same notation for the induced homogeneous lexicographic order-
ing on the monomials. Note that this monomial order > is not the order .
To define the latter, we need some more notation. Let

J J
Sej = § :Si7j7 Sej = § :Sij’
i=1 1=1
n n—1
Sie =) Sijt Y 57
j=i j=i

Define a map d from the set of multi-exponents s to Z%:

d(s) = (Sn,esSn—1,01---,51e)-



PBW FILTRATION AND BASES 9

So, d(s)i = Sp—it+1,e. We say d(s) > d(t) if there exists an ¢ such that
d(S)l = d(t)l, ce ,d(S)Z‘ = d(t)i, d(s)i+1 > d(t)i—l—l-
Definition 2.6. For two monomials f% and f* we say fS = f*t if either

a) the total degree of fS is greater than the total degree of f*;
or b) both have the same total degree, but d(s) < d(t);
or ¢) both have the same total degree, d(s) = d(t), but f5 > f*.

In words, if both have the same total degree, this definition says that f*®
is greater than f* if d(s) is smaller than d(t), or d(s) = d(t) but f5 > f*
with respect to the homogeneous lexicographic ordering on C[f, | a > 0].

Remark 2.7. 1t is easy to check that “>~” defines a monomial ordering, i.e.,
if f5 = f*and f™ # 1, then

fom — fs+m o ftfm — ft+m S ft-
Slightly abusing notations, we use the same symbol > also for the multi-
exponents: we write s = t if and only if f$ >~ f*.

Proof of Theorem ii). We discuss first some reduction steps. Let s
be a multi-exponent violating some of the Dyck paths condition from the
definition of S(A) and let p be a corresponding Dyck path. We write s as a
sum s = s + s%, where s® is defined as follows: sl = s, if @ € p and s =0
if o € p, so s, has support (i.e. nonzero entries) only on p. Now obviously
we still have s' & S(\). If we have a straightening law for fslz

=Y arte 1

si-t

then multiplication by fs2 gives a straightening law for f5 = fs1 fsz, because
> is a monomial order.

So it suffices to find a straightening law for those s ¢ S(A) which are
supported on a Dyck path p and s violates the Dyck path condition for
S(A) for the path p.

Suppose first that the Dyck path p is such that p(0) = a;, p(k) = o
for some 1 <7 < j < n. We are going to show that in this case we get a
straightening law by the corresponding result for the Lie algebra sl,, from
[FFoL]. In fact, consider the Lie subalgebra M C sp,, generated by the
elements eq, ;, fa; ;s hay;» 1 < @ < n. This subalgebra is isomorphic to sl,.
Let M = n;\r/[ ® by Dy, be the Cartan decomposition obtained by setting
ny,=ntNM,ny, =n"NMand hy =hNM. Let

Ry = span{ fait "Mt 1 <4 < j<n—1} C S(ny;) € Sn).
Then Ry C R and U(n;\%) oRy CUMmT)oR. Set Ay = E?;ll m;w; and
let Ipr(Aar) be the ideal Ips(X) := S(ny,)(U(n},) o Rar) C S(ny,).

We have an obvious inclusion Ip;(Ay) € I(A). But note that the ideal
Ini(Apr) is considered in [FFol] for the sl,-case (recall, M =~ sl,,). Also the
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Dyck path considered here is an sl,, Dyck path, because all roots occurring
in the path are roots in the subroot-system associated to the Lie-subalgebra
M. Tt follows by [FFoL] that we have a straightening law

(2.8) F5 = et e In(hr) CI(N).

s>t

It remains to show that in the sum above we can replace “>” by “>". For
this we need to recall the proof in the type A-case. Recall that we work now
with the subalgebra M ~ sl, C spy,,. To get the straightening law above,

one starts with the element ff 7’;(0)+"'+s” *) ¢ Rys. Applying the d-operators
(see [FFoll]) one shows that
B= Y% iy € Ry

One applies then the following 0-operators to B to get
(2.9) A= 8;21" f?é' e 8;?1’-'_13 € Ry

(since s is supported on p and p(k) = a;, j < n, we have s;4 = Z;-:ll 51,5)-
We show in [FFol] that

(2.10) A= o F"

t<s

for some cg # 0, which gives rise to the straightening law in (2.8). Now in
this special case Lemma implies that the application of the d-operators
in (Z39) produces only summands such that d(s) = d(t) for any t occurring
in the sum with a nonzero coefficient. Hence we can replace “>” by “>" in
([28), which finishes the proof of the theorem in this case.

Now assume p(0) = «;; and p(k) = o5 for some j > 4. We include the
case j = n by writing o, , = a,5. We proceed by induction on n. For
n = 1 we have spy = sly, so we can refer to [FFoL]. Now assume we have
proved the existence of a straightening law for all symplectic algebras of rank
strictly smaller than n. If 4 > 1, then the Dyck path is also a Dyck path for
the symplectic subalgebra L =~ spy, o1y generated by eq, s fay s Pay s
1<k <n. Let nJLr, n; etc. be defined by the intersection of n*,n™ etc. with
L and set A\, = Y, _. mywg. It is now easy to see that the straightening law
for f° viewed as an element in S(n; ) with respect to I1(Ar) defines also a
straightening law for f° viewed as an element in S(n™) with respect to I(\).

So from now on we fix p(0) = a; and p(k) = «, ; for some i € {1,...,n}.
For a multi-exponent s supported on p, set

k
E:ZSP(l)>m1+"'+mn-
=0
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We have obviously f121 € I(\). We consider now two operators

itSie qSe.i Sen—1 qSe.n—1+Sem Se,i TS
Se , LN on ,n o
Ay = Ot gt gt gyt g

0, i+1 nSe,i—1 Se,2 So
i+1,04+1 8 8 a

1,i 1,3

P4 82 81
(s0 Ay = 8,57 " §36,61) and
Ag = 07400y Oy
We will show that
(2.11) MoAiflr =cef®+ > cf
s>t

with complex coefficients cs, ¢y, where ¢g # 0. Since Ay f1zi € I(\), the

proof of (Z.I1]) finishes the proof of the theorem. A first step in the proof of
(211) is the following lemma.

Recall the alphabet J = {1,...,n,n—1,...,1}. Let q1,...,¢; € J be a
sequence of increasing elements deﬁned by

gy =max{l € J: oy € p}.
For example, ¢; = i. The roots of p are then of the form

041,1,- .. ,()é17q1,()é27q1, N ,Oég,qm N 7ai,qi717 N ,ami.

/ Se,q;_1—Si,q; Si S =
Lemma 2.8. Set f5 = f/%' f'éz...fl'qfill TEELE ;:“11. f.5". Then
Alflzi is of the form

(2.12) Alflzj =co f + Z co f*

s>t
such that cg # 0. In addition, if f*, t # ', is a monomial occurring in this
sum, then one of the following statements holds:

e there exists an index j such that d(t); > 0 for some j € {1,2,...,n— i},
o d(t )]—Oforallje{l .,n—z’} and d(t),— i+1 > Sie,

o d(t) = d(s') and f}}' fz-,i-ff“ f <L
Before proving the lemma, we explain in the following corollary the reason

why we need the lemma. The corollary is proved after the proof of the
lemma.

Corollary 2.9. If f* # % is a monomial occurring in (Z12), then Aqf*
is a sum of monomials f¥ such that fS = fX.

Proof of the lemma. One sees easily by induction that

(fZ_)_ Se,1 rSe,2 Se,i—1 pX—Se,1—Se,2—-..—Sei—1
11 2 o J1i1 g :
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Since anj —a1, 1 <j<i,i<l<m,and a1 — a7 1 <j<i, 1 <l<n,
and a1 — a14-1, 1 < j < i, are never positive roots, all factors of do and
03, as well as 01 ;—1, annihilate the vector

fx _ fpSe,l pSe,2 Se,i—1
—J11J1,2 - J1i—-1

Therefore

Se,iTSie - 0,1~ Se2—...—Se,i—
AL(f77) = FROr50y " Saba(fy g T,
To visualize the following procedure, one should think of the variables f; ;
as being arranged in a triangle like in the picture after Lemma[2.2] or in the

following example (type Cy4):

lf11§12§13§14§13§12f1ﬂ
22723/ 24/ 23/ 23
(2.13) f33/34/33
Fid
With respect to the ordering “>”, the largest element is in the bottom row
and the smallest element is in the top row on the left side. We enumerate
the rows and columns like the indices of the variables, so the top row is the
1-st row, the bottom row the n-th row, the columns are enumerated from
left to right, so we have the 1-st column on the left side and the most right
one is the 1-st column.

The operator 014, 1 < ¢ <n—1,kills all f;; for 1 <j <gq, 014(f1;) =
fq+1,j for J =q-+ 17 S gt 17 81,q(f1,j) = f]7q+—1 for J = 17' -4, and 51,(]
kills all fy ¢ for k > 2. Because of the set of indices of the operators occurring

in d9, the operator applied to flzi_s"l_s"2_"'_s"i*1
entries in the first row, column ¢ up to column 2. As a consequence, the
application of o produces the monomial

X s"i+so,i+71 s'v”l*2+so,n—1 Se,n—11Se,n pSei k
f 11J+1 an—1 Ln 1,1 +’§ :Ckf )

where the monomials f¥ occurring in the sum are such that the correspond-
ing triangle (see (2.I3))) has at least one non-zero entry in one of the rows
between the (i 4+ 1)-th row and the n-th row (counted from top to but-
tom). This implies d(k); > 0 for some j = 1,...,n — 4. The operators
03 and 85'22_?“ do not change this property, because (in the language of
the scheme (2.I3) above) the operators 0 ; used to compose d3 either kill a
monomial or, in the language of the scheme (2.I3]), they subtract from an
entry in the j-th column, k-th row and add to the entry in the same row,
but (j —1)-th column. The operator 0 ;—; subtracts from the entries in the
top row. Since the entries in the top row, column i — 1 up to 2, are zero,
it adds to the entries in the i-th row. The only exception is 0y ;—1 applied
to fi 1, the result is f;. It follows that the monomials ¥ occurring in
Z?i'i’isi"&g f¥ have already the desired properties, because we have just seen
that d(k’); > 0 for some j =1,...,n —i.

never increases the zero
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So to finish the proof of the lemma, it suffices to look at

itSi,e Se,itSe 71T Se,n—2+5¢ 7=T 45 1+s i
(2.14) fxal.zll L e DA 'nfl,.il
itSi s Seit1 Se — T 8
(2.15) _fxalozll " ”fl.zfl : f1 l.nnl f1.zr1 1,1

Note that the operator 0;;—1 being applied to any variable in (2.I35]) but
to f11, increases the degree with respect to the variables f; . or gives zero.

We note also that 01,17 = f1;. So [2.I4]) written as a linear combi-
nation Y ¢ f¥ of monomials such that dk); =0for j =1,...,n —i and
d(k)n—z—l—l > Sie-

It remains to consider the case where d(k),—i+1 = sie. This is only

possible if 01 ;1 is applied s, ;+5; o-times to fls"l’g, in which case d(k) has only
two non-zero entries: d(k), =X —s; and d(k)n i+1 = Si,e, 50 d(k) = d(s').

) P s, -
If k # s/, then necessarily fZ i lez_fll .- f h Zflvz.’fll e Z.é”. U

Proof of the corollary. The operators used to compose Ay do not change
anymore the entries of d(t) for the first n — ¢ + 1 indices.

Suppose first t is such that there exists an index j such that d(t); > 0
for some j € {1,2,...,n —i} or d(t),—i+1 > sie. By the description of the
operators occurring in Ay, every monomial fX occurring with a nonzero
coefficient in As f* has this property too and hence 3= fk

Next assume d(t) = d(s’) and fflllffll_fll e f fs“ff’zfll o fiit Re
call that t,;—y = ... = t;7 = 0. It follows that the operators occurring
in Ay always only subtract from one of the entries in the top row and add
to the entry in the same column and a corresponding row (of index strictly
smaller than 7). It follows that all monomials fk occurring in A (f*) have

the property: d(k) = d(s). Since ft”fffifll e f ES A AT £t

0,0 0
follows that f5 > fX and hence f5 = fX. O
Continuation of the proof of Theorem i1). We have seen that to prove
Theorem [2.4] i7), it suffices to prove (2.11]). By Lemma 2.8 and Corollary 2.9]
it remains to prove for f that Asf% is a linear combination of f* with a
non trivial coefficient and monomials strictly smaller than f*. The following
lemma proves this claim and hence finishes the proof of the theorem. O

The following lemma completes the proof of part ii) of Theorem [2.4]
Lemma 2.10. The operator Ay := 852 ¢ 53 S Off;_lé' applied to the mono-

mial f% is a linear combination of f% and smaller monomaals:

(2.16) Aofs =cfs+ thft, where ¢ # 0.

s>t

Proof. First note that all monomials fk occurring in Ay f® have the same

total degree. Recall that s’ LT 1 ;=0 1It follows that the operators

occurring in Ay always only Subtract from one of the entries in the top row
and add to the entry in the same column and a corresponding row (of index
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strictly smaller than 4 and strictly greater than 1). Thus all monomials fX
occurring in Ag( fsl) have the same multi-degree. In fact, we will see below
that f is a summand and hence d(k) = d(s).

So in the following we can replace the ordering > by > since, in this
special case, the latter implies the first.

The elements f;; and f;5, 2 < i < j < n, are in the kernel of the
operators 0y, for all 1 < k < n, and so are the variables f; ;, 7 < k in the
first k£ columns.

The operator 0k, 1 < k < n, “moves” the variables f;;, k+1<j <n
from the first row to the variable fjq; in the same column.

The operator 0, 1 < k < n “moves” the variables flj, k+1<j<n
from the first row to the variable f;_., ; in the same column. For j < k, the
operator makes the variables switch also the column, it moves the variable
f1; to the variable f; = in the j-th row and (k 4+ 1)-th column.

If i = 1,2, then Ay is the identity operator, f5 = f* and hence the lemma
is trivially true. Now assume ¢ > 3. We note that the monomial

51,1 S1,q S2 $2,q 2 ,q $2,q
i Srg O frgl - 00" i)
S’L 1,q; Si—1,q 37, 1,q; Si—1,q;_ Si,q; Sii
( 10— 22 2f17‘]i721 ’ 1Z 21 lfl,qz'fll 1)(fi7q;11"'fi,%l)

is proportional to f% and appears as a summand in Asf¥. Our goal is to
show that all other monomials in Ao f% are less than f5.

All monomials share the common factor ( f; ;j:l f;%l) The maximal
variable smaller that the ones occurring in this factor is the variable f;_1 4, ;.
Note that if j < ¢ — 1 then for any ¢ € J the variable 0, ;fi 4 lies in the
(j+1)-th row and j +1 < i. The operator 0 ;2 is applied s;_1 o times and
the unique maximal monomial in the sum expression of 8;?{}5 15 s

Se,1 56,2 Se,q;_o 7 Si—1,q;_ Si—1,q;— Si—1l,q;_ Si,q;— Sii
1113 frgl icras - Jing Wi - 15
In fact, applying the operator 01 ;_s to any of the variables f ; such that j #
Qi—2,---,qi—1, one gets a monomial smaller in the order >. The exponents
Si—1,j» J = Qi—2,---,Qi—1, are the maximal powers such that 9;;_o can be
applied to ffj because either ¢;_o < j < ¢;—1, and then y = s, j = s;_1,, or
Jj = @i—1, then s;_1 4 , is the power with which the variable occurs in 1,
or j = g;—2, then only the power s;_1 4 , of the operator is left.
Repeating the arguments for the operators 0;;,_3 etc. we complete the
proof of the lemma. O

3. MAIN THEOREM

Recall that in [ABS] the equality #S(A\) = dimV()) is proved using
purely combinatorial tools. Combining this result with Theorem 2.4 we
obtain Theorems A and B from the introduction. However in this section we
present a representation theoretical proof of the equality #S(\) = dim V' (\)
by showing that the vectors f3, s € S()\), are linearly independent in grV (\).
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The advantage of our proof is that in the course of the proof we obtain the
following important statement: the subspace of grV (\) ® grV (u) generated
from the product of highest weight vectors is isomorphic to grV (A + ) (see
Theorem [B.6] (ii7)).

3.1. Fundamental weights and minimal sets. In this subsection we
study the case A = w;. The following lemma follows from the definition of

S(wl)

Lemma 3.1. S(w;) consists of all s such that s, < 1 and the support of s
s given by the set

M ={a; o |l=1,....p} U{oyn [ 1=1,...,q}
with the following conditions

1< <je<...<jpp<i; 1<k <k<...<kp,
Jp<ti<te...<t;, <i<rm<...<rg<n

Remark 3.2. We note that §M*° < i and every path contains at most one
element from M3, since the roots on a path are ordered with respect to the
order >.

Lemma 3.3. For every fundamental weight w; we have
1S (wi) = dim V' (w;)

Proof. Follows from [ABS] or by establishing a bijection with Kashiwara-
Nakashima tableaux or by showing that

7

5 (wi) + £S(wi o) + - = <27>
(compare with A’V (w1) = V(w;) @ V(wi_2) @ ..., see [FH]). O

We set
R; ={B € R" | (wi,f) #0}.
Let A =) mjw; € PT and s € S(\). We set
R} ={B € R; | sg # 0}.
From now on let ¢ be the minimal index, s.t. m; # 0.

Definition 3.4. For s € S(A) denote by M? the set of minimal elements in
R? with respect to the order > (see (Z7))). Denote by m$ the tuple mg =1
if 3 € M? and 0 otherwise.

Lemma 3.5. Let A =) myw; and i minimal with m; # 0. If s € S(\) then
m; € S(w;) and s —m$ € S(\ — w;).
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Proof. We first note that the statement m$ € S(w;) follows from Remark
Let us prove that s — m$ € S(A — w;). For this we need to show
that the conditions from ([.2)) for s — m$ are satisfied for all paths p. Let
p = (p(0),...,p(k)). Let p(0) = a4. Then we know that Z?:o Spy <
Mg + -+ + my, where p(k) = o if b < n and p(k) = a;5ifb=n (j > a).
The cases b < 7 or a > 1 are trivial. So we assume a < 7 and b > 4. If
M?Np # 0, then

k

D (s—md)ypy S mg+ -+ my — 1

1=0
Now assume that M Np = (. Let [ be the minimal number such that
sp) > 0. Then there exists a € M7 such that a < p(l). Therefore there
exists a path p’ containing «, p(l),...,p(k). We note that

Mty 2 Y sy > D S0
1>0 1>0

Therefore, > ;~o(s — m$),qy < my+ -+ + my,. O
3.2. Proof of the main theorem. In the following we write V*(\) for the
associated graded module grV(\). Denote by V(A u) < V4A) @ V()
the S(n™)-submodule generated by the tensor product vy ®v,, of the highest
weight vectors.

Theorem 3.6. i) The vectors fvy, s € S(X) form a basis of V4(N),
ii) Let V*(N) = S(n™)/I(N). Then I(\) = S(n™)(U(n) o R), where
R=span{fa;, T 1 <i<j<n 1, frebetmetl ] < <)

iii) The S(n~) modules VO (\, ) and V(X + p) are isomorphic.

The proof of the theorem is by an inductive procedure. We know that
part i) of the theorem holds for all fundamental weights. For a dominant
weight A = >, a;w; denote by |A\| = ) a; the sum of the coefficients. A first
step in the proof is the following proposition:

Let A be a dominant weight, and let ¢ be the minimal number such that

()‘7 ai) 75 0.

Proposition 3.7. The vectors f5(vi_w,; ® vw,), s € S(A), are linearly inde-
pendent in V¥ (A — w;) @ V*(w;), and the vectors f3(vy), s € S(N\), form a
basis for V().

Proof. The proof is by induction on |A|. If X is a fundamental weight, then
the first part of the claim makes no sense and the second part is true.

So assume now |A| > 2 and assume that the second part of the proposition
holds for all dominant weights p such that |u| < |A|. We prove now the first
part of the proposition for A.
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Assume that there exists some vanishing linear combination

(3.1) Z Cs 2 (Un—w, @ vy,) = 0.

seS(A)

We will prove that ¢g = 0 for all s.
Recall first that we have an order > on the set of C,-multi-exponents (see
Definition 2.6]) such that if t ¢ S(\) then

floy = Z ds f5vy.
t>s
seS(A)
Another important ingredient will be the elements m$ (Definition 3.4). Re-
call that ¢ is minimal such that (A, ;) # 0, m{ € S(w;) and s — m§ €
S()\ — wi).

The proof is by contradiction. Assume that ¢ # 0 for some s. In the
following we fix such an element s € S(\) and we assume without loss of
generality that ¢y = 0 for all t > s.

The vector space V*(\ — w;) ® V*(w;) has a basis given by the elements
20r_w. ® fPu,,, a € S(A—w;), b € S(w;). For all t € S(\) such that ¢ # 0
in B we express f*(va_w, ® v,,;) as a linear combination of these basis
elements, i.e., we will write

ft (U)\—wi & Uwi) = Z K;bfav)\—wi ® fb'Uwi-
aES()\—wi)
bGS(wi)
In the next step we show that Ks—ms,ms =0forallt #sand K3 s s # 0.

Using the rules for the action on a tensor product we see:
(3.2)

fs(v)\—wi ® Uwi) = C’fS—m?,U)\_Wi ® fmlsvwi + Z pl‘l,l‘zfrlv)\—wi ® fr2vw7;7

ritra=s

where C' is a nontrivial constant (a product of binomial coefficients) and
ri #s —m, rop # m$. The elements fTvy_,,, fMv,, need not to be basis
elements, we discuss the several possible cases separately. First assume that
rp € S(w;) \ {mf$}. Then fvy_,, ® fr2v,, is a sum of basis elements of the
form f2vy_,, ® fr?v,, where (a,rz) # (s —m$, m?). For the same reason, if
r1 € SAA—w;) \ {s—m}, then ffvy_,, ® fr2v,, is a sum of basis elements
of the form f¥1vy_,,. ® fPu,, where (r1,b) # (s —m$, m$). If r; ¢ S(A\—w;)
and ro ¢ S(w;), then

b
Flonew, = D, eaf e, and [fuy = ) dpfPu,

ri>a ro>-b
acS(A—w;) beS(w;)

with some constants e, dp,. But among the pairs (a, b) the pair (s—m$, m$)
can not appear, because

(s—mi)+m;=s=r;+ry>a+b.
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Therefore the expression of f%(vy_,, ® v,,) as a sum of the basis elements
is of the form

Cfs_m?UA—wi & fmfvwi + Z pa,bfav)\—w ® fbvwi
aeS(A—w;),beS(w;)
(a,b)7#(s—m3,m3)

and hence K s s 7# 0.

S
Now let us consider a term f*(vy_,, ® vy,), t # s, such that ¢y # 0 in
B1). We write again

(33) ft(v)\—wi ® UW@') = Z prl,rzfrlvA—wi ® frsz“

ri+ro=t

and express each of the terms f*'vy_,, ® f*?v,, as a sum of the basis elements

frl'U)\—wi & er'Uwi = Z Qa,bfav)\—wi ® fbvwz"
acS(A—w;),beS(w;)

Recall that a is less than or equal to r;, and b is less than or equal to
ro. We claim that none of the couples (a,b) occurring with a nonzero
coefficient ¢ap is equal to (s — m$,m?). The proof is by contradiction:
If (a,b) = (s — mf,m$), then r; + ry = t is greater than or equal to
a+b =s—m] + mj = s, which is not possible, because ¢y = 0 if t > s.
Hence Kf . =0 forallt#s.

It follows that if we express each of the summands in (B as a linear
combination of the basis elements f2vy_,, ® fbvwl., ae S\ —w)b e
S(w;), then the term fs_mzs'w\_wi R f mfvwi occurs only once with a non-zero
coefficient, which is not possible unless ¢s = 0 in (3.1). Hence all coefficients
vanish in the expression in ([B.]), proving the linear independence.

To prove the second part of the proposition recall the degree filtration
U(n™)s on Un™):

Umn™)s=span{zy...2;: x; €n 1 < s},

and recall that for a dominant weight p we set

V(n)s =Um™)sv,.
Then V() is the associated graded S(n~)-module. The tensor product
VoA —w;) ® V4 w;) of the graded modules with grading

VI = wi) @ ViYwi) = @D (@kmrim (VA = wi))e @ (V(wi))m)

k>0

is the associated graded module for the filtration
VA—w)@V(w)),= Y. VA—w)e®V(wim.
k=l+m

Recall the total order on the set of positive roots. We write 5 € U(n™) for
s € S(A) for the ordered product of the corresponding root vectors. The
linear independence of the vectors fS(vy_,, ® vy,), s € S(A), in V(A —
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w;i) ® V*(w;) implies the linear independence of the vectors f%(vy_y, ® v, ),
s € S(A), in V(A —w;) ® V(w;). Since these vectors are all contained in
the Cartan component V() < V(A —w;) ® V(w;), we obtain the inequality
[S(A)] < dim V(X). We know already that the vectors f5(vy), s € S()\), span
V®(\) (section 2] the straightening law, so [S(A)| > dim V4(\) = dim V()
and hence:

|S(A)] = dim V().
It follows that the vectors f*(vy), s € S(A), are in fact a basis for V4(X). O

Using the straightening law in section 2] we get as an immediate conse-
quence:

Corollary 3.8. Let V%(\) = S(n™)/I(\). Then I(\) = S(n™)(U(n) o R),
where
R= span{fgff'“—kmjﬂ, 1<i<j<n-—1, frt-tmatl 1 <4 <pl
Using the defining relations for V*()\), it is easy to see that we have a
canonical surjective map V%(\) = V(A — w;,w;) sending vy t0 va_y,; @ U,
By Proposition B.7] we know that the image of basis {f%(vy),s € S(A\)} C
V®(\) remains linearly independent and hence:

Corollary 3.9. The S(n~) modules V(X — w;,w;) and V*(\) are isomor-
phic.

Proof. (of Theorem[3.6) The first and second part of the theorem follow from
Proposition B.7 and Corollary B8l It remains to prove the third part. As
above, it is easy to see that we have a canonical surjective map V*(A+ pu) —
VA, ) sending va4, to vy ® vy,.

The corollary above says that our theorem holds if u = w;. Iterating, we
obtain that both V*(\, 1) and V(X 4 p) sit inside the tensor product

Vo (wy)BOHe) @ @ VO (w,)EAFHan)

as highest components (generated from the tensor product of highest weight
vectors). This proves the theorem. (]
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