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Abstract

Asymptotics of the variances of many cost measures in rardigital search trees are often no-
toriously messy and involved to obtain. A new approach ippsed to facilitate such an analysis for
several shape parameters on random symmetric digitallstaes. Our approach starts from a more
careful normalization at the level of Poisson generatingcfions, which then provides an asymptoti-
cally equivalent approximation to the variance in quest®averal new ingredients are also introduced
such as a combined use of the Laplace and Mellin transforms@mmple, mechanical technique for
justifying the analytic de-Poissonization procedureoived. The methodology we develop can be
easily adapted to many other problems with an underlyingrhial distribution. In particular, the less
expected and somewhat surprisingog n)?-variance for certain notions of total path-length is also
clarified.
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1 Introduction

The variance of a distribution provides an important measidirdispersion of the distribution and plays
a crucial and, in many cases, a determinantal role in thi law'. Thus finding more effective means

1The first formal use of the term “variance” in its statistisahse is generally attributed to R. A. Fisher in his 1918 pape
(see RQ] or Wikipedia’'s webpage on variance), although its praticse in diverse scientific disciplines predated this bya fe
centuries (including closely-defined terms such as meaareq errors and standard deviations).
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of computing the variance is often of considerable signifogain theory and in practice. However, the
calculation of the variance can be computationally or msigally difficult, either because of the messy
procedures or cancellations involved, or because the depee structure is too strong or simply because
no simple manageable forms or reductions are available. rd/e@ncerned in this paper with random
digital trees for which asymptotic approximations to theiaace are often marked by heavy calculations
and long, messy expressions. This paper proposes a geppraaah to simplify not only the analysis but
also the resulting expressions, providing new insight theomethodology; furthermore, it is applicable to
many other concrete situations and leads readily to dissmxesral new results, shedding new light on the
stochastic behaviors of the random splitting structures.

A binomial splitting process. The analysis of many splitting procedures in computer algors leads
naturally to a structural decomposition (in terms of thedgaalities) of the form

structure
of sizen
substructure 5 5 substructure
of size B eres, ~ of size B
" Blnom_fél and "
B, + B, = n.

where B,, is essentially a binomial distribution (up to truncationsmnall perturbations) and the sum of
B, + B, is essentially.

Concrete examples in the literature include (see the babiks2B, 44, 50, 62] and below for more
detailed references)

e tries, contention-resolution tree algorithms, initiation problem in distributed networks, and radix
sort: B,, = Binomial(n; p) andB,, = n—B,, namelyP(B, = k) = (})p"¢"* (here and throughout
this paperg := 1 — p);

e bucket digital search trees (DSTs), directed diffusioniiéd aggregation on Bethe lattice, and Eden
model: B,, = Binomial(n — b;p) andB,, = n — b — By;

e Patricia tries and suffix tree®(B,, = k) = (})p*¢"*/(1 — p" — ¢") andB,, = n — B,
Yet another general form arises in the analysis of multeasdroadcast channel where

B,, = Binomial(n; p) + Poissolf\),
B,, = n — Binomial(n; p) + Poissoif\),

see [L9, 33]. For some other variants, sez p, 25]. One reason of such a ubiquity of binomial distribution
is simply due to the binary outcomes (either zero or onegeith or off, either positive or negative, etc.) of
many practical situations, resulting in the natural adémeof the Bernoulli distribution in the modeling.



Poisson generating function and the Poisson heuristic. A very useful, standard tool for the analysis of
these binomial splitting processes is the Poisson gengratnction

~ . a
fly=e7d 4"

k>0

where{a, } is a given sequence, one distinctive feature beindPtieson heuristicwhich predicts that

If a,, is smooth enough, then, ~ f(n).

In more precise words, if the sequereeg } does not grow too fast (usually at most of polynomial growth)
or does not fluctuate too violently, ther is well approximated byf(n) for largen. For example, if
f(z)=2",m=0,1,...,thena, ~ n™; indeed, in such a simple casg, = n(n —1)---(n —m+ 1).
Note that the Poisson heuristic is itself a Tauberian thador the Borel mean in essence; an Abelian
type theorem can be found in Ramanujan’s Notebooks &Ge®e b8]).
From an elementary viewpoint, such a heuristic is based eratal limit theorem of the Poisson
distribution (or essentially Stirling’s formula for)

nk ea/2 3 — 3x
—e "~ 1+ + - k=n-+zyvn),
k! 21 < 6y/1 ) ( \/_)

wheneverr = o(n'/%). Sincea,, is smooth, we then expect that

- e~ 7%/2 % ,—z/2
n) ~ a R ay, dz = a,.
f) k:%ﬁ k\/27m /oo V2T

x=0(n®)

On the other hand, by Cauchy’s integral representation,|sceleave

since the saddle-point= n of the factorz""¢* is unaltered by the comparatively more smooth function

f(2).

The Poisson-Charlier expansion. The latter analytic viewpoint provides an additional adege of
obtaining an expansion by using the Taylor expansiofi afz = n, yielding

D) (o,
o= L ) )
where
)=l - e = Y () =0,



and|[z"]|¢(z) denotes the coefficient af* in the Taylor expansion af(z). We call such an expansidhe
Poisson-Charlier expansiogince ther;’s are essentially the Charlier polynomidls(\, ») defined by

Ci(A\,n) = A""nl[z"](z — 1)7e?,

so thatr;(n) = n/C;(n,n). For other terms used in the literature, s2& R9].
The first few terms of;(n) are given as follows.

0(n) | Ti(n) | 1a(n) | 73(n) 7a(n) 75(n) 76()
1 0 —n 2n | 3n(n —2) | —4n(5n —6) | —5n(3n* — 26n + 24)

It is easily seen that;(n) is a polynomial inn of degree|j /2.
The meaning of such a Poisson-Charlier expansion becoradsyrelear by the following simple but
extremely useful lemma.

Lemma 1.1. Let f(z) := e~ D ko ax 2" /KL f is an entire function, then the Poisson-Charlier expan-
sion (1) provides an identity fox,,.

Proof. Sincef is entire, we have

and the lemma follows by absolute convergence. O

Two specific examples are worthy of mention here as they spelane of the difference between
identity and asymptotic equivalence. Take first= (—1)". Then the Poisson heuristic fails sineel )" %
e~2", but, by Lemmadl.1, we have the identity

O D= )

See Figurd for a plot of the convergence of the serieg tel ).
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Figure 1: Convergence of " >~ ., (—2)/7;(n)/j! to (—1)" for n = 10 (left) andn = 11 (right) for
increasingk. -

Now if a,, = 27, then2" + ™, but we still have

2”26"2@.



So when is the Poisson-Charlier expansion also an asymptqiansion for,,, in the sense that drop-
ping all terms withj > 2¢ introduces an error of ordg¥29n! (which in typical cases is of ordér(n)n*f)?
Many sufficient conditions are thoroughly discussed3i@,[although the terms in their expansions are ex-
pressed differently; see als67).

Poissonized mean and variance. The majority of random variables analyzed in the algorithierature
are at most of polynomial or sub-exponential (suckzdg™” or emm) orders, and are smooth enough.
Thus the Poisson generating functions of the moments aga efttire functions. The use of the Poisson-
Charlier expansion is then straightforward, and in manyasions it remains to justify the asymptotic
nature of the expansion.

For convenience of discussion, Igf(z) denote the Poisson generating function of tix¢h moment
of the random variable in question, sdy,. Then by Lemmad..1, we have the identity

),
B(X) = S )
0 )
and for the second moment
0) (o,
B2 =3 2 ) @)
>0 )

provided only that the two Poisson generating functignand f, are entire functions.
These identities suggest that a good approximation to thanee ofX,, be given by

V(X,) = E(X) — (E(X,))* = fao(n) = fi(n)?,

which holds true for many cost measures, where we can indgadce the imprecise, approximately
equal symbol 4" by the more precise, asymptotically equivalent symbal.“However, for a large class
of problems for which the variance is essentially linearameg roughly that

. logV(X,)
llm e —
n—o0 log n

=1, (3)

the Poissonized variangg(n) — f1(n)? is not asymptotically equivalent to the variance. This is¢ase
for the total cost of constructing random digital searcledrefor example. One technical reason is that
there are additional cancellations produced by dominamntge The next question is then: can we find a
better normalized function so that the variance is asyngatiby equivalent to its value at?

Poissonized variance with correction. The crucial step of our approach that is needed when thenaaia
is essentially linear is to consider

V(z) = fol2) = [i(2)* = 2f1(2)?, (4)

and it then turns out that

V(X,) = V(n) + O((logn)*),

in all cases we consider for some> 0. The asymptotics of the variance is then reduced to that(of
for large z, which satisfies, up to non-homogeneous terms, the samefyguation agf;(z). Thus the
same tools used for analyzing the mean can be appli&d 1.
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_ To see how the last correction ternfi (z)? appears, we writé)(z) := fo(2) — f1(2)2, so thatfs(z) =
D(2) + f1(2)?, and we obtain, by substituting this intd)(

V(Xn) = E(X2) - (IEI(Xn))2

(g

7>0 j>0

= D(n) — nf{(n)2 — §D"(n) + smaller-order terms

Now take f;(n) = nlogn. Then the first term followingD(n) is generally not smaller thaf(n)
because

nfl(n)? = n(logn)?,
while D(n) = n(logn)?, at least for the examples we discuss in this paper. Notethiatariance is in
such a case either of ordedog n or of ordern. Thus to get an asymptotically equivalent approximation

to the variance, we need at least an additional correctiom, thich is exactly f;(n)>.
The correction term f{(n)? already appeared in many early papers by Jacquet and RéggaeB4]).

A viewpoint from the asymptotics of the characteristic fundion. Most binomial recurrences of the
form

X, £ Xp, + X5 +T, (5)

as arising from the binomial splitting processes discusdeye are asymptotically normally distributed,
a property partly ascribable to the highly regular behawsifdhe binomial distribution. Here theX *) are
independent copies of th&,,) and the random or deterministic non-homogeneousaid often called
the “toll-function,” measuring the cost used to “conquéré ttwo subproblems. Such recurrences have
been extensively studied in numerous papers; 3P, 58, 59] and the references therein.

The correction term we introduced i) (for Poissonized variance also appears naturally in theviel
ing heuristic, formal analysis, which can be justified whesreproperties are available. By definition and
formal expansion

e—? ZE XnZG Z f

n>0 m>0

= exp <f1(2)19 — ?92 +-- ) ;

whereD(z) := f,(z) — f1(2)?, we have

E (e(X“*fl(”))“’) ~ 2%‘2% 2" Lexp (z + (ﬁ(z) - f1(n)> i — ?02 + - ) dz.
|z|=n

Observe that with = ne®, we have the local expansion

D it 2 _ D
D(net) )02—n n2t n 'nt@——;n)HQ

ne' — nit + (fl (ne') — fl(n)> 0 — 5



for smallt. It follows that

. I~ el D € 12 .
E (e(X"*fl(”))“’) ~ nn276 exp <—¥02> / exp <_n7 - nf{(n)t@) dt
7

~ €xp <—9—22 (f)(n) - nf{(n)z)s ,

by extending the integral oo and by completing the square. This again shOWSfrthf{;([n)2 is the right
correction term for the variance. For more precise anabyfdisis type, see3o).

A comparison of different approaches to the asymptotic vance. What are the advantages of the
Poissonized variance with correction? In the literaturievadifferent approaches have been adopted for
computing the asymptotics of the variance of the binomibitsg processes.

e Second moment approach: this is the most straightforwaransi@and consists of first deriving
asymptotic expansions of sufficient length for the expegtdde and for the second moment, then
considering the differendB(X?) — (E(X,))?, and identifying the lead terms after cancellations of
dominant terms in both expansions. This approach is oftempatationally heavy as many terms
have to be cancelled; additional complication arises frarctélating terms, rendering the resulting
expressions more messy. See below for more references.

e Poissonized variance: the asymptotics of the varianceiigdeout through that aD(n) = fo(n) —
fi(n)2. The difference between this approach and the previoussahat no asymptotics g, (n) is
derived or needed, and one always focuses directly on cemsgithe equation (functional or differ-
ential) satisfied b)[)(z). As we discussed above, this does not give in many cases amptsically
equivalent estimate for the variance, because additiaraiadlations have to be further taken into
account; see for instanca4, 35, 36].

e Characteristic function approach: similar to the formdtakations we carried out above, this ap-
proach tries to derive a more precise asymptotic approximad the characteristic function using,
say complex-analytic tools, and then to identify the rigbtmalizing term as the variance; see the
survey B6] and the papers cited there.

e Schachinger’s differencing approach: a delicate, moddynentary approach based on the recur-
rence satisfied by the variance was proposed&h (see also$9]). His approach is applicable to
very general “toll-functionsT,, in (5) but at the price of less precise expressions.

The approach we use is similar to the Poissonized varianeebahthe difference is that the passage
throughD(z) is completely avoided and we focus directly on equationsfied byV () (defined in 4)).

In contrast to Schachinger’s approach, our approach, stfieting from defining/(z), is mostly ana-
lytic. It yields then more precise expansions, but more erogs of7;, have to be known. The contrast here
between elementary and analytic approaches is thus tygiea) for example,7] 8]. See also Appendix
for a brief sketch of the asymptotic linearity of the variary elementary arguments.

Additional advantages that our approach offer include canafpvely simpler forms for the resulting
expressions, including Fourier series expansions, anergeapplicability (coupling with the introduction
of several new techniques).



Organization of this paper. This paper is organized as follows. We start with the varamicthe total
path-length of random digital search trees in the next gectivhich was our motivating example. We
then extend the consideration to bucket DSTs for which twi@int notions of total path-length are
distinguished, which result in very different asymptotehlaviors. The application of our approach to
several other shape parameters are discussed in Séctidable 1 summarizes the diverse behaviors
exhibited by the means and the variances of the shape panamet consider in this paper.

| Shape parametefs mean | variance |
Internal PL nlogn n
Key-wise PL* nlogn n
Node-wise Pt nlogn n(logn)?
Peripheral PL n n
#(leaves) n n
Differential PL n nlogn
Weighted PL | n(logn)™*! n

Table 1:Orders of the means and the variances of all shape parameidings paper; those marked with
an* are forb-DSTs withh > 2. Here PL denotes path-length and > 0.

Applications of the approach we develop here to other ctagb&rees and structures, including tries,
Patricia tries, bucket sort, contention resolution alionis, etc., will be investigated in a future paper.

2 Digital Search Trees

We start in this section with a brief description of digitabsch trees (DSTSs), list major shape parameters
studied in the literature, and then focus on the total patigth. The approach we develop is also very
useful for other linear shape measures, which is discussednore systematic form in the following
sections.

2.1 DSTs

DSTs were first introduced by Coffman and EveShip the early 1970’s under the name of sequence hash
trees. They can be regarded as the bit-version of binarglsesges (thus the name); sekl[p. 496et
seq]. Given a sequence of binary strings, we place the first imdlbénode; those starting witl)* (“ 17)

are directed to the left (right) subtree of the root, and amstructed recursively by the same procedure
but with the removal of their first bits when comparisons aeglen See Figur2 for an illustration.

While the practical usefulness of digital search treesnstéd, they represent one of the simplest,
fundamental, prototype models for divide-and-conqueomdtigms using coin-tossing or similar random
devices. Of notable interest is its close connection to tiadyais of Lempel-Ziv compression scheme that
has found widespread incorporation into numerous softsvafarthermore, the mathematical analysis is
often challenging and leads to intriguing phenomena. Afsodplitting mechanism of DSTs appeared
naturally in a few problems in other areas; some of these argioned in the last section.

Random digital search trees. The simplest random model we discuss in this paper is thepgrhent,
Bernoulli model. In this model, we are given a sequence aidependent and identically distributed
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Figure 2:A digital search tree of nine binary strings.

random variables, each comprising an infinity sequence afid@#li random variables with meagn 0 <
p < 1. The DST constructed from the given random sequence ofypstangs is called aandom DSTIf
p = 1/2, the DST is said to beymmetri¢c otherwise, it isasymmetric We focus on symmetric DSTS in
this paper for simplicity; extension to asymmetric DSTsasgible but much harder.

Stochastic properties of many shape characteristics oorarDSTs are known. Almost all of them
fall into one of the two categories, according to their gitowtder being logarithmic or essentially linear
(in the sense 0f3)), which we simply refer to as “log shape measures” and dirghape measures”.

Log shape measures. The two major parameters studied in this categorydagh which is the distance
of the root to a randomly chosen node in the tree (each wittséime probability), antieight which
counts the number of nodes from the root to one of the longasisp Both are of logarithmic order in
mean. Depth provides a good indication of the typical costed when inserting a new key in the tree,
while height measures the worst possible cost that may iedee

Depth was first studied idp] in connection with theorofile, which is the sequence of numbers, each
enumerating the number of nodes with the same distance totihe For example, the tree=——: has
the profile{1,2,3,2,3}. For other papers on the depth of random DSTSs, $&el2, 13, 37, 38, 39, 44,
46, 47, 50, 55, 60, 61]. The height of random DSTs is addressed1ig, [L4, 43, 50, 55].

Linear shape measures. These include the total internal path-length, which sureddistance between
the root and every node, and the occurrences of a given pglsaves or nodes satisfying certain proper-
ties); see24, 26, 30, 31, 35, 40, 42, 44].

The profile contains generally much more information tharsinather shape measures, and it can to
some extent be regarded as a good bridge connecting log reeat Iineasures; seg5 17, 45, 46] for
known properties concerning expected profile of random DSTs

Nodes of random DSTs with= 1/2 are distributed in an extremely regular way, as shown in e
and4.

2.2 Known and new results for the total internal path-length

Throughout this section, we focus 0of),, the total path length of a random digital search tree biglnfr
binary strings. By definition and by our random assumptioncan be computed recursively by

X L Xp, + X! p +n, (n>0) (6)

9



with the initial conditionX, = 0, since removing the root results in a decrease &br the total path

length (each internal node below the root contribufesHere B,, ~ Binomial(n;1/2), X, L X}, and
Xn, X}, B, are independent.
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Known results. Itis known that (seed6, 30, 57))

— 1
E(X,) =(n+1)logyn+n L+——cl+w1(log2n)
log2 2 7)
7_1/2+§—c + ws(lo n)+O(n_1lo n)
log2 g T #Rlos A

+

wherey denotes Euler’s constant, := >, ., (2" — 1)~", andw, (t), w,(t) are1-periodic functions with
zero mean whose Fourier expansions are givenpy-€ 2kni/L, L := log 2)

1 |
w(t) = i ZF (=1 — ) 2™, (8)
k0
1 Xk T
@) = =7 3 (1= 5F) M=),
k0

respectively. Her@' denotes the Gamma function. Thus we see roughlyrtdratom digital search trees
under the unbiased Bernoulli model are highly balanced iapgh An important feature of the periodic
functions is that they are marked by very small amplitudefiuaftuation: |z (¢)| < 3.4 x 10~® and
| (t)] < 3.4 x 1075, Such a quasi-flat (or smooth) behavior may in practice b hegly to lead to
wrong conclusions as they are hardly visible from simutsiof moderate sample sizes.

I VX T

-+ —0.2

E(Xn)/(n + 1). —llog2

e B S S S S 7
1 2 3 4 5 6 7 8 9 10

Figure 5: A plot of E(X,,)/(n + 1) — log, n in log-scale (the decreasing curve using thexis on the
right-hand side), and that 6f (X,,) /n in log-scale (the increasing curve using th&xis on the left-hand
side).

Let

Q=[] <1—%), and Q(2) ::H(1—%). 9)

1<j<k j>1

In particular,Q(1) = Q. The variance was computed 7 by a direct second-moment approach and
the result is

V(X,,) = n(Cips + @ips(logy n)) + O(log? n),
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wherew,pd(t) is again al-periodic, zero-mean function and the mean valyg is given by ( := log 2)

28 39 7 2 20 2!
A 2 = 4z
3L 4 22 12 Z( —1)2+L£>125—1

(=D (e -5)
L§:£+4w@_1x%_1)

l+1 L(l _ 2—(-{-1)/2 -1 (_1)r+1
+ - Z ( 1—2-¢ _Zr(fr—l) 2r+z_1)>

Z>1

(
. Z Z (€+ 1) Qr 22%[ r—1 Z ﬁ —2 [wgl]wf]]o a [(wgl}f]o
jz

>3 2<r<t {+1
(”5
T 22 ZQ Z Qre-2X
>2 7 >0
1 , 041 1
% {_Zgj+r+z+2_1 <2 —f-2+ Z ( i )2r+i1_1>
j>1 2<i<t
(41 1
+

(1 —2-67)2 T (1 —21-t7)2 N L(1 — 21=6=7)

C+1 1 1 (+1 1
N Z <] )2r+j1_1+z Z <] )2r+j_1

2<5<l+1 1<j<0+1
1 (+1 (—1)¢

1 2 (S e
L0§j§€+1 j = (14 1)(2rti+i — 1)

Here[w,ws]o denotes the mean value of the function(t)w,(t) over the unit interval. The long expres-

sion obviously shows the complexity of the asymptotic peofol
We show that this long expression can be largely simplifiedfoR stating our result, we mention

that the asymptotic normality of,, (in the sense of convergence in distribution) was first padang35]
by a complex-analytic approach; for other approaches, s@d€rartingale difference),31] (method of
moments), $2] (contraction method).

A new asymptotic approximation toV(X,,). Define
o= ("3!)+i(w-2)

= Qe Z QJQhQﬂ"”

7,h, >0

p(w; 27970 27978, (10)

where for0 < R(w) < 3andz > 0

o) = [ T

which, by the relation

/OO - ds = — T [(w)l'(1 —w) (0 <R(w) <1),

s+1 sin(7w)

14



can be represented as

T(1+ 2 A (w—2)E+1-w)
wix) = (z —1)*sin(mw) 7
PWit) =94 1w = 1)(w=2) if 2 = 1.

2sin(mw)

if © £ 1;

The last expression provides indeed a meromorphic coritoruaf ¢ (w; x) into the whole complex-
plane whenever > 0. In particular,

r—logr —1
(2 7) = 1(4’7_1)2 7
57

if z # 1,
if x = 1.
Theorem 2.1. The variance of the total path-length of random DSTs abdes satisfies
V(X)) = n(Cips + @ips(logy 1)) + O(1), (11)

where »
(2 Qu — (—12 (%)
Q;QrQ 2"+

Cps = ©(2; 27770 49770,

log 2 log 2 IS0

andwyps has the Fourier series expansion

1 Z G2(2 + X&) p2kmit

)= —
Foll) Zioga 20 T@4 )

keZ\{0}
which is absolutely convergent.

One can derive more precise asymptotic expansion¥{df,,) by the same approach we use. We
content ourselves witHL () for convenience of presentation.

Note that
(2 + X&) = e Q;QnQe2M ’
where
1 — X6 (1 4+ 1—1¢ .
21_1(;2( )>, if t #£1;
Aull) = Xe(xx — 1) :

Thus the Fourier series is absolutely convergent by ther @stemate (seellg])
IT(c+it)| = 0O (|t\0*1/26*“‘t|/2) (It| = o0). (12)

Numerically,Cips =~ 0.26600 36454 05936 . . ., in accordance with that given id%]. Also |wyp(t)| <
1.9 x 1075,
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Sketch of our approach. Following the discussions in Introduction, we first provattthe Poisson-
Charlier expansion for the mean and that for the second moamemot only identities but also asymptotic
expansions. For that purpose, it proves very useful todice the following notion, which we terds-
admissible function§ollowing the survey paper3p]). This is reminiscent of the classical H-admissible
(due to Hayman) or HS-admissible (due to Harris-Schoepfaltttions; seed8, §VIII.5].

Once we prove the asymptotic nature of the Poisson-Chattigansions for the mean and the second
moment, it remains, according again to the discussiongiodnction, to derive more precise asymptotics
for the functionV (as defined in4)), for which we will use first the Laplace transforms, norinalthe
Laplace transform properly, and then apply the Mellin tfarma. Such an approach will turn out to be very
effective and readily applicable to more general cases asdiucket DSTs, which is discussed in details
in the next section. The approach parallels closely in ess#mat introduced by Flajolet and Richmond
in [24], which starts from the ordinary generating function, d@led by an Euler transform, a proper
normalization and the Mellin transform, and then concluglesimgularity analysis; see alsa(]. The
path we take, however, offers additional operational athges, as will be clear later. See Figuréor a
diagrammatic illustration of the two analytic approaches.

2.3 Analytic de-Poissonization and JS-admissibility
The fundamental differential-functional equations fae imalysis of random DSTs is of the form
F(2) + ['(2) = 2f(2/2) + (2),

with suitably given initial valuef(0) and g. For such functions, it turns out that the asymptotic nature
of the Poisson-Charlier expansions for the coefficientdéPoissonizationcan be justified in a rather
systematic way by the introduction of the notion of JS-adibige functions.

Here and throughout this papethe generic symbal € (0, 1) always represents an arbitrarily small
constant whose value is immaterial and may differ from oreioence to another.

Definition 1. An entire functionf is said to be JS-admissible, denotedby <, if the following two
conditions hold foriz| > 1.

(I) There existy, € R such that uniformly fotarg(z)| < e,
f(2) = O (|2I*(log, |2])") ,
wherelog = := log(1 + ).

(O) Uniformly fore < |arg(z)| < ,
f(z)=€f(z) =0 (6(1_5”2') .

For convenience, we also write € I, 5 10 indicate the growth order of inside the sector
|arg(z)] < e.

Note that if / satisfies conditiorfl), then, by Cauchy’s integral representation for derivati{@ by
Ritt's theorem; seed4, Ch. 1,5 4.3]), we have,

o —o(f  lerlles, jwl)’ "

lw — z[k+1

=0 (|z\°"’l‘c(logJr \z|)5) )
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Proposition 2.2. Assumef € PAT Let f(z) := e*f(z). Then the Poisson-Charlier expansidi) of
f™(0) is also an asymptotic expansion in the sense that

fork=1,2,....

Proof. (Sketch) Starting from Cauchy’s integral formula for theeffwients, the lemma follows from a
standard application of the saddle-point method. Rouglalydition(O) guarantees that the integral over
the circle with radius: and argument satisfying< | arg(z)| < = is negligible, while conditiorl) implies
smooth estimates for all derivatives (and thus error terms) O

The polynomial growth of conditiofi) is sufficient for all our uses; se8§] for more general versions.
The real advantage of introducing admissibility is thatpens the possibility of developing closure
properties as we now discuss.

Lemma 2.3. Letm be a nonnegative integer ande (0, 1).

(i) 2" e e FF.

(i) If fe g thenf(az),2"f € #7.

(i) If f,ge g7, thenf +je g7,

(iv) If f € _#7,thenthe producPf € ¢, whereP is a polynomial of:.

v) If f,g € ZZ, thenh € £, whereh(z) := f(az)g((1 — a)z).

(i) If fe g7, thenf € Z,andthusf™ ¢ z7.
Proof. Straightforward and omitted. O

Specific to our need for the analysis of DSTs is the follownagsfer principle.
Proposition 2.4. Let f(z) andg(z) be entire functions satisfying
F(2)+ F'(2) = 2f(2/2) + §(2), (13)

with f(0) = 0. Then )
ge f ifandonlyif fe Z7.

Proof. Assumej € _#. We check first the conditiofO) for f. Let f(z) := e*f(z) andg(z) := €§(z).
By (13),
f'(2) = 2672 f(2/2) + g(2).

Consequently, sincg(0) = 0,

f(2) = /O (22 f(t/2) + g(t)) dt = z/o (2e2 f(t2/2) + g(t2)) dt. (14)
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Now define
B(r) := max |f(2)|,

ZGCT €

where
Cre ={z : |2] <re<Jarg(z)| <}, (r>0;0<e<m/2).

Then, by (4), we have
1
B(r) < 'r/ (262 B(tr/2) + |g(tr)]) dt
0

:/ (2'@2B(t/2) + O (e'71)) dt
0
< Cercos(a /QB(T,/Q) + O( (1—¢) ) ’
whereC' = 4/ cose > 1. This suggests that we define a majorant funcfigm) of B(r) by K(r) = O(1)

forr <1andforr > 1
K(r)= Ce“os(e)/zK('r’/Q) + h(r),

whereh is an entire function satisfying(r) = O(1) for r < 1 andh(r) = O (e~ for r > 1. Let
K(r) == e K (1) andh(r) := e " h(r). Then sinceose — 1+ ¢ > 0 for e € (0, 1), we obtain
K(r)=CK(r/2)+h(r), h(r)=0(1).

Thus if we choosen = [log, ] such tha™ > r and iteraten times the functional equation, then we
obtain the estimate

= > CFh(r/2%) + C™ K (r/2mt)

0<k<m

-0 Z ck 4 om
r/2k>1

_ 0 (ron0).
Thus
B(T) =0 (rlog206rcosa) )

which establishes conditiqi®).
Our proof for f satisfying(l) proceeds in a similar manner and starts again frofh ljut of the form

f(z) = z/ol e~ -0z <2f(tz/2) + g(m)) dt.

Now, define

B(r) := max |f(2)],

ZESr €

where
Srei={z 1 |z| <r|arg(z)| <€}, (r>0;0<e<m/2).
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Then
~ 1 ~
B(r)<r / ¢~ (1=t)rcose (QB(tr/Q) n |§(tr)|) dt
0
_ / (26’(“”“55@@/2) +0 (e rDesE o (log, t)5)> dt + 0(1)
1

< CB(T/2) + 0 (7““(log+ r)? + 1) ,

whereC' = 2/ cose > 2. The same majorization argument used abové@)rthen leads to

O(rloe©), if a <log, C;
B(r) = O(r'°e2%(log, 7)), if a = log, C;
O (r*(log, r)?), if a > log, C.

This proveql) for f.
The necessity part follows trivially from Lemnta3.

The estimates we derived of asymptotic-transfer type adeed over-pessimistic wheh < o <
log, C, but they are sufficient for our use. The true orders are thages — 0, which can be proved by
the Laplace-Mellin-de-Poissonization approach we use.lat

LemmaZ2.3 and Propositior2.4 provide very effective tools for justifying the de-Poissation of
functions satisfying the equatiof3), which is often carried out through the use of the incregsiomain
argument (se€df]). The latter argument is also inductive in nature and sind the one we are developing
here, although it is less “mechanical” and less systematic.

2.4 Generating functions and integral transforms

Since our approach is purely analytic and relies heavily emegating functions, we first derive in this
subsection the differential-functional equations we # working on later. Then we apply the de-
Poissonization tools we developed to the Poisson gengHtaiictions of the mean and the second moment
and justify the asymptotic nature of the corresponding $tmisCharlier expansions. Then we sketch the
asymptotic tools we will follow based on the Laplace and Meatiansforms.

Generating functions. In terms of the moment generating functidfy,(y) := E(eX"¥), the recurrence
(6) translates into

M) =2 ¥ ()t 020, 15)

Now consider the bivariate exponential generating fumctio

F(z,y) = Z Mn(y)z"

n>0

Then by (5),



and the Poisson generating functiBiz, y) := e *F(z,y) satisfies the differential-functional equation

5 o -

v_1y, o [ €Y% 2
F(Zvy)+ &F(zay) = e(e Y F <77y) ) (16)

with F(O, y) = 1. No exact solution of such a nonlinear differential equaioavailable; see3f] for an
asymptotic approximation t6' for y near unity.

Mean and second moment. Let now
F(z,y) == m%:o fmT(,Z)ym
wheref,,(z) denotes the Poisson generating functioftak ™). Then we deduce from6) that
fiz) + fi(2) = 2fu(2/2) + =, 17
fa(2) + fa(2) = 2fa(2/2) + 2f1(2/2)? + 42 f1(2/2) + 22f1(2/2) + 2 + 22, (18)
with the initial conditionsf; (0) = f,(0) = 0.

Proposition 2.5. The Poisson-Charlier expansion for the mean and that forsgtmnd moment are both
asymptotic expansions

7i(n) + O ("),

F3)
E(X?2) = Z () 75(n) + O (n " *(log n)?)

fork=1,2,....

Proof. (Sketch) By Lemma.3and Propositior.4, we see that botlfy, f, € £, and thus we can apply
Proposition2.2. Indeed the proof of Propositidh4 provides already crude bounds for the growth order
of f1, f. The more precise estimatg¢g z) = |z||log z| and fo(z) = |z|?|log z|? for z inside the sector
{z : | arg(z)| < e} will be provided later in the next two subsections. O

An asymptotic approach based on Laplace and Mellin transfoms. Once the de-Poissonization steps
are justified, all that remains for the proof of Theor@r is to derive more precise asymptotic approxi-
mations tof; andV (as defined in4)). The approach we use begins with a more precise charzatieri

of fl(z). Both f; andV satisfy a differential-functional equation of the form

f(2) + f'(2) = 2f(2/2) + §(2),

with the initial conditionf(o) — 0. To derive the asymptotics gffor large complex, we proceed along
the following principal steps; see alst(].

Laplace transform: The Laplace transform of satisfies
(s + 1)ZL[f; 8] = 4Z[f; 28] + Z[5; 5], (19)

which exists and defines an analytic functiog grows at most polynomially for large]|.
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Normalizing factor: Dividing both sides of19) by Q(—2s) = Hj20(1+s/2j) gives a functional equation

of the form Lo
J0F. o] — 4 D[F 9,5
Zf;s] —-4§?Lf,23]%762t_25),
where.Z[f; s] := Z[f;s]/Q(—s).
Méllin transform: The Mellin transform ofZ then satisfies
I S | Zg; 5] |
ML fr;8];w] = = 227w// [Q(_stw].

Inverting the process. We first derive the local behavior oiz[f; s| for small s by the Mellin inversion
(often by calculus of residues after justification of analyiroperties), and then the asymptotic
behavior off(z) for largez is derived by the Laplace inversion, similar to singuladhalysis.

2.5 Expected internal path-length of random DSTs

We consider in details in this subsection the expected value- E(X,,) of the total internal path-length,
paving the way for the asymptotic analysis of the variandartfdg from either the equatiori7) or the

recurrence
“n n
P =277 (j);wn (n>0)

0<j<n

with 1o := 0, there are several approaches to the asymptotigs.ofVe will briefly describe the one using
integral representation of finite differences (or Rice®grals) and then present the Laplace and Mellin
transforms we will use, which, as will become clear, is egabiy the Flajolet-Richmond approach (see
[24]).

Rice’s integral representation. By (17), we have, with,, := n![z"]fl(z),
fins1 = — (1= 2"") fiy, (n >0),

with iy = 0, which by iteration yields

fin = (~1)"Qu-2, Qu:= [] (1-27). (20)
Thus by Rice’s formula §7])
=B = 3 (%)
1 [ T+D0(=s) QM)
= o /(%) Tt 1—s) {=20@— %

where the integration patﬁc) is along the vertical line with real part equald@nd( is defined in 9).
We then obtain®) by standard arguments; s&$] or [50] for details.

This approach readily gives the approximatidi for the mean and can be refined to obtain a full
asymptotic expansion. However, its extension to the vaddiecomes extremely messy, as showd #j. [
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Laplace transform. We first show that the asymptotics ﬁf(z) can be derived through a direct use of
the Laplace and Mellin transforms, which relies on sevedahac steps that are not easily extended. A
more general procedure will be developed below.

By (17), we see that the Laplace transformfgfz) satisfies the functional equation

(s+1)$[f1;s] :4$[f1;23] + 572, (21)

which exists and is analytic i \ (—o0, 0].
By dividing both sides by + 1 and by iteration, we get

(22)

~ 1 1
sl = ?; (s+1)---(2s+1)
On the other hand, fron2(), we have
s / oy

This implies the identity

(_l)nQn_ 1
ZW_§(3+1)---(21'3+1)'

n>0

However, neither form is useful for our asymptotic purpose.
Now by partial fraction expansion, we obtain

1 - ( 1)] 52 ( l+1) ¢
(s4+1)---(2s+1) Z. (s +279)QeQj—¢

0<¢<j
Thus
)i- 32 (75—
fla - Z Z
>0 0<<j “)QuQ;-
J+1
_ (-1y72° < )
g2 ; Qé(gés +1) ; Q; '
Note that

Z 2s .
= (s+1)---(2s+1)
By the Euler identity

we see that



This gives

Zfis) = ZQZ 245+1)

and then

fi(z Qooz o0 ( Y14 ;) (23)

>0
Consequently,

QOOZ (1—275" —1+27").

€>O
Asymptotically, we have, by23) and the identity

1 1 s
Qx) g =22 ; oz HA<2) (24)

the Mellin integral representation

oL QU=
fi(z) = ori /(3/2) (1 —25+1)Q(25+1) d

from which we derive the asymptotic approximation

- -1 1

fi(z) =(z+1)logy z + 2 (’ly()@ + 5 a + w1 (log,y z)) +0(1), (25)

uniformly for |z| — oo and| arg(z)| < 7/2—¢, wherew; is givenin ). (As usual, we use the asymptotic
estimate {2) for the Gamma function.)

Laplace and Mellin transforms. We now re-do the analysis f(fq(z) in a more general way that can be
easily extended to other cases.
We again start from21) and consider

«i”[ﬂ; ]

Q(=s)

where(Q)(z) is defined in §). Dividing both sides ofZ1) by Q(—2s) yields
1

Q(—25)s%

We now apply the Mellin transform. Note that we have, by tet faat X, = X; = 0 and the proof of
Proposition2.4,

j[fhs] =

Llfi;s] = 4L fr; 2] + (26)

< O(z?), ifz2—0%;
O(z'*¢), if 2 — oo.

Then

N O(s7*7¢), ass— 0T;
ZL\f1;s] =
;5] {0(53), ass — oo.
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On the other hand, by the Mellin transform,

log Q(—2s) = 3 log (1 + 2%)
j=0

1 Ts W

dw

T 2mi (-1 (1 =2)wsin 7w

logs)? logs _ _
- <2log)2 L +D_aes ™ +O0(ls| ™) (27)
kez

uniformly for |s| — oo and| arg(s)| < m — ¢, wherey;, := 2kni/ log 2,

_ log2 N 2
© =5 T Glog2
and .
pu— k: .
U= 5 sinh(2k7/ log 2) (k#0)

This asymptotic expansion, together with the Taylor expmans
Q(=2s) =1+ 0(ls]),  (]s|=0),

gives rise to
O(s727¢), ass — 0T;
O(s™),  ass — oo,

j[fl;s] = {

whereM > 0 is an arbitrary real number. Consequently, the Mellin tfams ofo?[fl; s|, denoted by
ML w], exists in the half-plan&(w) > 2+¢. Then by applying the Mellin transform t&86), we obtain

M2 =S ) > ),
where
I Bl . TQ(247?) :Q(QW_Q) w W
61 = [ 5~ Qs ~ - TN )

for R(w) > 2; see p4].

Inverse Mellin and inverse Laplace transforms. We can now apply successively the inverse Mellin
and then Laplace transforms to derive the asymptotics (@f). Observe that7;(w) has a simple pole at
w = 2. By (28) or Proposition 5in22], we obtain

|G1(c+1it)] =0 (e_(”_‘g)'t‘) :

for large|t| andc € R. Then by the calculus of residues,

. 1 1 1 [1 1
Lfiys]=slogg—+—5 |5 —a+—= E G1(2 e O(|s|™
[frs 5] 52 B2y T (2 “ log 2 v 1(2+ xk)s ) (IsI7),
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uniformly for |s| — 0 and| arg(s)| < m — . Using the expansion
Q(=s)=1+s+(s)  (Is[~0),
we see that

< 1+s I 11 1
ZLfi;s] = 2 10g2g+? 5_01+—10g2

N Gi2+xw)s ™ | +0(s Y,
kezZ\{0}

uniformly for |s| — 0 and| arg(s)| < 7 — e.
Finally, we consider the inverse Laplace transform. Thievahg simple result is very useful for our
purposes.

Proposition 2.6. Let f(z) be a function whose Laplace transform exists and is anaiyti¢ \ (—co, 0].
Assume that
O (Is|™|1og |s + 1][™) ,
ZLf;s] = es™(—logs)™, (29)
o([s|~*log s + 1[|™),

uniformly for|s| — 0 and|arg(s)| < 7 — ¢, wherea € R, w € Candm = 0,1,.... If Z[f; s] satisfies
Z1f3sll =0 (sl 71) (30)
as|s| — ocoin |arg(s)| < m — ¢, then
O (Jz*~ (log |z[)™) , |
fey=qe 2 (?) (o8 2" 35

0<j<m

o(lz|*7" (log |z])™) ,
respectively, where th@- ando-terms hold uniformly fofz| — co and|arg(z)| < 7/2 —e.
Proof. Let Z(s) = Z|[f; s]. Then by the inverse Laplace transform,

~ 1

f(z) = o !

/ e L(s)ds = — [ e*.2L(s)ds,
1)

whereH is the Hankel contour consisting of the two ray3® 4 i/|z|, —oo < ¢ < 0 and the semicircle
exp(ip)/|z], —m/2 < ¢ < 7/2; see Figure.

Assume from now onz| is sufficiently large and lies in the sector witlrg(z)| < 7/2 — . We prove
only theO-case, the other two cases being similar. For simplicitycasider only the case = 0, the
other cases being easily extended.

We split the above integral alorfg into two parts

1 ~ 1 ~ 1 ~
— [ e Z(s)ds = — e L(s)ds + — e** L (s)ds,
2w Jy 20 Sy 270 Sy
where .. comprises the two rayg&* + i/|z|,—oo < t < —T with T > 1 a fixed constant an@-,
represents the remaining contour.
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Figure 6:The contourH.

The integral alond-. is easily estimated

=T
L[ e 2(s)as=0 (/ el e D)y =12 dt)

270 Sy 50

-0 (/OO tflfeef\z\tcos(arg(z)Jrs) dt)
T
=0 (|Z|6e—c|z|T) ’

the O-term holding uniformly for|z| — oo provided thaf arg(z)| + ¢ < /2, wherec > 0 is a suitable
constant.
For the second integral, we usz9]. Then the integral along the semicircle is bounded asvidlo

1 w/2

ze'/|z| ie.,iz & dd =0 a-l
e e’ /z z ,
2 |Z‘ _7r/2 ( /| D (‘ | )

uniformly for |z| — oco. For the remaining partt+i/|z|, =T <t < 0, we have

L ey d — O ’ e
- z 1/ |z t - t: (0% N t
2w ) D=0 (b [ )
oo e—cu
=0 ol —d
(e [ )
=0 (|27,
uniformly for |z| — oo, wherec > 0 is a suitable constant. This completes the proof. 0

Note that the inverse Laplace transformsof log(1/s) is zlogz — (1 — 7)z. This, together with a
combined use of Propositich6, leads to 25).
The justification of the estimat&0Q) is easily performed by using the relatidsilf below.

The Flajolet-Richmond approach [24]. Instead of the Poisson generating function, this approtctss
from the ordinary generating functiof(z) == ,2".

A(s) = ! A( ! )
s+ 1 s+ 1

2For a better comparison with the approach we use Jodiffers from the usual Euler transform by a factorsof

— Then the Euler transform
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satisfies A R
(s +1)A(s) = 4A(25) + 572,

identical to @1).

— The normalized functiod(s) := A(s)/Q(—s) satisfies

_ _ 1
A(S) = 4A(2S) + m,
again identical toZ6).
— The Mellin transform of4 satisfieg R (w) > 2)
T Gi(w)
%[ 7(«0] = 1 _22—w’

whereG, (w) is as defined inZ8).
Then invert the process by considering first the Mellin isw@n, deriving asymptotics of

- 1
Als) = — [ s Gl(f) dw,
271 (5/2) 1 — 22w

ass — 0in C. Then deduce asymptotics of

Az) = %A G —1),

asz — 1. Finally, apply singularity analysis (se2J)) to conclude the asymptotics of,.

Laplace =S
EGF| transform | = trans- | OGF
f(z) of e~ (2) form of A(z)
| | A

asymptotics  ‘asymptotics asymptotics | @symptotics
of f(z) as ~— _ Laplace  Laplace Euler  TTF 0T of A(2)

2| — o0 Q=s) y Q=) asz ~ 1
“de-Poi by \ Mellin / &

saddle- trans-
point form

singularity
analysis

Figure 7:A diagrammatic comparison of the major steps used in thedapMellin (left-half) approach
and the Flajolet-Richmond (right-half) approach. Here E@&notes “exponential generating function”,
OGF stands for “ordinary generating function” and de-Poitlse abbreviation for de-Poissonization.

The crucial reason why the two approaches are identical&ioeteps is that the Laplace transform of
a Poisson generating function is essentially equal to therEansform of an ordinary generating function;
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or formally,

/ o Z S dr =) an(s+1)7"!

n>0 n>0

1 1

Thus the simple result in Propositi@i6 closely parallels that in singularity analysis. While itieal at
certain steps, the two approaches diverge in their findrtreat of the coefficients, and the distinction here
is typically that between the saddle-point method and thgudarity analysis, a situation reminiscent of
the use before and after Lagrange’s inversion formula; sem$tance 28).

The relation 81) implies that the order estimat8Q) for the Laplace transform at infinity can be
easily justified for all the generating functions we consiihethis paper sinced(0) = 0, implying that
A(z) = O(]z|) as|z| — 0.

This comparison also suggests the possibility of devetppie-Poissonization tools by singularity
analysis, which will be investigated in details elsewhere.

2.6 \Variance of the internal path-length

In this section, we apply the Laplace-Mellin-de-Poissatian approach to the Poissonized variance with
correction

V(z) = fo(z) = fi(2)* = 2f1(2)%,
aiming at proving Theorer.1 The starting point of focusing o instead of onf, removes all heavy
cancellations involved when dealing with the variance,yasdtep differing from all previous approaches.

Laplace and Mellin transform. The following lemma will be useful.

Lemma 2.7. If

fa(2) + J5(2) = 2fa(2/2) + ha(2),

where all functions are entire witfy (0) = f,(0) = 0, then the functio’ (z) := fo(2) — f1(2)? — 2f1(2)?
satisfies

{ f1(2) + Jj(Z') 2f1(2/2) + hu(2),
f2(0

V(2) +V'(2) = 2V (2/2) + §(2),
with V(0) = 0, where

§(2) = 21 (2)* + ha(2) = hu(2)? = 21} (2)° — 4l (2) u(2/2) — 220 (2) fi(2/2) — 2[i(2/2)*.
Proof. Straightforward and omitted. O

By using the differential-functional equatioris’ and (L8) for f1(z) andf,(z), we see, by Lemma.7,
that
V(z) +V'(2) = 2V(2/2) + 2] (2)?, (32)
with V(0) = 0. 5
Before applying the integral transforms, we need roughresgs ofl’(z) nearz = 0 andz = co. We
have
2 +.
{O(z ), asz—0"; (33)

O(z'"¢), asz — cc.
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These estimates follow from

34
! O(2"1), aslz| = . (34)

(y? {0<|z\>, as|z| - 0;

which in turn result fromX, = X; = 0 and 5) (by the proof of conditiorfl) of Propositior2.4). Indeed,
the proof there shows that the same bounds hold uniformly foiC with | arg(z)| < 7/2 —e.

We now apply the Laplace transform to both sides3®) ( First, observe that the Laplace transform of
V (z) exists and is analytic iff \ (—oo, 0]. Then, by 82),

(s 4 1).Z[V;s| = 4.2[V;2s] + §*(s),

wherej*(s) := Z[zf/; s|. Next the normalized Laplace transform

satisfies

By (33), we obtain

2V 5] O(s7%7#), ass —0T;
gl =
7 O(s™3), ass — 00.

From this and the asymptotic expansi@7)(of Q(—2s), it follows that the Mellin transform oi?[f/; s
exists in the half-plan&(w) > 2 + . Consequently,

M2 = E ) > ),
where
L g*(s) cwl = st Ooefstﬁ/ZQ ~ds
o) =t | gl otsie] = [ g [ R e 9)

By (23), we have
~ 1 h 4
" 2 _ N2 —z/2"—z/2
z2f1(2) —szﬁze :
=0 QnQe2
Substituting this and the partial fraction expansion

11 (—1)27G)
Q(=25) Qoo 57 Qi(s +277)

into (35), we obtain (0).
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Inverse Mellin and inverse Laplace transforms. For the Mellin inversion, we need more precise ana-
lytic properties ofG5(w). By (34), we deduce that the Laplace transfaojhis) of z f{'(z)? satisfies

. O(|logs|), asls| — 0;
g*(s) = Y
O(|s|~2), as|s| — oo

uniformly in the cong arg(s)| < m — . Thus, by the asymptotic expansidv) for Q(—2s) and Proposi-
tion 5in [22], we have
|Ga(c+it)] = O (e_(”_‘g)'t‘) ,

for large|t| andc > 0. Also the Mellin transfornG, of g*(s)/Q(—2s) exists in the half-plan&(w) > 0.
Consequently, by standard calculus of residues,

PVis) =

N G2+ xi)s T+ O(Js]9),

log 2 py

uniformly for |s| — 0 and| arg(s)| < 7 — ¢. This in turn yields the following expansion faf[V; s]

~ 1

ZV;s| = !

log

S Ga@ 4 xw)sE N+
kEZ

—1- —€
oz 2 2ZG2(2+Xk)S X+ 0(]s|79),
c keZ

again uniformly for|s| — 0 and|arg(s)| < 7 —e.
Finally, standard Laplace inversion gives
~ z G2(2 + xx) 1 Go(1+ xx)

‘/<Z) Xk

= z 2+ O(l27), (36)
log2 €= T'(2 + xx) log2 &= I'(1+ xx)

uniformly for |z| — oo and|arg(z)| < 7/2 —e.
Sincefy(z) = V(2) + f1(2)* + zf|(2)?, we see from36) and @5) that

fo(2) = fi(2)? = [P log? [z]  (Jarg(2)| < 7/2 <)

This proves Propositio.5and Theoren2.1by straightforward expansion. More refined calculationggi

n2

V(X,) = V(n) = 5V"(n) - =

R+ 0w,

the two terms following/’ (n) being bothO(1) and periodic in nature. It is possible to further extend
the same idea and derive a full asymptotic expansion, whéshdtso its identity nature; details will be
presented in a future paper.

3 Bucket Digital Search Trees

In this section, we extend the same approach to bucket dsgitach treesh(DSTSs) in which each node
can hold up ta keys. The construction rule is the same as DSTs, except ¢yatkeep staying in a node
as long as its capacity remains less thasee Figure3 for a simple example with = 2. DSTs correspond
tob=1.

Note that wherb > 2 we can distinguish two different types of total path-lendtie total path-length
of all keys (summing the distance between each key to theongmtall keys), which will be referred to as
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thetotal key-wise path-lengttkKPL) and the total path-length of all nodes (summing théadglise between
each node to the root over all nodes, regardless of the nuofhkeys in each node), referred to as to&l
node-wise path-lengifNPL). Whenb = 1 the two total path-lengths coincide. For simplicity, welwie
KPL and NPL, dropping the collective adjective “total”. Viththe expected values of both TPLs are of
ordern log n under the same independent Bernoulli model, their vargsaeprisingly turn out to exhibit
very different behavior; see Table

010111

101011 gégé}}

100001 i 1

011011 OllOlf//// \\\\100001

111110 10011 111110

110111 //3//}) \\Q\\ \\\i\
010011

011110 000100 011110 110111
000100

Figure 8:A 2-DST with nine keys. The total key-wise path-length is etpuéalx 1 + 3 x 2 = 10 and the
total node-wise path-length equals< 1 + 3 x 2 = 8.

3.1 Key-wise path-length (KPL)

We assume the same independent Bernoulli model for the sipags. LetX,, denote the KPL in a
randomb-DST built fromn random stings. Then by definition and the independence nasdeimption

Xoyp < Xp, + X, p, 1, (n>0) (37)

with the initial conditionsXy = --- = X, = 0. HereB, ~ Binomialn,1/2), X, < X, and
X, X}, B, are independent.

Known and new results. Hubalek BO] showed, by the Flajolet-Richmond approach, that the mean
satisfies

E(X,) = (n+b)logyn + n(cy + ws(logyn)) + c3 + wy(logyn) + O (n_l log n) ,

wherec,, c3 are effectively computable constants anglandw, are very smooth periodic functions. He
also proved that the variance is asymptotically linear

V(X,) = n(Ch + @n(logyn)) + O((logn)?),

where(, is expressed in terms of a very long, involved expressioncgni a periodic function.
We improve this estimate by deriving a much simpler expogs&r the periodic function, including
its average valué’,,. To state our result, we define the following functions. Let

3(2) = (Z () ?”(z))Q o <Z () fff“><z>)2
- () ()" + Gre)”).

0<j<b

(38)
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It is easily seen thaj(z) is of the form

)= > GnahV@ORP O+ Y G LAY OR (), (39)

2<41,i2<b 2<i1,i2<b+1

whereg;, .., J;, ;, = 0 are given explicitly by

()OO0, L))
Ginsa = (il ' 1) (iz ' 1) - (z& ' 1) (b;Zit 1)’

both coefficients being symmetricipandi,. Define

Gg(w):/o W/o e *°g(z) dzds,

which is well-defined fofR(w) > 0, as we will see later.

Theorem 3.1. The variance of the total key-wise path-length of randeldSTs ofn strings satisfies

where (@) . - -
_ 2 _ = ; —25
Ch = log2 log2/0 Q(—Qs)b/o eg(z) dzds,
and . (2
wh(t) _ — F2<2 + Xk) erJﬂ'it'
082 ) (2+ X&)

By straightforward truncations, expansions and approttona, we obtain the following numerical
valuesforb=1,...,5.

b 1 2 3 4 5
Ch | 0.26600 | 0.13260 | 0.09004 | 0.06958 | 0.05781

More powerful means are needed to be developed if more defpecision is required.

Generating functions. From @7), it follows that the moment generating functidr, (y) := E(eX"¥)
can be recursively computed by the relation

M) =5 ¥ (D)) (02 0)

0<j<n

with M, (y) = 1 for 0 < n < b. The bivariate exponential generating functibfr, y) then satisfies the

equation
b

0 ez 2
@F(’%y)_F(Tvy) )
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with FU)(0,y) = 1for 0 < j < b, and we have the nonlinear equation for the Poisson gengffatiction
F(z,y) = e " F(z,y)

D\ F0) oo (€2 )
Z . FJ(Z,y):e F 77y ) (41)
o<j<b
with F(0,y) = 1.

From this form, the asymptotic analysis of the mean value thatl of the variance proceed along

exactly the same line we developed in the previous sectibns Tve briefly sketch the principal steps of
the analysis, leaving the details to the interested reader.

The expected value ofX,,. From @1), we derive the following differential-functional equari for the
Poisson generating function of the mean

> (b) F(2) = 21(2/2) + 2,

0<5<b

with the initial conditionsf”’ (0) = 0 for 0 < j < b.
Before applying the Laplace-Mellin approach, we need fifsaasfer-type result similar to Proposi-
tion 2.4.

Proposition 3.2. Let f(z) and§(z) be entire functions satisfying

. <b> fO2) = 2f(2/2) + §(2), (42)

0<j<b M
with f(0) = 0. Then .
ge t <= fe g7

Proof. (Sketch) The same proof as that for Propositios appliesmutatis mutandigo (42). The only
difference is that we now have

FO() = 2e*f(2/2) + g(2),
wheref(z) := e*f(z) andg(z) := e*j(z), so that {4) has the extended representation

- [0 e o) 0
— m/0 (1 =) (2" f(t2/2) + g(tz)) dt,

and .
- _ n\b, —(1-t)z r ~
o) = o /0 (1 - 1) 079" (2f(12/2) + 3(2)) dt.
All required estimates can be derived by the same argumsatsthere. O

The Laplace transform of; now satisfies the functional equation
(s + 1)1’Z[f1; s| = 4Z[f1; 25] + 572,
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for R(s) > 0. From this equation, we obtain

_ 1 1
g[fl;s] = ?Z (S+1)b,..(1—|—2j3)ba

Jj=0

which extendsZ2). From this series and partial fraction expansions, we egivela close-form expression
for f1(z), which becomes messy especially for latgeDefine as beforeZ(f,; s] := Z[f1;s]/Q(—s)".

Then we obtain .

Q(—2s)"s*
This relation is almost the same &$5). Thus the same Mellin analysis given there carries overvesnd
deduce that

ZLfi;s] = 4L fr; 2s] +

" 1.1 1 (1 e 1
Lfrrs] = =logy - + = | = Y Gl Xk
[frs 5] 52 82 + 52 (2 * log 2 + log 2 oy 12+ x)s )

b 1
+=log -+ O(|s| ™),
s s

uniformly for |s| — 0 and| arg(s)| < ™ — ¢, where

00 Sw—3
Gi(w) = /0 O2s) ds,

and

. 1

[ (G ) o [

Consequently, by the Laplace inversion,

fi(z) =(z+b)logyz+ 2| =+ T2+ xa)

~ 1 Gi(2 -1 1 G1(2
1(2) +~ n Z 124+ xx)
2 log 2 log 2 e

zX‘“) + O(1), (43)

uniformly for |z| — oo and|arg(z)| < 7/2 — . From this and Propositior&s2and2.2, we obtain

f(j)(n) B
ECG) = S )+ 0 (n ),
0<j<2k J:
foranyk =1,2,.... Finally,
E(X,) = b)1 — ———nX* 1).
(Xn) = (n+ )og2n+n(2+ og 2 +10g2kez\{0} CEE +0(1)
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Variance of X,,. The analysis here is again similar to that for the mean.fLet) denote the Poisson
generating function of the second mom&if?). Then, by 41),

) (b) (2) = 2f2(2/2) + 2f1(2/2) + 42f1(2/2) + 2:f{(2/2) + 2 + 22,

0<;<b

with the firstb Taylor coefficients zero. Define again

ThenV (z) satisfies
> (0)7e =20 + i)

whereg(z) is given in 38).
By the representation89) and @3), we have

i) = {O(|z|), as|z| = 0;

O(|z[™"), as|z| = oo,

uniformly in the sectof arg(z)| < w/2 — . This is similar to the corresponding estimagl)(in the
analysis of the variance in the previous section. The saweepure there applies and we dedut® (

3.2 Node-wise path-length (NPL)

We consider in this section the total node-wise path-lefi§fL). Under the same independent Bernoulli
model, we still useX,, to denote the NPL in a randobrDST of . binary strings with node capacity> 2.
Also let N,, stand for the total number of nodes (space requirementhotorab-DST of n strings. Despite
its being one of the most natural shape measures-BR$Ts, the consideration of,, here seems to be
new. ForN,, it is known that the distribution is asymptotically normath the mean and the variance both
asymptoticallyn times a different smooth periodic function; s&d][ In contrast to 40) for the variance
of KPL, what is unexpected and surprising here is that thiamae ofX,, is of ordern(logn)?.

Theorem 3.3. Assumé > 2. The mean ofV,, and that ofX,, satisfy the following asymptotic relations.

E(N,) = nPio(logyn) + O(1), (44)
E(X,,) = n(log, n)Pyo(log, n) + nPy1(logy n) + (logy n) Py (log, n) + O(1);
and the variances aV,, and X,, satisfy
V(N,) = nPyo(logyn) + O(1),
COV(N,,, X,,) = n(logy n) Pag(logy n) + Py (logy n) + (log n) P (logy ) + O(1), s

V(X,,) = n(logy n) Pyg(logy n) + n(logy n) Pya(logy ) + nPys(log, n)

+ (log n)2 P4 (logy n) + (logy n) By a(logy n) + O(1),

where theP. s are all computable, smootli;periodic functions.
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Intuitively, that the variance of NPL is larger than that d?Kcan be seen from the definition of NPL,
which depends on the random variablg (see £6)), while on the other hand, KPL dependsmonly (in
addition to on the two subtrees). The following figure sholesfirst few values of the variance of NPL
and that of KPL.

NPL

24 KPL

4 6 8 10 12 14 16 18 20

We see that the variance of NPL increases faster than thaPbf K

Note that the periodic functions of the dominant terms atee@lial, implying that the correlation
coefficient of N,, and X, is asymptoticallyl.

On the other hand, the mean valyg of P, ((t) is given by

1 < (s+ 1)b*1
_ ds:
0 1og2/0 Q(—2s)? %

numerical approximations tq  for the first fewb are given as follows.

b |1 2 3 4 5 6
cio | 110.57470 | 0.40698 | 0.31594 | 0.25849 | 0.21885

Note that wherp = 1

1 /OO ds _q
Cl’o_logQ 0 Q(=2s) 7

by (28), which is consistent with the fact that, = n in this case.

Whenb = 2, we see that abouR.5% of nodes on average contain two keys anfh of nodes a single
key. The storage utilization is thus not very bad.

From (44) and these numerical values, we see that, in contrast taxfeeted KPL, which is asymptotic
to nlog, n for all b, the expected NPL provides a better indication of the “shagp@tion” of randomb-
DSTs.

Our analysis is based on the following straightforwardribstional recurrences

d *
N e B (n>0), (46)
Xn+b = XBn + X:Lan + NBn + N;:an’
with the initial conditionsNy = O, Ny = --- = N,y = landX, = --- = X;,_; = 0. Here again

B, ~ Binomial(n,1/2), N, 4 N X, < X} andX,, X}, B, as well asV,,, N}, B,, are independent.
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Generating functions. Define M,,(u, v) = E(e»*+%=v), Then @6) translates into the recurrence

n

M, p(u,v) =27 Z <?) M;(u+v,v)M,_;j(u+v,v), (n>0),

j=0
with My (u,v) =1, My(u,v) = -+ = M_1(u,v) = . Next, let
M, (u,v)
F(z,u,v) := ZTZ :
n>0
Then the recurrence relation gives

ob 2
@F(z u,v) =e"F (g,u—l—v,v) ,

and the Poisson generating functibz, u, v) := e *F(z, u, v) satisfies
b\ &’ y 2
Z ()@F(zuv)—e F<§ u+ v, v) : (47)
0<5<b

with the initial conditionsi(z, u, v) = 1+ (e — 1) 3 . (1)1 7129 /5l + - -
For the moments, if we exparfd(z, u, v) in terms ofu andv,

Flen) =3 o 50 (") sl

m>0 0<]<m

then f;,,_;(z) is the Poisson generating function BN/ X~7). Thus all moments of,, and N,, or
their products can be computed by taking suitable derigatof @7) with respect touw andv and then
substitutingy = v = 0.

Expected number of nodes and expected node-wise path lengthBy taking first derivatives of47),
we obtain

> @ FUl(2) = 2f10(2/2) + 1

0<;j<b

. . ~ (48)
Z (s) 3]1)(2) = 2f01(2/2) + 2f10(2/2),
0<5<b

the initial conditions beingf; (0) = 0, f%)(0) = (—1)7~' for 1 < j < band/f{’)(0) = 0for0 < j < b.
We can apply the Laplace-Mellin approach as before, staftom the mean ofV,,. Note that

L[Vl =L frs] = Y sFU00) (=010,

0<e<y

provided that the Laplace transform exists i) > 0. This gives
(5 +1)° L[ fr05 8] = 4L [f1,0:28] + §10(9),
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where

=g S 3 (1) 00

0<0<b—2  £<j<b—2

b—1
S x ()
1<5<b
=s (s + 1)
Unlike all previous cases, iterating this functional equateads to a divergent series. Although this

problem can be solved by subtracting a sufficient numberib&inerms offlvo(z), the approach we use
does not rely on this and avoids completely such a considerat

Letj[fL(]; 8] = g[f170; S]/Q(—S)b. Then

N T tC)

1— 22w’

(R(w) > 2),

where

0 w—2
Gl,O(w) = /0 Qf—QS)b(S + 1)b71 d87

for R(w) > 1
From this, we deduce that .
f10(2) = zP1o(log, 2) + O(1), (49)
uniformly for |z] — oo and|arg(z)| < 7/2 — ¢, whereP, ((t) is a periodic function with the Fourier
series representation

1 2 A
Pl O(t) — Z GLO( + Xk) 62kmt
log2 &= T'(2+ xx)

the series being absolutely convergent. From this we deitheckrst approximation of44).

We now turn to the expected NRL(X,,). By (48), we have
(S + 1)bg[f~071; 8] = 43[‘]?071; 28] + 43[‘]?170; 28]
Letj[fm; s] = Z[fo1;5]/Q(—s)". Then
224G (w)
M [ fo;w] = ﬁ, (R(w) > 2).

From this we deduce that

for(2) = 2(log, 2) P} (log, 2) + 2Py (logy 2) + (log, 2) Py (log, 2) + O(1), (50)

uniformly for |z| — oo and|arg(z)| < /2 — &, where P, (), PL1(1), PL'(t) are smooth, 1-periodic

functions whose Fourier coefficients are given by

1 G1o(2+Xk) opmi
P = Pt = Ly 3 G240
keZ

P2y = — 1 Z G102+ x1)U(2+ xk) — Gro(2 + X&) bt
0.1 (log 2)? ~ (24 xx) ’
b 2 .
PO[4] (t) — Z GLO( + Xk) ermt.

log2 &= T'(1+ xx)
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Here (z) denotes the derivative &fg I'(z) and all series are absolutely convergent. This pro#éks (

Variance. Taking second derivatives id{) and substitutinge = v = 0 gives

(

Z <b) ~2(,jo)(2) =2f20(2/2) + 2f10(2/2)* + 4 f10(2/2) + 1,

0<5<b J

5 (0) 790 = 2iae/2 + 2aale/2) + 2o/ + Foa /2D Fale/2) + ),

o<j<b

5 () 0) = 2ualer2) + 47ua 2120+ 2aale/D) + 2o/ + /2

\ 0<5<b J
with the initial conditions/y)(0) = (—1)7~' for 1 < j < band fo0(0) = £ (0) = f52(0) = 0, for
0<j<b

The remaining calculations follow the same pattern of pmefused above but become much more
involved. We begin with

—
N

V(z) = fr0(2) = fro(2)” = 2f{4(2)?,
U(Z) = ~1,1(2’) - Ji1,o(2)fo,1(2)~— Zf{,o(z)fé,ﬂz)’
W (z) = foalz) = for(2)” = 2f54(2)%.

Then we deduce
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where

 aa(c) = (Z () ?73@))2 b (Z () T?’J%))Q

- Z C) (flo +zf10( ) )(])7

0<5<b

Gua() = 27(=/2) + (Z () 1(?3<z>> (Z () ~éﬁ’(z))
2 (Z () ??'J”(z)) (Z () ~éﬁ“’@))

=Y () (oo + 2of101)

0<5<b

Goalz) = AT (2/2) + 27(=/2) + (Z (ﬁ) féﬁ’(z))
0<j<b

2
b ( > (0) 37‘?”(2)) = 5 (0) (oater + 2Fa )
\ 0<j<b J 0<j<b J
The initial conditions aré’(0) = U (0) = W@ (0) =0 for 0 < j < band
VO0) = (=1 (14 —2)27"), (1<j<b).
From 49), (50) and Ritt’s theorem (se®{l]), we have

G20(2) = O (| )
{ gll()—2Vz/2 =0 (|27,
o2 (2) — 4U(Z/2)—2V z/2) = O(| )
uniformly for|z| — oo and| arg(z)| < 7/2—¢. Let. Z[A; 5] := Z[A; s]/Q(—s)’, whereA € {V,U, W}.

Then we obtain, folR(w) > 2,

(1217 s)u) = 220

227wG270(W) Gl,l(w)

<z

MNLNU; s];w] = e e
(1—22-w)>  1-2
i g1 2 2Gho(w) | 2279 (2G11 (W) + Gao(Ww)) | Gri(w) + Goa(w)
\ %[Z[Wv S]a CU] - (1 . 22,(”)3 (1 - 22,“,)2 + 1 — 22—w

where

( Y _— (s+ 1)t — (=12 (20— 3+ (b—1)s) )
G2,0<w> _A Q(—Qs)b <$[g2,07 ]_'_ (8—|—2)2 ) d )

Guu)i= [ g [ e () -2062) deas
Goalw) == /0 T ' /0 T (do02(2) = 2V(2/2) = 40(2/2) ) dzds,
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with all functions analytic fofR(w) > 0. Consequently, we deducés).

4 Digital search trees. Il. More shape parameters.

We consider in this section four additional examples on D&ligse variances are essentially linear. The
same tools we use readily apply®STs, but we focus on DSTs because the results are easiaté@ad
the asymptotic behaviors do not differ in essence with thasine more generalDSTs the corresponding
expressions of which are however much messier.

The first parameter we consider is the so-callegarameter (sed.f]), which is the sum of the subtree-
size of the parent-node of each leaf (over all leatdsstead ofv-parameter, we call it thiotal peripheral
path-length(PPL), since it measures to some extent the fringe amplesfelbe trees. Also this is in
consistency with the two previous notions of path-lengthiséinguished.

Then we consider the number of leaves, which has previowesy Istudied in details ir2p, 31, 39|
and which is well connected to PPL. Our expression for theamae simplifies known ones.

Yet another notion of path-length we consider here is thealled Colless indexn phylogenetics,
which is the sum of the absolute difference of the two subsizes of each node (over all nodes). We call
this index thetotal differential path-lengt{DPL) as it clearly indicates the balance or symmetry of the
tree. Another widely used measure of imbalance in phylogesis theSackin indexwhich is nothing but
the external path-length.

The last example we consider is tiveighted path-lengtfWPL), which often arises in coding, opti-
mization and many related problems.

The orders of the means and the variances exhibited by ahityge parameters we study in this paper
are listed in Tabld.

4.1 Peripheral path-length (PPL)

The PPL (onw-parameter) was introduced ibd], the motivations arising from the analysis of compression
algorithms. We start from thiinge-sizeof a leaf node\, which is defined to be the size of the subtree
rooted at its parent-node; see Fig@reThe PPL of a tree is then defined to be the sum of the fringessiz
of all leaf-nodes. LetX,, denote the PPL in a DST built from random binary strings under our usual

independent Bernoulli model.

Figure 9:The two possible configurations of the fringe of a leaf: thege-size (onv-parameter) equals
|T| + 2. Note thatl" may be empty.

Drmota et al. showed irLp] that

E(X,) =n(Cy, + wy(logyn)) 4+ o(n), (51)

3Theleavesor leaf-nodeof a tree are nodes without any descendants.
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where

1) -2) 1 1 20— 1
Co := Qe2¢ Z%k—l L +log22; Q2

>0 E>1

Note that by 24), we have the identities

+1e-2) 1
Z QZQZ B Qoo (

£>0

The asymptotic behaviob() is to be compared with thelog n-order exhibited by most other log-trees
such as binary search trees and recursive trees;18pd{reflects that most fringes of random DSTs are
small in size; see Figur®. Indeed, since the expected number of leaves is also astimfga times a
periodic function, the resul(l) implies that the average size of a fringe in random DSTs is\ded. We
show that the standard deviation is also small.

Define

G2(2) = zf](2)? — 116 e ” (2 +42° + 162" — 82 + 64)

z . _ (52)
— 2 (4 + D fi(2/2) - 22 + 22+ 9)f1(2/2) — (2 + 2) (2 + ),

where f; (=) represents as usual the Poisson generating functi@@i®f). Let G,(w) denote the Mellin
transform of.Z[g.; s]/Q(—2s).

Theorem 4.1. The mean and the variance of the total PR], of random DSTs of strings satisfy

E(X,) =n(Cy+ wu(logyn)) + O(1),
V(X,) = nP,(logyn) + O(1), (53)

whereP,(t) is a smooth]-periodic function with the Fourier series expansion

P (t) 1 Z G2(2 + Xk) erﬂ'it

log2 £ T'(2+ xx)

the series being absolutely convergent.

We provide only the major steps of the proof since it follotws same approach we developed above.

Recurrence and generating functions. By definition and by conditioning on the size of one of the
subtrees of the root, we have the following different confgions

A A TA KT A2
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from which we derive the recurrence for the PPL

Xn_1, with probability 22—
Xp L0+ X, o, with probability (n — 1)22-";
Xy, + X;_,_;, with probability2!=" (" "), 2 <k <n -3,

whereX, = X; = 0, X, = 2 and X3 has the distribution
P 6, with probability1/2;
° 7 12, with probability1/2.
From this recurrence, it follows that the bivariate Poisgenerating function

Flz,y) =e* Z E(e’ ) 2"

n!
n>0

satisfies the nonlinear equation

~ 8 ~ B , y
F(Z7 y) + _F(Z’ ’y) = F (zj y) + Z€2y+e Z/2 ZF 27 y
0z 2 5 50

— ze*?F (%, y) p 2 (e — 1)2 :
with the initial conditionF'(0,y) = 1.

The expected PPL. By (54), we obtain the differential-functional equation ffit(z) by taking derivative
with respect tg; and then substituting = 1, giving
fi(2) + fi(2) = 2f1(2/2) + 2(2 + 2/2)e 72, (55)

with f,(0) = 0. The Laplace transform of; satisfies

L fiss] = ?g[fh s| + ﬁ

4k
=16 .
;0 (s+1) - (2kLs +1)(2k+1s +1)3

Then a straightforward application of the Laplace-Metie-Poissonization approach yields

n G1(2+ xx)
E(X,) = n* + O(1),
(Xn) log2% T'(2+ xz) @)

where

16/ e 25+1) (R(w) > 0).

TheO(1)-term can be further refined by the same analysis. In pagticule get an alternative expression
for Cy,

w log2 log2/ Q(— 2$+ 1)3
That the two expressions 6f,, are identical can be proved by standard calculus of resjceesp4] for
similar details.

ds ~ 1.10302 66959 - - -
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The variance of the PPL. Again from (4), we derive the equation for the Poisson generating functio
f2(z) of the second moment of,,

Fale) + Fy(2) = 2ala/2) + 20a(=/2)" + 5 e
(56)

+ ze? ((z D Fi(22) + 2 (2/2) + w) ,

4

with £5(0) = 0.
LetV(z) = fo(2) — f1(2)? — zfI(2)2. Then, by 65), (56) and Lemma2.7,
V(2) +V'(2) =2V (2/2) + §a(2),

with V(0) = 0, whereg, is defined in §2).
Applying again the Laplace-Mellin-de-Poissonization mgeh, we deduces@). In particular, the
mean value of the periodic functidn, is given by

G2(2) . 1 /OO S /OO —28~
log2 log2 J, Q(—2s) )y ¢ a(2) dzds.

4.2 The number of leaves

The leaves of a tree are the locations where the nodes hatéwecoming keys will be connected; thus
different types of data fields can be used to save memonyblydiar 6-DSTs. The number of leaves then
provides a quick and simpler look at the “fringes” of a treeclsnodes are sometimes referred to as the
external-internal nodes or internal endnodes in the liteeasee 16, 26, 41, 56).

Let X,, denote the number of leaves in a random DST &kys. ThenX,, satisfies the recurrence

Xon £ Xp, + X2 (n>1), (57)

with X, = 0 andX; = 1, whereB,, ~ Binomial(n; 1/2).
Flajolet and Sedgewickp], solving an open question raised by Knuth, showed that

E(Xn) =n (Cfs + wfs(logz n)) -+ O(n1/2),
wherewt(t) is a smooth]-periodic function and

2
k 1 1 1 1 1
=1 - , _ _
Cle +ZQk2k 2 5o Qw (log2+<;2k1> ;2’“1)

k>1 1<5<k

~ 0.37204 86812 - - - .
A finer approximation, together with the alternative (andneuically better) expression

1 1 1 (—1)Fk
Crs=1 -
a=14) 28 —1  Q (logQ * ,; Qr(2F — 1)2k<k+1>/2> ’

E>1 o0

was derived by Kirschenhofer and Proding@¥][ see also$6]. They proved additionally the asymptotic
linearity of the variance
V(X5) ~ n(Cip + wip(logyn))
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wherewy, is a smooth]-periodic function with mean zero and a long, complicatgaregsion is given for
the leading constardty,. We derive different forms for these two asymptotic appmadions.
Define

Gol2) = 2fV(2)? + e* (1 e (14 2) + 2:f(2/2) — 4f1(z/2)) , (58)

wherefi(z) = e 32, o E(X,)2" /nl.

Theorem 4.2. The mean and the variance of the number of leaves are bothpastoally linear with the
approximations

n G1(2+
E(X,) = —= 3 r((1 +>:f)) nX 4+ O(1),
n G2(2 +Xk>

V(X,) =
(Xn) log2 £~ I'(2 4+ X&)

n** +0(1),

where the two series are absolutely convergent withG:, defined by

Gl(w)‘/o GG
“=3(2)

s¥W— 1
/ / z)dzds,

for R(w) >0

We see in particular that

ds,

1 > s
Cre = log2 / (s + 1)@( 2s)
Cip = Tog 2 / 025 25 / e **gy(z) dz ds. (59)

Sketch of proof. From (7), we derive the equation for the bivariate generating flmnx:F(z,y) =
€Y o E(e*¥) 2" /nl

F(z,y) + %F(z, y) =F (g,y)Q + (e —1)e”

with F(O, y) = 1. Then the Poisson generating functions of the first two masneatisfy

hi(2) + fi(2) = 2fi(2/2) + 77, (60)
fa(2) + fi(2) = 2fa(2/2) + 2f1(2/2)* + 77,

with f1(0) = f,(0). Consequently, the functiori(z) := fo(z) — f1(2)? — zf](z)? satisfies

V(2)+V'(2) =2V (2/2) + §a(2),

with V(0) = 0, whereg, is given in 68). The remaining analysis follows the same pattern as abuésa
omitted.
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We provide instead some details for the numerical evalnadfathe constanCy, as defined ing9),
which is similar to the case of internal path-length of DSTs.
By applying the Laplace transform to both sides@@)(and by iteration, we get

4k

L[ fr;s) = kZZO (s+1)(2s+1)---(2k=1s 4+ 1)(2ks +1)2

Since the inverse Laplace transform derived from the gdréiation expansion of this series is divergent,
we consider the functioffy (z) := f1(z) — z + 22/2 for which the equation0) becomes

2

B+ fie) = 20(z/2) =142+ T+

with f,(0) = 0, and we have

3-2Fs+1
Zhis] = 33Z2k (s+ 1) (2k1s + 1)(2ks 4+ 1)

Then by the partial fraction expansion

3.2k + 1 S (—1)F¢(3- 2 — 12~ (")
(s+1) - (2 s+ D(@Fs +1)2 - 4=, (26— — 1)QyQu—s 2s 4+ 1
1 1 1 2
3+2

Qk ( + 1;k 2 — 1) s +1  Qu(2ks +1)2

we obtain . . 5 )
< f VS| = == ‘ - ) )
[fl ] QSBZZZOQZQZ (24‘3—0—1 (2Z8—|—1)2

where

G=3+2 Y by -2 -0t

1<j<t i>1 (¥ =1)2Q;

Obviously,lim,_,, 6, = 4. Now, by the inverse Laplace transform,

Ay Lo (1= L e
Q, 4 920+1

z>0
IYAS _ % i o, —z/2t —z/2¢
2 3 51 + 52071 3e + 2ze ,

which converges for alt; also from R6] we have

n—1_n 1

A =X S om0 ¥ o

~—
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Then the first and the second derivatives are given by

~ 1 1 yi z 0 z yi
/ __E - o V4 —z/2 . —z/25 _ ~—z/2
fi(z) = 25 Qe (55( L+2/2 +e )_'_4 261 de 91 ¢ )’
A 1 1 /9! _ /9t z _ /9!
191 33 5 (1) 22 ),

>0

Now the constant’y, can be expressed in terms of the integralfl(ﬁs follows.

S ~
log 2) “F2(fl(2) = 1)?dzd
(log2)Ciyp = / ol 25(5+1 TEESE ol 25/ e 72(fi(z) —1)"dzds

+2/ o /eZ<S+1>(z S+1)(f1(z/2)—z)dzds

And we getCy, ~ 0.034203 - - -.

A general weighted sum of node-types fob-DSTs. Forb > 2, we can consideK,[f],l < j < b, the
number of leaves containinggrecords in a randomDST with bucket capacity built from »n records. Let
also X! be the number of internal (non-leaf) nodes. Define

E a; X[J
J
1<5<b+1

whereay, .. ., a,, 1 are arbitrary real numbers. By a straightforward compaitati
b\ & - a o R 2 -z (_a a
5 ()2 e = b () s e (oo
0<5<b

with £(0,y) = 1. Then our approach can be applied and leads to the same tygsuits as Theorerh.2
with different G; and G,; the resulting expressions for the variance are more akpin simpler than
those given in31].

4.3 Colless index: the differential path-length (DPL)

The DPL of a tree is defined to be the sum over all nodes of thalatledifference of the two subtree-sizes
of each node as depicted below.

DPL =

> |Tieft — Tright]
7I-eft 7?ight all nodes

Properties of such a path length in random binary searcls tnegee long been investigated in the
systematic biology literature; se][and the references therein.

Let X,, denote the DPL of a random DST ofinput-strings. Then by definition and by our indepen-
dence assumption, we have the recurrence for the momeniag@gefunction

M) =2 3 ()@ 0z 0) 61)

0<j<n
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Let also

Ga(2) = 2f1(2) + 2 = h(2)? = 21\ (2)° — 4ha(2) f(2/2) = 22D (2) F1(2/2) + 4he(2),

wheref,(z) is the Poisson generating function®fX,,) andh.(z) is defined by

sy (B2)" n
he(z) =€) w > . JE(X0) [0 — 2k| (62)
n>0 0<k<n
Theorem 4.3. The mean and the variance of the DPL of random DSTs satisfysyraptotic relations
V2n
E(X,) =nP, (1 ——F 1+ 0(1), 63
(Xa) = nPuy(logym) = —=2—s +0() (63)
2
V(X,) = (1 — —) nlogy n + nPy,(logyn) + O(nl/z), (64)
s

whereF;,, and F,; , are explicitly computable, smoothperiodic functions.

These results are to be compared with the known results folora binary search trees for which the
DPL has mean of orderlog n and variance of ordet?; see #].

Expected DPL. The approach we follow here for deriving the differentiaiftional equations satisfied
by the Poisson generating functions of the first two momergkghtly different from the one we used since
the corresponding nonlinear equation for the bivariateegaing function/'(z, y) := > ., M, (y)z"/n!

is very involved as given below. -

a%F(z,y)—IZFC%Z,y)F(%,y) y L
L r (%y) (F(e 2/2,y) —ww_ eeyF(Z/(Qw),y)

_Flez/2,y) — w_leyF(z/(Qw),y)) .

w — ey

2700 Jyw|=r>0

with F(0,y) = 1.
We use instead a more elementary argument. From the recar@®), we obtain, withu,, := E(X,,),

_ ol—n n -n n
=27 5 (Dt X (a2t w1
0<k<n 0<k<n
the initial condition being., = 0. Then the Poisson generating function’of satisfies the equation
fi(2) + Fi(2) = 2/1(2/2) + I (2),

with f,(0) = 0, whereh, is given by

2 N (E2)" n

hi(z)=e7") w ) In = 2k

n>0 T 0<k<n
)

= ze 7 (Ip(2) + I1(2))
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where we used the identity

n 2n!
Z <k)|n_ 2| = In/2]!([n/2] — 1)! (n=>1),

0<k<n

and/,(z) denotes the modified Bessel functions

Ia(z) _ Z (z/2)2n+oz

= nT(n+a+1)

It is known (see $3]) that, as|z| — oo,

e® 1 .
1) = Vo (1+0(2™), if |arg(2)] < 7/2 —¢, | (65)
O (|z|_1/2 (e%(z) + e_%(z))) , i |arg(2)| <,

the O-term holding uniformly inz in each case. Thus, b§%), 7, € J and

=2 (007,

for |z| — occin |arg(z)| < 7/2 — . Also
Llhs) = (s +2)7272 0 (R(s) > 0).

Thus we can apply the same approach and deduce that

= -—+0(1
g2 &= T2+x10)  V2r(v2—-1)

whereG| (w) is the Mellin transform ofZ[h; s]/Q(—2s)

oo Sw75/2
Grlw) = /0 NN

This proves §3). Numerically, the mean value of the dominant periodic fiorxcis G1(2)/log2 =~
1.33907 46494.

(R(w) > 3/2).

The variance of DPL. Again from ©1), we have the recurrence for the second momgnt= E(X?)

n n
Sp+1 = 2 Z <l€) (s + Sn—k + (n = 2k)* + 2uppt— + dpn — 2k|)

0<k<n

for n > 1 with s, = s; = 0. Since

9—n 0;@ (Z) (n— 2k)% = n, (66)

we see that the Poisson generating functios,afatisfies the nonlinear equation
Fa(2) + f3(2) = 2fa(2/2) + 2f1(2/2)* + 2 + 4he(2),
with f,(0) = 0, whereh,(z) is defined in 62).
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Lemma 4.4. The function. is JS-admissible and satisfies

he(2) = hi(2)ful2/2) + O(|2[), (67)
in the sectorf arg(z)| < 7/2 —e.

Proof. Observe first that

e =5 () G

n_

Sy L) S
= IS/

g!

2 6z(w+1/w)/2
= — —d <1

2 ﬂ{ur wonr v =

since
k—j 2\ e we/?

2. (5) = e =
o<k I

On the other hand, sinc&(z) = > _, ., n2"/n!, we have, by the same argument,

G AELIO)
>

HE) (2 50 2t G

k>0 0<n<k n>k
B Wi 2\ F k—mn rz\n 1 rz\n Wi 2\ F
256 X6 1 XaGE) Xe-ni()
k>0 0<n<k n>0 0<k<n
1 2 ewz/? 1 wzy e/
S A e ()
T Jpwjmrcr ™ \2w/ (w —1)2 270yl =r<1 2/ (w—1)

To prove conditior{O), we start with changes of variables, giving
2 wN  e?/(2w) w2/ (2w)
T T Y ) et
(2) 2mi ﬁw#ZI h 2/ (w— 2)? W 270 J )= h 2/ (w— 2)? v

where the first integration circle is indented to the righavoid the polar singularityy = z, and the second
to the left. By splitting each integration contour into twarfs, we obtain

e/ (2w) i0
c Z <# #) dw + O < / fl <|Z|6 ) ' 6‘2‘(C059)/2 de) :
27T'l Z) e<|0|<m 2

where the integration contoyris any path connecting the two endpoifite** and indented to the right,
andqd denotes the corresponding symmetric contour with respectt = (and indented to the left). Since
f € #<, condition(O) for h.(z) is readily checked.
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For condition(l), it suffices to prove@7). For that purpose, we use the representation
—z z(w+1/w)/2
~ € e ~ z ~ [WZ
=55 b oo )+ () ¢
(2) =5 f{w“d wo1g tlgy) Thl7))dw

5 —z z(w+1/w)/2 —z
=fi (i> ¢ 7{ dw+ 6_7{ W/ R (1) dw
27210 Jjyj=rar (W —1)? 270 w|=r<1

ez(erl/w)/QRz (w) dw,

where
r = o (5 -4 6) - £ () 5)
(R ()-a ()5 ()5

is analytic atw = z. The error term ofi.(z) — hi(2) f1(2/2) can be estimated by a similar argument as
that used for checking conditid®). This completes the proof of the Lemma. O

The remaining analysis is now routine. LIétz) := f,(z) — f1(2)2 — zf/(2)%. Then
V(2) + V'(2) = 2V (2/2) + Ga(2),

where, by Lemma&.7,
Ga(2) = 2 = (2 + 4 (Re(2) = () [i(2/2)) = 24 (2)? = 2B ()1 (2/2) + =1 ()

= (1-2) =+ 0(s),
m
for |arg(z)| < w/2 — . From this and the analytic properties of the functions imed, we deducegd).

Remark. The same approach can be extended to more general difidrpath-length of the form
> i nodes| Tieft — Trignt]™ With m > 2. Interestingly, whenn = 2, themean is identical to the total in-
ternal path-lengthin view of (66) and the variance is asymptotic 4@?. Form > 2, the mean and the
variance are asymptotic to

2T+ 1)/2) e 2T+ 12) = 7 P 1D)/2)
VR =z (i3 ’

respectively.

4.4 A weighted path-length (WPL)

Weighted path-lengths of the forfi,, := ZKK” w;{; appear often in applications, whefedenotes the
distance of thg-th node (arranged in an appropriate manner, say first lgisg-and then left-to-right or
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in their incoming order) to the root and, the weight attached to theth node. The calculation d¥/,, in
the case of random DSTs can be carried out recursively by

Wn+1 i WBn + W;,kan + Z wj’

2<j<n+1

assuming that the root is labelléd We consider in this section the case when= (log j)™, m > 1.
From a technical point of view, it suffices to consider thed@n variables

Xpr £ Xp, + X _p, + (n+1)(log(n+1)" (0 >0),
with X, = 0, since the partial suh_,_;_, (log 7)™ is nothing but

Am __ [.n LO,m(z)
3 fog ) = [z

2<j<n

where
Lom(2) = Zn_“(log k)mzm (a#1,2,...),
k>1
on whose analytic properties our analytic approach heagiigs.
The random variables(,, represent the sole example on DSTs we discuss in this papeman-
integral values; they also exhibit an interesting phenamen that the mean is of ordei(log n)™"! but
the variance is asymptotic totimes a periodic function, in contrast to the orders of DPL.

Theorem 4.5. The mean and the variance of the weighted path-lefgtlare asymptotic to

_ n(logn)mt!t

B(Y,) = et n 3 cnllogny’ + Py logyn) + O (o)™ ),

1<j<m

V(X,) = nP,,(logyn) + O ((log n)2m+2) ,

respectively, where theg,, ;'s are constants depending on, and P, , and P, , are 1-periodic, smooth
functions.

That the variance is linear is well-predicted by the deepr® of Schachinger derived iB§] since
the second difference of the sequen¢lg n)™ is o(n~'/2=¢). Our approach has the advantage of provid-
ing more precise approximations.

The new ingredient we need is incorporated in the followargma.

Lemma 4.6([21]). The function., ,,,(z) can analytically be continued into the cut-pla@e, [1, co) with
a sole singularity at = 1 near which it admits the asymptotic approximation

Lom(e™®) =T (1 —a)s* *(—logs)™ + O(1),
the O-term holding uniformly fof arg(s)| < 7 — «.

Indeed, the tools developed i2]] can also be easily extended to similar “toll-functionstasn H;".
Details are left for the interested readers.
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5 Conclusions and extensions

We showed in this paper, through many shape parameters domaBSTs that the crucial use of the
normalizationV’ (z) := fo(z) — f1(2)2 — zf'(2)? at the level of Poisson generating function is extremely
helpful in simplifying the asymptotic analysis of the vart@ as well as the resulting expressions. The
same idea can be applied to a large number of concrete prehatim a binomial splitting procedure.
These and some related topics and extensions will be puedsedghere. We briefly mention in this final
section some extensions and related properties.

Central limit theorems. All shape parameters we considered in this paper are asyiogtpnormally
distributed in the sense of convergence in distribution.dé&ecribe the results in this section and merely
indicate the methods of proofs. The only case that requissparate study is NPL of randowDSTs
with b > 2 (a bivariate consideration of the limit laws is needed)adebeing given in a future paper.

Theorem 5.1. The internal path-length, the peripheral path-length, thember of leaves, the differential
path-length, the weighted path-length of random DSTs, hadkey-wise path-length of randdrDSTs
with b > 2 are all asymptotically normally distributed

KXo —B(Xn) a, A (0,1)
V(Xn) Y

whereX,, denotes any of these shape parameteallts,stands for convergence in distribution, and (0, 1)
is a standard normal distribution with zero mean and unitiaace.

See FigurelOfor a plot of the histograms of DPL.

The method of moments applies to all these cases and ebtbtise central limit theorems; similar
details are given as irB[l] (the asymptotic normality of the number of leaves beingadty proved there
as a special case).

In a parallel way, contraction method also works well forth#se shape parameters; sek H2, 53].

On the other hand, Schachinger’'s asymptotic normalitylte@sover the IPL, PPL, number of leaves
and WPL, but not PPL and KPL dnDSTs, although his approach may be modified for that purpose

Finally, the complex-analytic approach used3sj[for internal path-length may be extended to prove
some of these cases, but the proofs are messy, althoughsihiésrestablished are often stronger (for
example, with convergence rate).

The depth. The asymptotic analysis we used in this paper can also bedededo the depth (the distance
between a randomly chosen internal node and the root) gthibus of logarithmic order. Lef,, denote
the depth of a random DST afnodes. The starting point is to consider the expected pradilgnomial

Ply):= Y nB(X, = k)",

0<k<n

wherenP(X,, = k) is nothing but the expected number of internal nodes atmlista to the root. Then
we have the recurrence

Pt =142 5 (}) (A + Pt (020)

0<k<n
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Figure 10:The histograms of DPL fot = 20, 30,40 and 50, normalized by their standard deviations.

with Py(y) = 0. From this relation, we obtain the equation for the Poissemegating functiorf’(z,y) of
Pa(y)

z

. o - .
F(%?JH@F(my) =2yF(2,y) +1,

with F(O,y) = 0. It follows, by taking coefficients ot™ on both sides and by solving the resulting

recurrence, that
- £ (e I0-5) e

1<k<n 0<j<k—2

see fi4, p. 504] for a different proof. Asymptotic approximation®)(y) can then be obtained by Rice’s

integral formula
3/2) L'(

2mi n+1—s)(1—2=5y)Q(2'2y)
for |y — 1| < . More precisely, it € C lies in a small neighborhood of the origin, then
P,(e")
n

(' = 1)Q(e") t
- Q1) log2 ZF (_1  log?2

kEZ

E(eXt) =

— Xk) nt/ 1082 Tk (1 +0 (n_l)) +0(n™), (68)

uniformly for [¢| < e. Alternatively, one can also apply the Laplace-Mellinfi@issonization approach
and obtain the same type of result for not only DSTs but alsoiiare generab-DSTs. See48, 49 for a
more general and detailed treatment (by a different appjoac

The estimate@8) leads to effective asymptotic estimates for all moment¥ pf- log, n by standard
arguments; seep]. In particular, we obtain

v—1 1 1 B
E(X.,) :10g2n+@+§ —;Qk_lewl(loan)—i-O(n logn) ,

1 1 2 2k
X)) =t (1= ) =Y 1 1602
V(X,) 12 + (log 2)? ( + 6) o172 + ws(logyn) + O (n og n),

k>1

where the estimate for the mean is exacilyWith «, given in @) andws; is a smooth periodic function.

54



An analytic extension. From a purely analytic viewpoint, the underlying differa@ifunctional equation
(13) for the moments can be extended to an equation of the form

. (l).)f“”(@ =af (%) +3(2)  (a>0,8>1),

0<;<b

for which our approach still applies, leading to the funetibequation for the Laplace transform
(s + 1)°Z[f; 5] = apLLf; Bs] + Z[5; o).
The natural normalizing function is then provided by

b
S
Qs(—s) =] (1 + @) ,
j>1
and the corresponding Laplace-Mellin asymptotic analgsssmilar.

In particular, the case whem = 3 = m corresponds to a straightforward extension of binary DSTs
to m-ary DSTS (and the binary unbiased Bernoulli random vaeiabl the uniform distribution over
{0,1,...,m—1}). The stochastic behaviors of all shape parameters on seeehfollow the same patterns
as showed in this paper.

Yet another concrete instance arises in the so-called Edelelnstudied by Dean and Majumdad],
which corresponds ta = m andg > 1. The model is constructed in the following way. We start st
t = 0 at which we have an empty node. Then at time 7', whereT ~ Exponentiall), we fill the empty
node and attach to it different empty nodes. The process then continues indepelydor each empty
node by the following recursive rule. Once an empty node pfldgis attached to a tree at tinte= ¢/, it
is then filled at time point’ + T, whereT' ~ E(37), andm new empty nodes are attached to it.

The mean and the variance of the number of filled nodes at a targe of such trees are studied in
details in [LQ]. Since the model is continuous, there is no need to de-Bassto derive the asymptotics of
the coefficient; as a consequence, no correction term aseddmuthis paper is required for the asymptotics
of the variance.

Other DST-type recurrences. While the technique of Poissonized variance with correctiemains
useful for the natural case when the Bernoulli random véimsmno longer symmetric, the Laplace-Mellin
approach does not apply directly. Other asymptotic ingneidi are needed such as a direct manipulation
of the Mellin transforms; seelp] and the references therein.

DST-type structures and recurrences also arise in othestgtal physical models such as the diffusion-
limited aggregation; sed [5].
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Appendix. An Elementary Approach to the Asymptotic Linearity of

the Variance.
We describe briefly here a direct elementary approach toahance of random variables satisfying the
recurrence .

Xny1=Xp, + X, _p, + 15,
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where
n

k
The starting point is to consider the recurrence satisfietthéyariance,, := V(X,,)

Tk ::P(Bn:k):( )2—n (0<k<n).

Un4+1 = Z Tn,k (Uk + Un—k) + Uy + V(Tn)v

0<k<n

wherep,, := E(X,) and

Up 1= Z Tk (g + fnk — Pns1 + E(Tn))2 :
0<k<n

In most cases, we have the estimate= f, (k) + O(k°). This, together with the Gaussian approximation
of the binomial distribution, implies that

~/n T ~/n x ~ 2
|k—n/2|=0(n?/3)
k=n/2+z\/n/2

~ Y (A (D) A i+ E@)
A

~ (2 (5) - Fitw) ~ Fim) + BT
But then (seel3) below)

211 (5) = Fim) = fin) + E(T0) = E(T,) = hu (),

where BT,
hi(z) == e* Z E(T) 2.

1
i~ I

The order of the differenc&(7},) — h,(n) ~ n|h!(n)| are expected to be small, roughly(n°) in all
cases we consider here. Consequently, the variance is &stycafly linear; see31, 58] for more precise
details.

We see clearly that the smallness of the variance resultsalgt from the high concentration of the
binomial distribution near its mean.
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