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Abstract

We introduce orthogonal polynomials M J‘-“l(x) as eigenfunctions of a
certain self-adjoint fourth order differential operator depending on two
parameters p € C and £ € N.

These polynomials arise as K-finite vectors in the L?-model of the min-
imal unitary representations of indefinite orthogonal groups, and reduce
to the classical Laguerre polynomials L;‘ (z) for £ =0.

We establish various recurrence relations and integral representations
for our polynomials, as well as a closed formula for the L?-norm. Further
we show that they are uniquely determined as polynomial eigenfunctions.
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1 Introduction

Many classical sequences of special polynomials (P;);en, such as Hermite poly-
nomials, Laguerre polynomials or Jacobi polynomials have the following stan-
dard properties:

e P;(z) is a polynomial of degree j (7 =0,1,2,...),
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e P;(z) is an eigenfunction of a second order differential operator.

In this article we introduce a family of polynomials (M J“ ’Z)jeNO depending on
two parameters p € C and ¢ € Ny. A distinguishing feature in our setting is
that these polynomials have the following properties:

° M;"Z(x) is a polynomial of degree j+ ¢ ( =0,1,2,...),

o M j“g(m) is an eigenfunction of a fourth order differential operator (Theo-

rem [223]).
It turns out that the polynomials (M ]’M) jeN, enjoy a number of good properties
one typically finds for classical orthogonal polynomials: They

e are unique as polynomial solutions of differential equations (Theorem 23]),

e form orthonormal bases for L?(R, , z#~2’¢~* dx) (Theorem 24,

e admit integral representations (Theorem 2.7]),

e satisfy recurrence relations (Theorem 2.5]).

Our analysis of these special polynomials M j“ * is motivated by recent progress
on the minimal representation of the non-compact semisimple Lie group G =
O(p, q) (the indefinite orthogonal group) on the Hilbert space L?(C) where C
is an isotropic cone in RPT972 (see [6]). In contrast to traditional analysis on
homogeneous spaces, the group G in our setting is too large to act geometrically
on C. This very feature lets one expect many functional equations in the rep-
resentation space arising from the action of the ‘large’ group G on the ‘small’
representation space. In fact, some of the formulas here are predicted by unitary
representation theory with (p,q) = (1 + 3,2¢+ 4) where 4 is an odd integer.

The polynomials M J" * arise as K-finite vectors in the representation, and
indeed generate all the K-types parametrized by non-negative integers j. In the
bottom case ¢ = 0 our polynomials M j“ 0 reduce to Laguerre polynomials L;‘
and the fourth order differential operator P, ¢ is of the form

Puo = Qi -+ const

with the Laguerre operator Q,, having L;‘ as eigenfunctions.

As its remarkable consequence, Laguerre polynomials (multiplied by elemen-
tary functions) give a basis of K-finite vectors for the minimal representation of
O(2m,4). Similar results were previously known only for the conformal group
O(p,2) (in physics terms the minimal representation of O(4,2) appears as the
bound states of the Hydrogen atom, and incidentally as the quantum Kepler
problem).

Our proofs of the main results rely largely on purely analytic methods, in
particular the analysis of the corresponding fourth order differential equation,
which we started in [5].

Notation: No = {0,1,2,...}, Ry ={z € R: 2 > 0}.

2 Statement of the main theorems

We introduce the family of polynomials {M}’ “(x) : j € No} for p € C and

¢ € Ny via meromorphic generating functions G**(t,x) of two variables t and
defined by
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where I, (z) = (5)"“Ia(z) and Ko(z) = (5)"“Ka(z) denote the normalized I-
and K-Bessel functions. More precisely, we set

Mj“g(x) _ PU+ptl) ﬁ GHE(t, ). (2.2)

CjleeT(j 4+ ) o],

The coefficient in front is chosen to produce suitable normalizations of the top
term.

Theorem 2.1. Suppose pp # —1,—2,-3,... and £ € Ny.
(1) Mj‘-"g(x) is a polynomial of degree j+ ¢ (7 =0,1,2,...).
(2) (Top term)

—1) .
M;‘Z(g;) = #m”e + lower order terms.
4!

(3) (Constant term)

PN IG 4 1) (450,

M!0) =

where (a)y, = ala+1)---(a+n —1) is the Pochhammer symbol.

A combinatorial formula for intermediate terms of M} 7£(x) will be given
in Proposition B.Il Here are some further special values of the polynomials
M™ ().

J

Example 2.2. (1) (¢ = 0) The polynomials Mj“e(a:) for £ = 0 reduce to the

Laguerre polynomials .
s 2
M (x) = LY (z).

(2) (j =0) The bottom of the series with j = 0 amounts to
£ (20— k)
ME () = Lk
0" (@) ;} K — k)"

These polynomials appear in the explicit formula for the K-Bessel func-
tions with half-integer parameter. In fact, for / € Ny and any p we have
(see e.g. [T, TI1.71 (12)])

IN(H%(,Z) = Vrz~ D=2yt (22),

To state the differential equation for the polynomials M J” ’Z(x) we set 0 := d%c

and introduce the fourth order differential operator

Prcim e (0+n-2-1-3) (0+u-5) - (3)')
<(-2-1-3)0-3)-3))

on R, .



Theorem 2.3 (Differential equation). Let u # —1,—2,-3,... and { € Ny. For

every j € Ny the polynomial M;"Z(x) is a solution of the fourth order differential
equation

Pueu =30+ p+ Du. (2:3)

Moreover, if i > 20+ 1, then, up to scalar multiple, MJ’M is the unique polyno-
mial solution of this equation.

Theorem 2.4 (Orthonormal basis). If > 20+ 1 is an odd integer, then

/ Mj‘-"e(x)M,i"e(x)x“*%e*w dz
0

0(j+p+ DI+ £+ BT — 0+ 45
= U2j + p+ DE(G + H5)?2
0 (J #Fk),

and the sequence (M;"Z)jeNo is complete in L*(Ry, 2"~ e~ dx).

Theorem 2.5 (Recurrence relations). Suppose u # —1,—2,—3,... and £ € Ny.

Then the polynomials M“’Z are subject to the following recurrence relations:

(1) The three-term recurrence relation for (2z-% — x) M “(2):

(20— )M (@) = (G + DM () — (u— 20+ DM (@)
(2 +n+20+ D@ +p=20-1)
(25 +p+1)(2) +p—1) it

—+mw ().

(2) The five-term recurrence relation for a:QM‘-"e(x):

2 pl ,uZ ,uZ
M! § alt M ()
k=-2

with coefficients

afy = (j+1)(j +2),
alf = =2+ 1)(2j + p+2),
aly = (652 + 6(u+1)j + (1 + 1) (1 + 2))
4252+ 2(p+ 1) + (n — 1) (n+2))
T @ra )@y D
e _ 204 (@ )2+ 2 1)(2) = 2 1)
.- 25 +p—1)25+p+1) ’

gt Ut n =D+ )i+ p+20-1)(2) +p—20-3)
2 (25 +p—3)(2) +p—1)
@it 204 )2+ p 20 1)
(2 +p+1) '

(3) The recurrence relation in :

(25 + p— DM (@) = 20 + ) M1 ()
= (j+p— 1)+ p) ML (@) — 2ME (@),



(4) The recurrence relation in € (£ > 1):

M1 (@) = 2020+ 1)(j + p) M1 ()

)
1
2 2

2+~ DM ) — @+ - 1) (5) M ),

(5) The recurrence relation in p and £:

(0-20-1-3) (2025 + =DM @) = 4G + WML ()
= 2x2M]‘-‘f22’E(a:) — (27 +p— I)Mf’Hl(x)-

Remark 2.6. The recurrence relation in Theorem [231(5) is useful for the actual
computation of the polynomials M J“ 1 for fixed ¢ from the polynomials M j“ £,
In fact, since in the bottom case ¢ = 0 the polynomials are simply the Laguerre
polynomials, Theorem ZJI(5) gives us an inductive method to calculate the
series of special orthogonal polynomials. For example, for { = 0 and p #
—1,-2,-3,... we find

M) = 2
7 2j +p—177"

- (9 1 g) <2L§(x) - %L;‘_l(@) .

Next we turn to integral representations of the polynomials M J“ “ in terms
of Laguerre polynomials. Note that for these integrals it is a priory not clear
that they are polynomial in x.

Theorem 2.7 (Integral representation). For Re > —1 and x > 0 the integral
™ o0 1
A / / e_I(COSh“’_l)LﬁJr 7 ((cos 0 4 cosh p)) sin® # sinh?* ™ ¢ de d6.
o Jo

becomes a polynomial in = of degree j+ . Further, il is equal to

240 (LT (5 + 1)
LG +p+1)

1,4
M (22).

If w > 20+ 1 is an odd integer, the polynomials M j“ * satisfy a remarkable
reproducing property with respect to Meijer’s G-transform which is built from
Meijer’s G-function G39(z|b1, ba, b3, bs) (see [B, Section 7]).

Theorem 2.8 (Meijer's G-transform). If u > 20 4+ 1 is an odd integer and
x >0, then

|t (@

1 1
07 —{ — 57 _§7 —{ — %) 672yyu+1MjH7£(4y) dy

—1)
= %e‘zzm_(ﬂﬂ)M;"e(llm).



3 Proofs of the main theorems

The proof of Theorem 1] will be obtained from an explicit calculation which
leads us to a combinatorial expression of the functions M J” **in terms of Laguerre
polynomials. Then the strategy is to relate the polynomials M J“ * to a series of
functions which was already studied thoroughly in [B]. This will help to prove
Theorem and reduce the remaining theorems to results from [5].

We start with a proof of the fact that the functions M J“ * are indeed poly-
nomials.

Proposition 3.1. Suppose p # —1,-2,-3,... and £ € Ny. Then M;"Z(x)
(7=0,1,2,...) is given by

Lk +1 .
tutl) T(j — k + ££1) (26 — i) |
Mlh I'(j L .
- TG+ ZOZ B e o
Jj+e
4
Z Bt (3.1)

where LS denotes the Laguerre polynomials and

ﬂwé — F(j +:u+ 1) Z (_1)7n+7LF(j —m+ HTH)
PED(G 4 e . T(n+p+1)
(m,n)eSYy
" (204+n —k)!
mn!l(k —n)!(j —m—n)l(l+n—k—m)
with
N . 0<n<j-m
Sﬁk:{(m,n)ENg. 0<k—n<€—m}' (3.2)

PROOF. Let us first assume Re 4 > —1. The K-Bessel functions with half-
integer parameter can be written explicitly as (see e.g. [7l IIL.71 (12)])

4 .
Kppi(z) = Ve CHe =y %(2@? (3.3)
pars Il

Using the following integral representation for the I-Bessel function (cf. [7
IIL.71 (9)])
" —x cos - 2« 1
I,(2) = =~ e “sin“* o de, Rea > ——,
3) Jo 2
we obtain

GrA(t,3) = ﬁ (g)2€+1e%~% (%) Ky <ﬁ)

T
1 __ta
)/ T 7 (894D sint o dg
0 — 2

14

(20 —1)! i £—i
XZ —z'z' (I—t)".



Next, we compute the derivatives of the first factor with respect to ¢t at ¢ = 0.
Using the formula of the generating function for the Laguerre polynomials (see

e.g. [1 (6.2.4)])
« n 1 —tx

ZL = we 1-t (34)

n=0
we find that

¥ 7" ta
% U %e e (s et gink o dg
=0 [Jo (1—t)* =+

Y S .
:]!/0 L;*? (§(COSQD+1))SHI‘“QOCIQO

and substituting y = %(COS © + 1) yields

1 pu—1 p—1 _ p—1
=J'!2"/ (I-y)zZy =z L;? (zy)dy
0

2T+ MTH)F(NTH)LH(CE)
T(j+p+1) A

where the last equality is the integral formula [4, 16.6 (5)]. Now we can compute
the Taylor coefficients of G*¢(t,x) at t = 0 explicitly as follows

Y
- 1,
1 J (j) aj—k /7T 1 _L( s
- ik ——e¢ 20-9 cose sin” o d
F(”Tl)kzzo k) oti—k o |Jo (1—t)“T+1 pap
oF Co@e—a) -
Xéﬁtﬂlggw—nLux“_”

—Z §12PT (5 k+”—+1) b )
T ARGkt 1) R

Z .
><wai(—l)k(é—i)"'(é_i_k’q)

This gives the first expression for M} “(x). Inserting the explicit formula (cf.

1, (6.2.2)])

ar_ Tn+a+1) - B n zF
AT Y 1)k<k>F(k+a+1>

one obtains the expressions for the coefficients 6;-‘7 ,f given in the proposition.
Since these clearly have meromorphic continuation for g € C with poles at most
at p=—1,—2,-3,..., the claim follows. O



PRrROOF OF THEOREM [Z1] It remains to compute top and bottom term of the
polynomials MJ’M(;U) For k = j + ¢ the set S;-‘_’,f defined in (3.2)) only contains
the tuple (0, 7) and we obtain the top term

e _ (217
J,+e 4!

To calculate the bottom term M}’ *£(0) simply observe that (see e.g. [, Chapter
II1.7])

~ 1 o\ 201 < ¢+ l)
1:(0) = and — se1(x) = 22
#0 = pgz) (3) Feuw| =73
so that
2200+ 5 . N 2HT(0+ (B —0);
GME(t,0) = 5 - 2)( —t)g—% = Z ( : QM( 2 )JtJ.
20(57) =0 I
Together with (22) this proves the claim. O

In order to be able to apply results from [5] in our context we need two
observations relating the polynomials MJ” ’Z(x) and the differential operators
P,.e to corresponding objects introduced in [5].

Lemma 3.2. In the notation of [3] we have

_ 2T+ )

A“’,%Jrl
R S EER)

. RS
g~ (2D, M} (2x).

PROOF. Directly from [5 equations (3.2) and (4.2)]. O
Next, we relate the operator P, ¢ to the fourth order differential operator
(p—v)(p+v+2)

(3.5)

Dy = % (0+v)(0+p+v)—2®) (000 +p) —2?) —

introduced in [5].

Lemma 3.3. For f € C*(Ry) we have

Dyues1 (™ e f(22))

:m@“1kw(<4pmg+-“‘_24_1§“'F2€+3))f>(2m>

PROOF. Since D,,, is symmetric in p and v by [5] Proposition 2.1 (1)], we can
rewrite the expression (B3] for D, , as

Dw~=%(W+WW+u+m—maww+yyﬂﬂ+f“—wﬁ+v+m.

Then for v = 2¢ 4 1 the claim follows by using the commutator relation

(0,27 e "] = —(v+a)a Ve ™. O



Now, in view of Lemmas and B3] it follows from [5, Theorem 4.6] that
M j“ ’Z(x) solves the differential equation (23). The crucial observation for the
proof of uniqueness in Theorem is that the subspace of solutions of (23]
bounded near x = 0 can be wholly described in terms of the polynomials
M} “(x). Note, that the operator P is invariant under the transformation

flz) — ~(Jc) =e* f(—x), ie.

—_~

Puif =Pusf

Then clearly N;"Z(x) = Mj‘-"g(x) = e””M;"Z(—a:) is another non-trivial solution
of [Z3). Since N} () grows exponentially as 2 — oo and M 3 “(2) just polyno-
mially, the two solutions are linearly independent. We even have the following
lemma:

Lemma 3.4. Suppose p > 20 + 1. Then the subspace of solutions of (23]
which are bounded near x = 0 is two-dimensional and spanned by the functions
M;"Z(x) and N;"Z(x),

ProOF. By the previous considerations it remains to show that the subspace
of solutions of ([23) which are bounded near x = 0 is two-dimensional.

We note first that the differential operator P, ¢ has a regular singularity at
x = 0 with characteristic exponents {0, —u, 20 + 1,2+ 1 — p}. In fact, an easy
computation shows that

*Pui=0+p—20—-1)0+p)(0@—20—-1)0 (mod z - Clx,0]),

where C[z, 0] denotes the left C[z]-module generated by 1,6,6?, ... in the Weyl
algebra Clz, dim]. Therefore, the differential equation P, su = Au is of regular
singularity at « = 0, and its characteristic equation is given by

(s+p—20—-1)(s+p)(s—20—1)s=0.

Since 20 +1>0> 20+ 1—p > —p for p > 20+ 1, the theory of regular
singularities (see e.g. [2| Chapter 4]) assures that the subspace of solutions of
(Z3) bounded near x = 0 is two-dimensional. In fact, for u > 2¢ + 1 there are
exactly two non-negative exponents, namely 2¢ 4+ 1 and 0. Thus, the subspace
of solutions which are bounded near x = 0 is spanned by functions f;(z) and
fo(x) with fi(z) ~ 22! and fo(z) ~ 2% = 1 for & — 0. If 4 = 20+ 1, then
there are three non-negative exponents, but the exponent 0 has multiplicity two.
Hence, the subspace of solutions with asymptotic behavior at = 0 given by
these exponents is three-dimensional and spanned by functions f1(z), f2(z) and
f3(x) with asymptotic behavior at z = 0 given by f;(z) ~ 22!, fo(z) ~ 20 =1
and f3(z) ~ log(z). But f3(x) is clearly not bounded near x = 0, so again the
subspace of solutions bounded near x = 0 is two-dimensional. O

PrOOF OF THEOREM [223] Only the uniqueness remains to be shown. To do
that, observe that by Lemma B4l every polynomial solution of (23] has to be
a linear combination of M}’ “(z) and N I “(x). But N & ** grows exponentially
as r — oo and hence cannot be a polynomial. This leaves M j“ * as the only
polynomial solution of 23) (up to scalar multiples). O



With these preparations the remaining results of Section [2] are immediate
consequences of results from [5]:

PRrROOF OF THEOREM [24] This follows from [5 Corollaries 4.8 and 6.2]. O

PROOF OF THEOREM In view of Lemma[3.2lthe recurrence relations follow
from [5l Propositions 6.1, 6.5 and 6.7]. O

PROOF OF THEOREM [27] This is essentially a reformulation of [5 Theorem
5.1 (1)]. O

PROOF OF THEOREM [2-8 The stated formula follows immediately from [5]
Theorem 7.2]. O

4 Comparison with Laguerre polynomials

We saw in Example that the polynomials M j“ * are Laguerre polynomials if

¢ = 0. Thus our results on the M j“ ** specialize to results on Laguerre polynomi-
als. In this section we examine how these results are related to standard results
on Laguerre polynomials.

We start by collecting a number of formulas for Laguerre polynomials (cf.
[1, Chapter 6.2] and [3} II, Chapter 10.12]). The polynomial L& (z) is defined

by
« _ - (_]‘)k n+a« k
Lo(x)=> T, )" (4.1)
k=0
We start with the three independent formulas
xLly =—n+1)Ly  +2n+a+ 1)Ly — (n+a)L;,_4, (4.2)
d d
—Ls=—L% > 4.
dx d n—1" n—1 ( 3)
d
— L% = —L%. 4.4
dz ™ n—1 ( )

These imply the four additional identities
0Ly =nL;y —(n+a)L;_,, (4.5)
d? d
<x@+(a+1—m)a —l—n) Ly =0, (4.6)
gL =(n+a+1)LY — (n+ 1)L%,,, (4.7
o, =L L5

We will also need the summation formula

n

> L) = 3 (P L @) = L8 @) (19)

7=0 k=0

which follows from ([@4]) and ([@I]) by a simple calculation.
Now we can examine how the various types of results from Section [2] spe-
cialize to Laguerre polynomials.

10



Generating function. For ¢ = 0 the expression (2] for the generating
function G**(¢, ) of the polynomials M i () can be simplified using (see [7}
3.71 (13)])

Ky (z) = ‘/ge—f.

Then for ¢ = 0 combining the equations 21]) and (2.2]) yields

ST+ N e~ ( tr )
: It ()= —Y— e 200 [u [ ——— 4.10
;F(]+u+1) 3 (@) Qu(l_t)%e B 2(1—1¢) (4.10)

To see that (£I0]) is in agreement with the standard generating function for the
Laguerre polynomials given by ([B4]) one can use the following two formulas ([3]
I, 6.12 (5)] and [3, II, 7.2.2 (12)])

- (c)n _ tx
— "L =(1—-t)"9F ; 1, ———
n§:0(a+l)n n(@) =( ) F ot =)

~ 67w

= rasy

1F1 <a+ )

1
—;2a—|—1;2x) ,

where 1 F1(a; b; x) denotes the hypergeometric function.

Differential equation. For £ = 0 the fourth order differential operator P, ¢
essentially degenerates to the square of a second order operator. In fact,

+1\?
a0 (£3))

(8}
=
Il

1 p+1 d? d p+1
~ (6% - - ) =a— 1] —2)— — 2~

x < +lu-a) 2 ) ¥ da? et @) dz 2

But the Laguerre differential equation (6] shows that the polynomials M ]‘."O =

L;‘ are eigenfunctions of Q, for the eigenvalue —(j + “T"H) The fourth order
differential equation ([2Z3) follows from this by applying Q,, twice.

Orthonormal basis. For ¢ = 0 Theorem [24] reduces to the well-known fact
that the Laguerre polynomials (LS ),en, form a complete orthogonal system of
L?(Ry, 2%~ dx) with norms

F'n+a+1)

. (4.11)

||L$z[||%2(]R+,zD‘e—m dz) —

Our result in this special case is a little weaker since we had to assume a € 2Z+1,
whereas ([@I1]) remains true for arbitrary a > —1 (see e.g. [Il Chapter 6]).

Recurrence relations. We examine three of the different recurrence relations
given in Theorem
(1) For £ = 0 the three-term recurrence relation of Theorem 2] (1) simplifies
to
(20 =)L = (G + VLY — (n+ LG = G+ p)Li .
One can use the identities [@2]) and 3] to give an independent proof of
this equation.

11



(2) In the case that £ = 0 the five-term recurrence relation of Theorem 27 (2)
arises from the three-term recurrence relation ([@2l). The existence of
this three term recurrence relation is predicted by the general theory of
orthogonal polynomials. In fact, every sequence of orthogonal polynomials
starting in degree 0 and increasing degree by 1 in every step satisfies three-
term recurrence relations for the multiplication by = (see e.g. [I, Chapter
5.2]). The polynomial M J” ’Z, however, is of degree j + ¢ and hence the
degrees of the polynomials in this sequence start with 0 only in the case
where ¢ = 0. Already for £ = 1 it is possible to prove that there are no
three-term recurrence relations for the multiplication by z. Indeed, if a
three-term recurrence relation existed, there would be constants a,b € C
such that

e M (x) = aM™ (z) + bML (2). (4.12)

Since in this case the polynomials have the specific form
M x) =2 +2,
MY (@) = =2 + (p— Dz +2(u— 1),
the equation (ZI2) is equivalent to
r(z+2)=a(—2* 4+ (u— Dz +2(u — 1)) + bz + 2)

which cannot hold for all .
(3) The formula in Theorem 5] (3) for £ = 0 reduces to

LT = (G p— 1)+ )L = w2+ p— DL +2u( + )L
This identity also follows by applying (&) twice and (8] three times (in
this order):
LY = |G+ Ly - (- DL
=0 +p-0DG+pL; -2 -G +p) L +5G—-1)LY

—GHu—DG+ WL+ (i p+ DG+ )L 45— 1)L
= H+pu-DG+uL = G+ p— 1) +p) Lt

+ (=i +p+ )G+ )L +5G - 1LY
=G +p—0G+p) I = p2i+ p— DL +2u( + p) L.

Integral representation. In the case where ¢ = 0 the integral representation
of Theorem 271 amounts to

FG+p+1)

BN

Lj(x)_zurﬂ_ﬂp' ptl
(5T + 57)

™ o0 ﬁ
/ (/ e_“”(COSh‘P_l)L;- Z (z(cos 0 4 cosh p))x sinh <pd<p> sin” 6 d6.
0 0

Iterated integration by parts for the inner integral, using

0

—emwleosho—1) — _ go—w(cosho—1) ginp o

dp

12



e &7 e ™
/0 [Lj ++ @Lj ] (z(cos@ + 1)) sin* 6 d6.

Using the summation formula ([@3]) and the substitution y := cos +1 we finally
obtain the integral formula [4, 16.6 (5)]

LG+p+1)
) BTG+
_ TG+p+1)
2T (M5)T(j + B

)/ L;%(a:(cost9+1))sin“0d9
0

! p-1 pot p—1
)/ L;® (zy)y = (1—y) = dy.
0

Meijer’s G-transform. For ¢ = 0 the G-function appearing in Theorem
reduces to a J-Bessel function, namely (cf. [8l I, 5.6 (11)])

1 1 L
G(Q)g <t‘oa_§a_ga_%> :t_ZJH(ZLti), t > 0.

Then (after a suitable substitution) the reproducing property of Theorem
can be rewritten as

o 1 1 1,2 ; L 1.2
/0 T (o) (o) by e B LAR) dy = (—1)att e 3 LA (),

which is the well-known formula for the Hankel transform of Laguerre polyno-
mials (see e.g. [4 8.9 (3)]).

References

[1] G. E. Andrews, R. Askey, and R. Roy, Special functions, Encyclopedia of
Mathematics and its Applications, vol. 71, Cambridge University Press,
Cambridge, 1999.

[2] E. A. Coddington and N. Levinson, Theory of ordinary differential equations,
McGraw-Hill Book Company, Inc., New York, 1955.

[3] A. Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, Higher tran-
scendental functions. Vols. I, 1I, McGraw-Hill Book Company, Inc., New
York, 1953.

, Tables of integral transforms. Vol. II, McGraw-Hill Book Company,
Inc., New York, 1954.

[5] J. Hilgert, T. Kobayashi, G. Mano, and J. Mollers, Special functions associ-
ated to a certain fourth order differential equation, preprint.

[6] T. Kobayashi and G. Mano, Integral formula of the unitary inversion op-
erator for the minimal representation of O(p,q), Proc. Japan Acad. Ser. A
(2007), 27-31, the full paper (to appear in the Mem. Amer. Math. Soc.) is
available at arXiv:0712.1769.

13


http://www.springerlink.com/content/pt65717043175035/fulltext.pdf

[7] G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge
University Press, Cambridge, England, 1944.

JoacHiM HILGERT
INSTITUT FUR MATHEMATIK, UNIVERSITAT PADERBORN, WARBURGER STR.
100, 33098 PADERBORN, GERMANY.
E-mail address: hilgert@math.uni-paderborn.de

TosHIYUKI KOBAYASHI
Home address: GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, THE UNI-
VERSITY OF TOKYO, 3-8-1 KOMABA, MEGURO, TOKYO, 153-8914, JAPAN.
Current address: MAX-PLANCK-INSTITUT FUR MATHEMATIK, VIVATSGASSE
7, 53111 BONN, GERMANY.
E-mail address: toshi@ms.u-tokyo.ac. jp

GEN MANO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, THE UNIVERSITY OF TOKYO,
3-8-1 KomaBA, MEGURO, TOKYO, 153-8914, JAPAN.

JAN MOLLERS
INSTITUT FUR MATHEMATIK, UNIVERSITAT PADERBORN, WARBURGER STR.
100, 33098 PADERBORN, GERMANY.
E-mail address: moellers@math.uni-paderborn.de

14



	Introduction
	Statement of the main theorems
	Proofs of the main theorems
	Comparison with Laguerre polynomials
	References

