AUSLANDER-REITEN THEORY OF FROBENIUS-LUSZTIG KERNELS
JULIAN KULSHAMMER

ABSTRACT. In this paper we show that the tree class of a component of the stable Auslander-Reiten
quiver of a Frobenius-Lusztig kernel is one of the three infinite Dynkin diagrams. For the special
case of the small quantum group we show that the periodic components are homogeneous tubes
and that the non-periodic components have shape Z[A.,] if the component contains a module for
the infinite-dimensional quantum group.

INTRODUCTION

In the representation theory of algebras, two cases have served as paradigms, that are group
algebras and hereditary algebras. It was proven by Ringel [Rin78]] and Erdmann [Erd935] that in
both cases only one tree class can occur for a component of the stable Auslander-Reiten quiver
in the case of wild representation type. Building on these results the Auslander-Reiten theory of
other classes of wild algebras has been studied (see e.g. [LdIP97], [Erd96], [BE11]).

In 1990, Lusztig [Lus90] defined a finite dimensional quantum group, the small quantum
group, which has several similarities with restricted enveloping algebras although defined in
characteristic zero. In 2009, Drupieski [Dru09] gave a generalization to positive characteris-
tic, that gives also quantum analogues of higher Frobenius kernels, which he called (higher)
Frobenius-Lusztig kernels. Building on results by Feldvoss and Witherspoon in [FWQ9] in a
recent paper [Kiill1], the author has shown that the non-simple blocks of a Frobenius-Lusztig
kernel are of wild representation type in all but two cases. Therefore the class of Frobenius-
Lusztig kernels can also serve as an example for understanding the Auslander-Reiten theory of
wild self-injective algebras.

For self-injective algebras where the modules have finite complexity (which was proven for
the Frobenius-Lusztig kernels in [Drull]), Kerner and Zacharia provided a version of Webb’s
Theorem, that limits the tree classes of components to Euclidean and infinite Dynkin diagrams.
For Frobenius-Lusztig kernels we are able to boil them down and prove

Main Theorem 1. Let g # sl, be a finite dimensional complex simple Lie algebra. Then all
non-periodic components of the Frobenius-Lusztig kernel associated to g are of the form Z[A.],
Z|Dw] or ZIAZ]. In the case of the small quantum group, if the component additionally contains
the restriction of a module for the (infinite dimensional) Lusztig form of the quantum group, then
it can only be Z[A].
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For the special case where the tree class is the Kronecker quiver we can even give a full classi-
fication of all algebras having such a component. As a corollary we obtain that all such algebras
are special biserial.

In this article, k denotes an algebraically closed field. All vector spaces will be assumed to be
finite dimensional unless otherwise stated. If G is a semisimple algebraic group, the correspond-
ing Lie algebra will be denoted by g, the set of roots will be denoted by @, the set of simple roots
is denoted II, the corresponding set of positive roots is denoted by @*, & is the Coxeter number.
For general theory we refer the reader to [JanO3|].

For a general introduction to Auslander-Reiten theory we refer the reader to [ARS95]], [ASS06/]
or [Ben93]]. We denote the syzygy functor by Q and the Auslander-Reiten translation by 7.

Our paper is organized as follows: In Section 1 we recall the basic definitions and results in
the theory of support varieties that are needed in the remainder. Section 2 is devoted to a reca-
pitulation of the definition of Frobenius-Lusztig kernels and their properties. Section 3 recalls
Webb’s Theorem for Frobenius-Lusztig kernels and describes the periodic components in more
detail. Section 4 classifies all algebras having a component of Kronecker tree class in terms of
quivers and relations. In Section 5 we prove statements on graded modules over quantum groups
and Frobenius extensions that we need in the proof of our main result. Section 6 contains the
statement and proof of the main result. In Section 7 we study the case that the tree class is A, in
more detail and prove statements about simple modules in such components.

1. SUPPORT VARIETIES FOR (FG)-HOPF ALGEBRAS

The notion of a support variety was first defined for group algebras and later generalized to
various classes of algebras, whose cohomology satisfies certain finiteness conditions. In our case
the following one is satisfied:

A finite dimensional Hopf algebra A is said to satisfy (fg), if the even cohomology ring
H® (A, k) is finitely generated and the H*'(A, k)-modules Ext*(M, N) are finitely generated for
all finite dimensional A-modules M and N.

If A is an (fg)-Hopf algebra, then the support variety of a module M is defined as the variety
V(M) associated to the ideal ker @,;, where ®,, : H*"(A, k) — Ext}(M, M) is induced by — ® M.
In the remainder of this section we will list some properties of these varieties that we will use
in this paper. The proofs for the group algebra case (see e.g. [Ben91]]) generalize without much
difficulty. Some of them may be found in [Bro98]] or [FW09].

Proposition 1.1. Let A be an (fg)-Hopf algebra. Then:
(i) dim V(M) = cxM = y(Exty(M, M)), where cx M, the complexity of M, is the rate of
growth 'y of a minimal projective resolution of M. For a sequence of vector spaces V,, the

rate of growth y(V,) is the smallest number d, such that there exists a constant C > 0 with
dimV, < Cn?.
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(ii) M is projective iff cx M = Q.
(iii) M is Q-periodic iff cx M = 1. Furthermore if the even cohomology ring is generated in
degree n, then the Q-period of every periodic module is a divisor of n.
(iv) If M is indecomposable then PV(M), the projectivized support variety for M, is connected.
(v) V(M) = V(N)if M and N belong to the same connected component of the stable Auslander-
Reiten quiver.

The following statement is a generalization of [Far95, Lemma 2.1] and [Farl1, Theorem 1.1]:

Theorem 1.2. Let A be an (fg)-Hopf algebra. Let M be a module, such that the commutative
graded subalgebra S := Im ®,; C Exty(M, M) is generated by P paSb for some a € N. Then
cx M < dimExt{" (M, M) for alln > 1.

Proof. Denote by T, the subalgebra of S generated by the subspace S ,, of homogeneous ele-
ments of degree an. Since S is generated by €P b S b3S an algebra, it follows that it is generated
as a T, -algebra by finitely many integral elements. By [Ei1s95, Corollary 4.5] it is therefore
finitely generated as a T,-module. Since Ext}(M, M) is finitely generated as an S-module,
we also have that it is finitely generated as a T(,-module. Hence cx M = y(Exty(M, M)) =
v(Twy) < dimS,, < dimExt}"(M, M), where the inequalities follow from the foregoing propo-
sition, as Ext*(M, M) is a finitely generated module over 7', the fact that equality holds for the
polynomial ring in finitely many variables, and the fact that S, is a subspace of Ext}"(M, M),
respectively. O

2. FROBENIUS-LUSZTIG KERNELS

In this section we recall some basic properties of Frobenius-Lusztig kernels that we use
throughout this paper.

Let £ > 3 be an odd integer (We also suppose that 3 does not divide ¢ if the root system men-
tioned in the statements contains a component of type G,). We fix a primitive £-th root of unity ¢
and denote by U,(g) the Lusztig form of the quantum group at a root of unity { (cf. [Dru09]). For
r € Ny the r-th Frobenius-Lusztig kernel U/(G,) is defined as the subalgebra of U,(g) generated

by the set {E,,, Eg’i[), F,, Fé”i[), K=l € I1,0 < i < r}, where EY” and F?” denote the n-th divided
powers (see e.g. [Jan96]]). Note that in the case of characteristic zero only the zeroth Frobenius-
Lusztig kernel exists. The zeroth Frobenius-Lusztig kernel is also called small quantum group.

For a simple algebraic group scheme G, denote its r-th Frobenius kernel by G, and the corre-
sponding algebra of distributions, i.e. the dual of the coordinate ring of G,, by Dist(G,) (see e.g.
[JanO3]). Then U,(G) is a normal Hopf subalgebra of U,(G,) with Hopf quotient isomorphic to
Dist(G,). Recall that all simple modules for U/(G) are also modules for U,(g) and hence for all
U/(G,) and that for every r there exists exactly one simple projective U,(G,)-module denoted by
St,¢. Furthermore each simple U,(G,)-module is a tensor product of a Dist(G,)-module (viewed
as a module for U/(G,)) and a U;(G()-module. In [Kiilll] we proved that there is another em-
bedding F of mod Dist(G,) into mod U,(G,), induced by tensoring with St,, whose image is a
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direct sum of (categorical) blocks.

The main result of [Kiill1] was the following:

Theorem 2.1. Let g be a finite dimensional complex simple Lie algebra. Let { > 1 be an odd
integer not divisible by 3 if © is of type G,.

(i) The only representation-finite block of U/(G,) is the semisimple block corresponding to
Stprg.

(ii) Furthermore for chark = 0 assume that { is good for @ (i.e. £ > 3 for type B,, C, and D,
t > 5 for type B¢, B7 and G, and € > 7 for Eg) and that € > 3 if ® is of type B,, or C,. For
chark = p > 0 assume that p is good for ® and that € > h. If U/(G,) satisfies (fg), then
U/G,) is tame iff G = SL, and r = 0 or r = 1 and the block lies in the image of F.

3. WEBB’S THEOREM

In [KZ11] Kerner and Zacharia have shown that for self-injective algebras, components of
finite complexity have a very special shape. In our context their theorem reads as follows:

Theorem 3.1. If © is a non-periodic component (i.e. there does not exist M € ® with "M = M
for some m > 0 or equivalently Q"M = M since the algebra is symmetric and hence T = Q?) of
the stable Auslander-Reiten quiver of U/(G,), then © = Z[A], where A is a Euclidean or infinite
Dynkin diagram (for the Euclidean diagram A, one has to take a non-cyclic orientation when
constructing Z[A,] ).

Proof. In [Drulll, Theorem 6.3.1] it is shown that all modules have finite complexity. Hence the
result is a direct consequence of [KZ11, Main Theorem]. m]

The question of periodic components was settled much earlier by Happel, Preiser and Ringel
in [HPR80]. They showed that periodic components are either finite, or infinite tubes, i.e. com-
ponents of the form Z[A]/7". For r = 0 we can boil these possibilities down to only one:

Theorem 3.2. Let © be a periodic component of the stable Auslander-Reiten quiver of U/(G,).
Then O is an infinite tube. Assume further that r = 0 and for chark = 0 let € be a good prime for
® and € > 3 for types B and C and € + n + 1 for type A, and € # 9 for Ee, for chark = p > 0 let
p be good for ® and € > h. Then ©® is a homogeneous tube, i.e. © = Z[A]/t.

Proof. By [HPRS80), p. 292, Theorem] @ is either a finite component or an infinite tube. It cannot
be a finite component since this is equivalent to the block containing ® being representation-
finite by a classical result of Auslander (cf. [ASSO6, Theorem 5.4]). Furthermore for a block
of U,(G,) being of finite representation type is the same as being semi-simple by our previous
results in [Killl]. For » = 0 even more holds since the even cohomology ring is generated in
degree two by [BNPP11, Theorem 1.2.3] and [Drull, Theorem 5.1.4]. By Proposition this
implies that the Q-period of every periodic module divides two. Since U,(Gy) is symmetric, we
have 7 = Q? and hence the 7-period is one, i.e. the component is a homogenous tube. O

Our goal in the next sections will be to reduce the cases for non-periodic components that can
occur.
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4. KRONECKER COMPONENTS

In this section we will classify (up to Morita equivalence) all self-injective algebras having a
component of Kronecker type, i.e. a component isomorphic to Z[A,]. To establish this result
we need the following result due to Erdmann in the symmetric case, which generalizes to the
self-injective case without difficulties. Note that a similar theorem due to Brenner and Butler
[BB98| Theorem 1.1] states that this also holds even if the algebra is not self-injective. However
in this case one has to assume that the algebra is tame.

Proposition 4.1 ([Erd90, Theorem 1V.3.8.3], [Far99a, Theorem 4.6, Proof]). Let A be a self-
injective algebra. If ® is a component of the stable Auslander-Reiten quiver isomorphic to
Z[A1,], then it is attached to a projective indecomposable module of length four. The lengths
of the modules occurring in the non-stable component belonging to © are as follows:

NINININS
N

The projective indecomposable module satisfies ht P = S & S for some simple module S, where
ht P = rad P/ soc P is the heart of the projective module.

By a more detailed analysis we now get to the classification of all algebras with Kronecker
type components. All of them are special biserial, in particular tame (cf. [WWS835]). A special
biserial algebra is the following:

Definition 4.2. An algebra A is called special biserial if A is Morita equivalent to a path algebra
with relations kQ/1, where Q and I satisfy the following:

(SB 1) In any vertex of Q there start at most two arrows.

(SB 1’) In any vertex of Q there end at most two arrows.

(SB 2) If a, b, c are arrows of Q with t(a) = s(b) = s(c), then one has ba € I or ca € I.
(SB 2°) If a, b, ¢ are arrows of Q with s(a) = t(b) = t(c), then one has ab € I or ac € I.

Theorem 4.3. (1) If A is a self-injective connected algebra with a component of the stable
Auslander-Reiten quiver isomorphic to Z[A,], then the algebra is Morita equivalent to
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one of the following basic algebras with quiver

xé X
x} Xg \
0
x \
1
X0 /
%, X
xr]l—] x,+1
and relations for each j glven by either x' +1x} - /l’Jx’le]x‘J“ and x +1x’J+1 for any i or
by x’;rl] ’j AL x’]+1 ’j” and xj+1xj for any i, where /l’J € kX for all i, j. (Many of these

algebras are of course isomorphic.) Here the indices are added modulo 2 and modulo n
respectively. In particular, all these algebras are special biserial. The Auslander-Reiten
quiver consists of n components isomorphic to Z[A,] each containing exactly one simple
module and n P'(k)-families of homogeneous tubes.

(2) If A is weakly-symmetric, then there are at most two simple modules. If there are two of
them the following basic algebras remain:

with relations: x,y, = y>x1 = 0 and x,x1 —y,y; = 0 and one of the following possibilities:
a) x1y, = yi1xo = 0 and x1x, — Ay, y> = 0, where A € k%, say A>(A),

b) x1x; = y1y2 = 0 and x,y; — y1x = 0, say A»(0).

We have that A>(u) = A,(u) iff 1’ = p*'.

If there is only one simple module then the following basic algebras remain:

Cror

with relations xy = yx = 0 and x* = y?, say A;(0), or x* = y* = 0 and xy = Ayx, where
A € kX, say A|(A). For chark = 2 we have A;(0) ¢ A((1). For chark # 2 we have

A = AW iff i = ! or {u, ') = {0, 1).
(3) The only symmetric algebras among these are A>(1) and A{(0) and A(1).

Proof. Let Py be the projective indecomposable module attached to ®. Set S := top Py, S3 :=
soc P; and let S, be the simple module, such that ht P; = S, & S,. Now define Py,... P, by
induction since Q'@ is also a component of Kronecker type attached to the projective cover
of S;;1, that is P;,;. By general theory the Auslander-Reiten sequence attached to P; is 0 —
rad P; » ht P; ® P; — P;/soc P; — 0 and P; was defined in such a way thatht P; = S, & S41.
Since there are only finitely many simple module, there is /, m such that §; = S ,,.;. Choose them
such that |/ — m| is minimal. Without loss of generality / = 1. Then the modules S,...,S,
form a complete list of composition factors of all the projective modules attached to the Q/®
for all j. Therefore they form a block. As the algebra is connected, these are all the simple
modules . The quiver of A can now be constructed by choosing a basis of rad(P;)/ rad*(P;) for
all i. Lifting this base to P; the relations can easily be determined. This implies that the algebra



AUSLANDER-REITEN THEORY OF FROBENIUS-LUSZTIG KERNELS 7

is special biserial. Thus by [WW&85] the Auslander-Reiten quiver of A consists of n components
isomorphic to Z[A,] and n P'(k)-families of homogeneous tubes.

If the algebra is weakly symmetric one has S| = §;. Direct construction of isomorphisms yields
the stated quivers and relations. These isomorphisms can be given by sending the arrows to
scalar multiples of themselves (Here we use that the field is algebraically closed.) To show that
they are indeed non-isomorphic in the stated cases we use the fact that the trace of the Nakayama
automorphism provides an invariant for the isomorphism class of an algebra. To construct a
Frobenius homomorphism one can e.g. use [HZO0S, Proposition 3.1]. For A,(A) the trace of
the Nakayama automorphism is 6 + A + A7, for A,(0) this invariant is 4, the result for A;(1) is
2+ A+ AL

Explicit calculation shows which of the algebras are symmetric. |

Theorem 4.4. Let g be a finite dimensional complex simple Lie algebra. Let £ > 1 be an odd
integer not divisible by 3 if ® is of type G,. Furthermore for chark = 0 assume that € is good
for © and that £ > 3 if © is of type B, or C,. For chark = p > 0 assume that p is good for
® and that € > h. If U/(G,) satisfies (fg), then the algebra U;(G,) has Kronecker components
onlyifg =slyandr = 0orr = 1. Forr = 1 they belong to the image of the block embedding
F : mod Dist(SL(2);) — mod U,(S L(2);), V = V ® St; (see [Kulll]).

Proof. As a component of Kronecker type belongs to a tame block, U,(G,) has to have a tame
block. This is only possible in the stated cases by [Kiilll, Proposition 5.6]. The known repre-
sentation theory of U/(SL(2),) and Dist(SL(2),) yields the result. O

That there is a classification in the Kronecker case is quite special. However one can prove
partial results also for the case A;:

Proposition 4.5. Let A be a self-injective algebra with a component © of the stable Auslander-
Reiten quiver isomorphic to Z[A,]. Then there is a unique projective module Pg attached to the
component that satisfies ht Pg = So ® Mg with an irreducible map Mg —» S¢ or S¢ — M.
Furthermore QO # O and if Mg - S ¢ is irreducible, then there is an irreducible map S g —
Moo, and if S ¢ — Megis irreducible, then there is an irreducible map Mqae - S qe.

Proof. A component of type Z[A,] looks as follows (since it is necessarily attached to a projective
module by [BR87, p. 155], we have drawn that too):

NSNS\ N

O*> —— 0

NSNS NSNS
SN\

Here the two bullets are identified (resp. their 7-shifts). The standard almost split sequence at-
tachedto Pis 0 — rad P — ht P@ P — P/ soc P — 0. Therefore the irreducible maps originating
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in the predecessor of P are surjective (except for the map rad P — P) while the irreducible maps
terminating in the successor of P (except for the map P — P/soc P) are injective. Since an
irreducible map is either injective or surjective, an induction implies that the other meshes do not
contain projective vertices and furthermore the maps “’parallel” to these maps are injective (resp.
surjective).

As Q'@ satisfies the same properties, the component necessarily contains a simple module.
Thus we have that this has to be at a vertex belonging to ht P since in all other vertices there
either end injective irreducible maps or there start surjective irreducible maps. Depending on
whether the simple module belongs to the bullet or to the other vertex we either have M - S or
S — M. Without loss of generality suppose the first possibility, otherwise dual arguments will
yield the result.

Suppose that Q® = ©@. Then QS and QM are predecessors of § = Q(P/ soc P) (since this is the
only simple module in this component). Hence there are two possibilities. Either QM = M, a
contradiction since for a Euclidean component A, we have that cx Z[A] = 2 by [KZ11,, Proposi-
tion 1.1] or QM = rad P, a contradiction, since the two modules have different dimension.
Therefore soc P =: T 2 S. Since QO is again a component isomorphic to Z[A,] we have that
one of the two predecessors of 7', QS or QM is isomorphic to rad Q, where Q is the projective
module attached to QO. If QS = rad Q, then Q is the projective cover of §. Thus we have the
following part of QO:

Q/rad Q

/
\
/

/\/

where N is the other direct summand of ht Q. Thus there is an inclusion 7" < N. Otherwise
QS = N,ie. N = rad P(S), a contradiction to the fact that P(S) cannot be attached to the
component. O

5. RESTRICTION FUNCTORS

For a € @ let u/(f,) be the subalgebra of U,(G,) generated by F,. We start this section by
proving that U,(Gy) : us(f,) is a Frobenius extension. Our approach is similar to the approach
by Farnsteiner and Strade for modular Lie algebras in [FS91]] and Bell and Farnsteiner for Lie
superalgebras in [BE93]]. We use that the small quantum group is also a quotient of the De
Concini-Kac form of the quantum group U,(g) (see e.g. [DruQ9] for a definition).

Definition 5.1. Let R be aring, S C R be a subring of R and y be an automorphism of S. If M
is an S-module denote by M the S-module with the new action defined by s * m = y(s)m. We
say that R is a free y-Frobenius extension of S if
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(1) Ris a finitely generated free S -module, and
(ii) there exists an isomorphism ¢ : R — Homg (R, S ™) of (R, S )-bimodules

For general theory on Frobenius extensions we refer the reader to [N'T60] and [BF93]]. We use
the following definition:

Definition 5.2. Let R be a ring, S be a subring of R and y be an automorphism of §.
(i) A y-associative form from R to S is a biadditive map (—, —), : RX R — S, such that:
b <Sx»y>n = S(X, y>7r
® (X, y8)x = (X, Y)¥(s)
® (X1, V) = (X, TY)x
forallse S,r,x,y € R.
(ii) Let{(—, —), : RXR — S be a y~!-associative form. Two subsets {xi, ..., x,} and {y, ..., yn}
of R are said to form a dual free pair relative to (—, —), if
*R= ZL] Sx;i = 2?21 yiS
® (xi,yj)r=0;;forl <i, j<n.

Lemma 5.3 ([BF93] Corollary 1.2]). Let S be a subring of R and let y be an automorphism of
S. Then the following statements are equivalent:

(1) R is a free y-Frobenius extension of S.

(2) There is ay~'-associative form (—, —), from R to S relative to which a dual free pair {x1, ..., x,},
{y1,...,yn} exists.

More precisely if (—, -, is a y~'-associative form relative to which a dual free pair exists, then an

isomorphism R — Homg (R, S ) is given by y = (x  y({x,y),)) withinverse f — Y, y; f(x;).

Definition 5.4. Let @ € ®*. Define O,(g, @) to be the subalgebra of U, (g) generated by F, and
Eé, Fg,, Kf;, with 8,8 € @, o’ e [land B’ # a.

Proposition 5.5. Let a € I1. Then U (g) is a free y-Frobenius extension of O(g, @) where y is
given by F, +s (" Zoean@OF

Proof. We use the equivalent description of Frobenius extension in [BF93, Corollary 1.2]. The
freeness follows from the Poincaré-Birkhoff-Witt theorem for quantum groups. We now con-
struct a y-associative form: Let £” € N" be the vector with £ := £ — 1, LV € N" be the vector
with £V := £—1 and £V~! € NV be the vector with LN~ := 6;,(£—1). Let O’ be the complement
of Ox(a, ) F£" ' KL EL" with respect to the PBW basis, i.e. Ui(g) = O’ @ Ou(g, o)F£" KL EL".
Let 7 : Ui(g) — Oi(g, @) be the projection onto the second summand. Define (x,y), := m(xy).
Then we obviously have n(xy) = xn(y) for all x € O(g, @),y € U (g). Furthermore we claim that
n(yF,) = (2@ Dp())F for all y € Uy(g): It suffices to show this on the basis vectors F¢K”E¢
fora € {x € N¥x, = 0}, b € N" and ¢ € N and for the associated graded algebra gr U (g),
where the reduced expression used to construct the convex ordering is chosen in such a way that
« 1s a minimal root. This algebra is given by generators and relations in [dCK90, Proposition
1.7]. It follows that F*K?E‘F, = (@ bra+@adp FagbEC in gr U (g). So low-order terms will
not have an influence on Im(xr). And

FLNfl KL" ELN Fa — g([_l)(za/ialqui» (a’,(y)—za/en(a’,a))F(ZFLN’I KL” ELN.
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The coefficient is equal to
{—(2p,a)+(a,a)+2men(w’,a) — {Zufen(a’,a)_

The dual free pair will be the PBW basis {FK”E} and the set {{~¢@bo pi-l-agi=1-bpi=1-cy
where c(a, b, ¢) is chosen in such a way that

ﬂ_(Ft’—l—a’ Ké’—l—b’Ef—l—c’ FaKbEC) — (C(a’b’C)aa,a’éb,b’ 6c,c’a

where c(a, b, c¢) is some integer depending only on a, b and c¢. This is possible by a similar
computation as before. O

Proposition 5.6. Let a € I1. Then Uy(Gy) is a free y-Frobenius extension of u;(f,) where vy is
given by F, s (" Zoea@OF  for each root subalgebra.

Proof. The ideal I = (Ef;, Fg, K’ — 1|8 € ®*, a € TI) satisfies the conditions of [[Far96, Theorem
2.3] (i.e. Ui (g) : Oi(g, @) being a y-Frobenius extension and I C U, (g) an ideal with 7(I) C INS
and y(INS)cINS)) since n(/) = 0 and 7y is on generators just given by scalar multiplication.
Hence U (9)/1 : Oi(g,@)/Ok(g, @) N I is a y'-Frobenius extension, where ¢’ is induced by y. O

Theorem 5.7. U(Gy) is a free y-Frobenius extension of u;(fz), where B € ®* and vy as in the
foregoing proposition.

Proof. Let T be one of Lusztig’s T-automorphisms (see e.g. [Jan96, 8.6]). Then there is an
isomorphism Hom,, s, (Us(Go), u(f)) — Homy,;,)(UAGo), u(fz)?) given by f +— T fT'.
Induction on the length of S now gives the result. O

The second situation we want to consider in this section is compatibly graded modules, i.e.
modules for U_[(GO)U?(g). We show that they are the Z"-compatibly gradable modules among
the modules for U;(Gy). This allows us to use the following result, which was first obtained in
the case n = 1 by Gordon and Green. The stated generalization to arbitrary n uses a result by
Gabriel.

Theorem 5.8 ([Far09, Corollary 1.3, Proposition 1.4 (2), Theorem 2.3], cf. [Gab62, Corollaire
IV.4.4], cf. [GGS82, Theorem 3.5]). Let A be a Z"-graded algebra. Then the category of graded
modules admits almost split sequences and the forgetful functor from finite dimensional graded
modules to finite dimensional modules sends indecomposables to indecomposables, projectives
to projectives and almost split sequences to almost split sequences.

Using this we now proceed to prove statements about modules for the algebra U, {(GO)Ug(g) in
a similar way as Farnsteiner did for restricted enveloping algebras in [Far(3].

Lemma 5.9. (i) The category of finite dimensional modules over Ug(G())U?(g) is a sum of
blocks for the category mod U g(GO)#U?(g).
(i) The category of finite dimensional U, éf(G())Ué?(g)-modules has almost split sequences.

iii e canonical restriction functor mo 0 g) — mo 0) sends indecomposables
(111) Th ical iction fi dU/(G )U?( ) d U/(Gy) sends ind posabl
to indecomposables and almost split sequences to almost split sequences.
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Proof. The map Ug(Go)#U?(g) - Ug(Go)U?(g), u#vy — wuv is surjective and its Hopf kernel
is Ui(Go) N U?(g) given by K, — K #K;'. The following computation shows that via this
embedding U?(Go) = Uy(Go) N U?(g) lies in the center of Ug(Go)#U?(g):

(K HK, ) (Fgttu) = K, K, (Fp)#K,'u = K, K, FgK #uK,'
= FouK,u "#uK,' = (Fghu)(K . #K,'),

where u € U?(g), similarly for Eg and K,. Thus U?(Go)-weight spaces are Ug(GO)#Ug(g)-

submodules. So U?(GO) operates on indecomposable modules by a single character and using
Krull-Remak-Schmidt we get

mod U (Go)#U}(9) = EB (mod(U(Go)#U(8))a

/lech(U?(Go))

with mod U_((Go)Ug(g) = (mod U_((Go)#Ug(g))o as UY(Go) is semisimple. If V, W are finite
dimensional simple modules giving rise to different characters A # y, then

by [Jan03| I.4.1 (3)]. Thus they belong to different blocks. This shows (i).

(i1) and (iii) follow from the fact that mod(Ug(Go)#U?(g)) coincides with the category of Z"-
graded U/(Gp)-modules with homomorphisms in degree 0 as the character group of U?(g) is
Z" . Under this identification the restriction functors mod(Ug(GO)#U?(g)) — mod U,(Gy) and
modz: Uy (Ggy) — mod U,(Gy) coincide. So these statements follow from Theorem O

The following statement was first obtained by Drupieski in [Drul(, Lemma 3.3] by imitating
the proof for the corresponding statement for algebraic groups. For us it is just a corollary of the
foregoing two statements. Recall that a module M is called rational iff it admits a weight space
decomposition, i.e. M = B 1,0 M-

Corollary 5.10. Let M be a finite dimensional U((Go)Ug(g)—module. Then the following state-
ments are equivalent:

(1) M is a rationally injective Ug(GO)U?(g)—module.
(2) M is an injective U (Go)-module.

(3) M is a projective U (Gy)-module.

(4) M is a rationally projective Ug(GO)U?(g)—module.

Lemma 5.11. The restriction functor from the last lemma induces a homomorphism
F : T(U(Go)UZ()) = T(U(Gp))
of stable translation quivers and components are mapped to components via this functor.

Proof. Thanks to the foregoing corollary a module is projective for U,(Gy) if and only if it is ra-
tionally projective for U g(GO)U?(g). The forgetful functor obviously commutes with direct sums
so the homomorphism follows from Lemma and the fact that the stable Auslander-Reiten
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quiver can be defined via Auslander-Reiten sequences in the following way: For an Auslander-
Reiten sequence 0 - M — @ Ef — N — 0 there are n; arrows M — E; in I';(A).

Let ® be a component of Fs(Ug(Go)U?(g)). Since ¥ is a homomorphism of stable translation
quivers, there exists a unique component ¥ C [(Ug(Gy)) with F(©) C . As F(O) is Ty, G-
invariant, we only have to show that each neighbour of an element of ¥ (®) also belongs to 7 (®).
To that end, we consider an isomorphism class [M] € ©® as well as the almost split sequence
0 = 1y, (FM)) - E - F(M) — 0. We decompose E = @:’:1 E into indecompos-
able modules, so that the distinct isomorpism classes [E;] are the predecessors of [ (M)] € V.
We next consider the almost split sequence 0 — TU{(GO)U?(Q)(M) — X —» M — 0 terminating

in M. Thanks to Lemma the almost split sequence terminating in % (M) is isomorphic to
0 = 1y,69(F (M) = F(X) > F(M) — 0. In particular, if X = @Tzl X;j is the decomposition
of X into its indecomposable constituents, then £ = ¥ (X) = EB']”:  F(X;)" is the correspond-
ing decomposition of ¥ (X). Thus the Theorem of Krull-Remak-Schmidt implies that for each
i =1,...,n there exists i; € {I,...,m}, such that [E;] = [F(X;)]. Consequently, each isoclass
[£:] with E; non-projective belongs to ¥ (@) as desired. Using the bijectivity of 7y,(s,) one proves
the corresponding statement for the successors of vertices belonging to 7 (). O

6. COMPONENTS OF COMPLEXITY TWO

In this section we rule out the case of components of the form Z[A], where A is a Euclidean
diagram, in Webb’s Theorem and under additional assumptions also that of the infinite Dynkin
tree classes except A, 1.e. we prove our main theorem. Our approach is similar to the approach
taken for restricted enveloping algebras in [Far99bl] and [FarQ0].

Definition 6.1. Let A be a Frobenius algebra. Then A is said to admit an analogue of Dade’s
Lemma for a subcategory M of the module category if there is a family of subalgebras B, such
that A : B is a S-Frobenius extension for some automorphism £ (possibly depending on B) and
B = k[X]/(X™) for all B € Band M € M is projective iff M| is projective for all B € 8.

Our basic example of an algebra admitting an analogue of Dade’s Lemma is U/(G) by a result
of Drupieski ([Drul0, Theorem 4.1]).

Theorem 6.2. Let A be a Frobenius algebra admitting an analogue of Dade’s Lemma for a
subcategory M of the module category closed under kernels of irreducible morphisms. Let ©® #
Z[A] be a non-periodic component of finite complexity of the stable Auslander-Reiten quiver of
A contained in M. Then the component is of complexity two.

Proof. We have already seen that a non-periodic component ® of finite complexity is of the form
Z[A], where A is a Euclidean or infinite Dynkin diagram. If A is Euclidean the statement was
proven in [KZ11} Proposition 1.1]. So let A be of infinite Dynkin type, not A,,. Choose [E] € ®
to have two successors and two predecessors. For each B € B denote the unique simple B-module
by S p and consider the A-module Mz := A ®5 S 5. We have Q%S g = S p by the representation
theory of k[X]/X". Applying the induction functor to a minimal projective resolution we get
that there exist projective modules P, Q, such that QiM p®P = My = QXZMB ® 0. As Spis
a factor as well as a submodule of B, we have that My is a factor as well as a submodule of
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A as tensoring with A is an exact functor since A is a projective B-module (because A : B is a
Frobenius extension). So max{dim Mz, dim Q4 M3z, dim QZIM g} < dimA.

Now choose g : E — N to be irreducible, where N is indecomposable. By choice of [E],
g is properly irreducible, i.e. it is not almost split. Any irreducible map is either injective or
surjective. Suppose g is surjective, then M := ker g is not projective, so there is B € B, such that
M| is not projective. Since A : B is a Frobenius extension, we have that Hom , (M, Q 'Mp) =
Exty(M, Mp) = Exty(M,Sp) by [NT60, Lemma 7]. But this is non-zero since M is not B-
projective. From [Erd93, Proposition 1.5] it follows now that dim £ < dim N + dim A. In the
case that g is injective by a dual argument one obtains dim N < dim E + dim A.

By choice of [E], there exists a walk 7(E) — N — E in © given by properly irreducible maps.
We therefore have dim Q?(E) = dim7(E) < dim E + 2dim A. Repeated application of 7 gives
dim QY"E < dim E + 2ndim A.

As the module QF satisfies the same properties as E, since 2,0 = ®, we conclude that there is
some C > 0, such that dimQ E < Cn for all n > 1. Therefore cx E < 2. m|

In our situation this gives:

Proposition 6.3. Let g be simple. Let ® # Z[A.] be a nonperiodic component of the stable
Auslander-Reiten quiver of U/(Gy) containing the restriction of a Ug(GO)U?(g)-module. Then
cx0 =2 ‘

Proof. In the previous section we have shown that the algebras u,(f,) satisfy U (Gy) : us(f,) be-
ing a Frobenius extension. By the same token the subcategory M of restrictions of U, g(GO)U?(g)—
modules is closed under kernels of irreducible maps. Therefore Drupieski’s Theorem [DrulO}
Theorem 4.1]) implies the result. |

For higher r this approach does not seem to work although Drupieski’s Theorem holds more
general for higher r, but the algebras to which one restricts are no longer Nakayama.

Example 6.4. Consider U;(Nsi2),) = k[X, Y]/(X?,Y ), an algebra to which Drupieski’s Theorem
restricts in the case r = 1. Then this algebra does not admit an analogue of Dade’s Lemma.
Consider the module M indicated by the following picture:

O——>0——>++-——>0 o
N 7
s
>
7N
Q
O——>0——>++.——30 (@)
- \
-
Ve AN
s
. N
s \
— — >t — AL > e — — > :
< \
/ AN
// N
~ N\
O——>0——3>:+0——3>0 )

The circles represent the basis vectors of the module. The different arrows stand for the ac-
tion of X and Y respectively. It is easy to see that this module is projective for k[X]/(X*) and
k[Y]/(Y?), but not projective for k[X, Y]/(X?, Y"), since it has a two-dimensional socle and is
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p{-dimensional. For the other subalgebras B it can also be checked that either A : B is not a
Frobenius extension or M is projective for B.

For the algebra U,(G) the action of the algebraic group G on the support variety of a module
for the ”big” quantum group U,(g) can be used to exclude components of complexity two.

Theorem 6.5. Let chark be odd or zero and good for ®. Assume € is odd, coprime to three
if ® has type G, and ¢ > h. Let M be a Uy (g)-module of complexity two. Then the following
statements hold:

(i) There exist normal subgroups K, H C G such that
(a) G =HK
(b) g = Lie(H) @ Lie(K), and
(c) Lie(K) = sl,.
(ii) If M is indecomposable, then Vy, (M) = Vy, k(M) and M is projective as a U (Hy)-
module.

Proof. By general theory (see e.g. [Spr98, Theorem 8.1.5]) we have G = G' - --G", where the
G' are the minimal non-trivial closed, connected, normal subgroups of G. Since M is a U(g)-
module, the support variety Vi, (M) and its projectivization PVy, s, (M) are stable under the
adjoint representation. Owing to Borel’s Fixed Point Theorem (see e.g. [Spr98, Theorem 6.2.6]),
there exists [xo] € PVy, G, (M) that is fixed by a given Borel subgroup B C G. Consequently the
stabilizer P, of [x(] is parabolic.

According to the orbit formula we have dimG — dim Py = dimG - [xp] < 1. Therefore there
are two possibilities for this dimension, either dimG = dim Py, which implies P, = G, or
dimG —dim P, = 1.

The assumption Py = G implies that kx, C g 1s invariant under the adjoint representation. Hence,
kxy is an abelian ideal of g. As g is semisimple, it follows that x, = 0, a contradiction. Thus we
have dim Py = dim G — 1. By the arguments of [Bor91, Proposition 13.13] (see also [Far00, Proof
of Proposition 5.1]) we see that the action of G on G/P, induces a surjective homomorphism
¢ : G — PGL, of algebraic groups. As the ¢(G') are normal subgroups of the simple group PGL,,
we have that ¢(G’) = PGL, or G; C ker¢. Since (G',G’) = 1, we also have that (¢G', G’) =
1, so if there were two indices i, j with (G') = ¢(G’) = PGL,, then ¢(G’) € Z(PGL,), a
contradiction. Thus there exists exactly one index iy € {1,...,r} such that ¢(G*) = PGL,,
without loss of generality iy = 1. Setting K := G' and H := G*---G" we have dimK = 3 and
H C kerg C Py. Since (G',G’) = 1 for i # j we have Lie(H) C C,(Lie(K)). Since Lie(K) has
only inner derivations it follows that for x € g the derivation ad x| ik, 1S inner, i.e. there exists
v € Lie(K), such that x—v € Cy(Lie(K)). Therefore since the center of Lie(K) is trivial, it follows
that g = Lie(K) & C,(Lie(K)). Moreover, H N K is finite, so that

dimg = dimG = dim H + dim K = dim Lie(H) + dim Lie(K).

This shows that g = Lie(K) & Lie(H).

Let M now be indecomposable. Since dim Vy, G, (M) = 2, we have dimG - [x] < 1 for all
[x] € PVy,Gy(M). If dim G - [x] = O for some x, then G[x] = [x] as PVy,(G, 1s connected, and
kx # 0 1s an abelian ideal of g, a contradiction. Hence all orbits have dimension one, so that each
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of them is closed and thus an irreducible component of PV, (M). Since the orbits do not
intersect and PVy, G, (M) is connected, it follows that PV, G, (M) is irreducible. In particular
we have

PVieicnM) =G - [xo] = K - H - [x0] = K - [xo],

since H C Py. Since H and K commute, this implies that H operates trivially on PVy, G, (M).

Let x be a nonzero element of Vy,, (M). By the observation above there exists a character
a, : H — k%, such that Ad(h)(x) = a,(h)x for all h € H. Since G' = (G',G)) forall2 <i <r
and commutators are mappped to commutators via «, it readily follows that a,(h) = 1 for h € H.
Consequently [Lie(H), x] = 0. Writing x = y + z, where y € Lie(K) and z € Lie(H), we have
[a,z] = [Lie(H), z] = [Lie(H),x] = 0. Hence z € C(g) defines an abelian ideal kz C g. Since
g is semisimple, we conclude that z = 0. Consequently x = y € Lie(K). As a consequence of
the Kiinneth formula we now obtain Vy, (M) = Vy, G, (M) N Lie(K) = Vy,x,(M). Thus
YVu,#,y(M) = 0 and hence M is a projective U;(Hp)-module. O

Theorem 6.6. Let g # sl, be a simple Lie algebra. Let B be a block of Uy(G,). Then there are no
Euclidean components for B. If r = 0, then all components of U/(Gy) containing U;(G)-modules
are isomorphic to Z[A], in particular those containing simple modules.

Proof. First suppose that r = 0. By Proposition [6.3| we have that each Euclidean component has
complexity two. But then the foregoing theorem implies g = sl, as every Euclidean component
contains a simple module and all simple modules are modules for U(g).

Now suppose that » > 1. Let ® be a component isomorphic to Z[A], where A is Euclidean. The
component Q'@ = @ is not regular, i.e. is attached to a projective module P (see e.g. [KZ11],
Main Theorem]). Therefore ® contains the simple module QP/ soc(P). This simple module is
of the form S ® S, where S is a simple module for Dist(G,), regarded as a module for U,(G,)
and S is a simple U;(Go)-module (cf. [Kiilll, Lemma 1.1]). Then as a module for U,(G,) it
has complexity two, hence as a module for U;(Gy), S has complexity less or equal two. By the
foregoing proposition this is not possible for g # sl,. O

7. THE COMPONENT Z[A]

We have seen in the previous section that the simple modules are (at least for r = 0) in com-
ponents of type Z[A]. Therefore it is worth studying this case in more detail. The approach is
based on the classical case as considered in [FR11]].

Recall that a module M is said to be quasi-simple if the middle term of the Auslander-Reiten
sequence ending in M is indecomposable.

Theorem 7.1. Let g be a simple Lie algebra. If a simple module for U/(G,) belongs to a compo-
nent of type Z[ A ), then it is quasi-simple.

Proof. Let S be a simple module contained in some component ® = Z[A,]. Suppose S is not
quasi-simple. Then since U/(G,) is symmetric, by [Kaw97, Theorem 1.5] there exist simple
modules Ty, Ty, ...T,, such that Ty = S, the projective cover of 7; is uniserial of length n + 2
with toprad P(T;) = T;_,. By the same token 7; has multiplicity one in P(7;) for all i.
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If n > 2, then this yields the contradiction dim Exty , (T1, T2) = 0 while dim Exty; ¢ (T2, 1) =
1 (cf. [AM11 3.8]). Therefore n = 1, i.e. P(T,) has length three. By [Dru09, Proposition B.9],
the projective cover of S has a filtration by baby Verma modules. Hence one baby Verma module
has to be simple or projective. But by the same token this implies that it is simple and projective.
Hence S is the Steinberg module for U,(G,), a contradiction. O

Corollary 7.2. Let g be a simple Lie algebra. Let S be a simple non-projective U/(G,)-module
in a component of type Z[A]. Then ht(P(S)) is indecomposable.

Proof. Since Uy(G,) is symmetric, we have soc P(S) = S. Hence the following sequence is the
standard almost split sequence originating in rad P(S ):

0—rad P(S) — P(S)®htP(S) = P(S)/S — 0.

The autoequivalence on the stable module category €2 induces an automorphism on the stable
Auslander-Reiten quiver. Hence S and Q'S have the same number of non-projective predeces-
sors. By the foregoing theorem we thus have that ht P(S) is indecomposable. O

Theorem 7.3. Let g be a simple Lie algebra. Let £ > 1 be an odd integer not divisible by 3 if ®
is of type G,. Furthermore for chark = 0 assume that € is good for ® and that € > 3 if ® is of
type B, or C,. For chark = p > 0 assume that p is good for ® and that £ > h. Then there is only
one simple Uy(G,)-module in each Auslander-Reiten component of type Z[A].

Proof. We first prove the case of r = 0 and then combine this result with the classical case to get
the result for all . If r = O, suppose there is another simple module 7 in ®. Then § and T are both
quasi-simple by the foregoing considerations. Hence they lie in the same 7-orbit, without loss of
generality let Q%]’:(GO)T =~ §. Accordingly we have dim Ext%,"[(GO)(T, T) = dim Homy,,)(S,T) =
0. Hence T is projective by Proposition [I.1] and Theorem If r # 0, then by the Steinberg
tensor product theorem (see e.g. [Kiilll, Lemma 1.1]), simple modules are tensor products of

a simple module for U,(Gy) and a simple module for Dist(G,). Let T®T and S ® S be such

simple modules. Then Q%JZ(G,)E ®S =T ® T implies that T9m7T = QF 6o)S imS @ P, where P is
2n

projective. In particular, since QU[(GO)S is indecomposable we have Q%]’:(GO)S =~T.HenceS =T
is a projective or a periodic module for U,(Gy), hence it is the Steinberg module for U,(Gy). But
then the result follows from the classical case considered in [FR11, Theorem 2.6], because these

modules form a block ideal equivalent to mod Dist(G,) (cf. [Kiill 1, Proposition 1.3]). O
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