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Let
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Problem: Decompose L2(X), in particular, the K-type L2 (X)X.

~ joint eigenspaces of

D(X)¢ = {G-invariant differential operators on X}
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Classical setup

Let
X =G/K Riemannian symmetric space (non-compact type)

Problem: Decompose L2(X), in particular, the K-type L2 (X)X.

~ joint eigenspaces of

D(X)¢ = {G-invariant differential operators on X}

As a first step, understand the commutative algebra D(X)¢.
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CHEVALLEY'’S restriction theorem

Let
g=kerp CARTAN decomposition
acy CARTAN subspace
W c GL(a) WEYL group
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CHEVALLEY'’S restriction theorem

Let
g=kerp CARTAN decomposition
acy CARTAN subspace
W c GL(a) WEYL group

Since T*X = G xX p*, the algebra of symbols of D(X)¢ is

C[T*X1¢ =S(p)* =D(X)¢ (as vector spaces)
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acy CARTAN subspace
W c GL(a) WEYL group

Since T*X = G xX p*, the algebra of symbols of D(X)¢ is
C[T*X1¢ =S(p)* =D(X)¢ (as vector spaces)

D(X)€ is a ‘deformation’ of S(p)*.

The restriction map S (3p)ﬁ — S(a) is injective.
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CHEVALLEY'’S restriction theorem

Let
g=kerp CARTAN decomposition
acy CARTAN subspace
W c GL(a) WEYL group

Since T*X = G xX p*, the algebra of symbols of D(X)¢ is
C[T*X1¢ =S(p)* =D(X)¢ (as vector spaces)

D(X)€ is a ‘deformation’ of S(p)*.

The restriction map S (3p)ﬁ — S(a) is injective.

Theorem (CHEVALLEY)

S(p)* — S(@)W is an isomorphism, and S(a)V is affine.
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There is a s.e.s.

0 — QU(@K)F —U(g)f —=DX)* —=0



HARISH-CHANDRA'’S isomorphism

There is a s.e.s.

0 — (U(@RF —=U(gF —=DX)¢ —=0
Let

g=hkoaon IwASAWA decomposition

0=1trpadlq half sum of pos. roots
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HARISH-CHANDRA'’S isomorphism

There is a s.e.s.

0 — (U(@RF —=U(gF —=DX)¢ —=0
Let

g=hkoaon IwASAWA decomposition

0=1trpadlq half sum of pos. roots

For D € U(g)%, define Dy € U(a) = C[a*] by
D — Dy € n(g) +U(g)k

and I'(D) (u) = Dq(u + 0).
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HARISH-CHANDRA'’S isomorphism

There is a s.e.s.

0 — (U(@RF —=U(gF —=DX)¢ —=0
Let

g=hkoaon IwASAWA decomposition

Qo= %trn ad |4 half sum of pos. roots
For D € U(g)%, define Dy € U(a) = C[a*] by
D — Dy € n(g) +U(g)k

and I'(D) (u) = Dq(u + 0).

Theorem (HARISH-CHANDRA)

[:U(@)f — S(@)" is surjective with kernel (U(g)R)".
It induces an algebra isomorphism D(X)¢ — S(a)".
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Shift notation: X ~ Xy, G ~ Go, W ~ W, etc.



Why ‘super’?

Shift notation: X ~ Xy, G ~ Go, W ~ Wy, etc.

Motivated by random matrix theory, ZIRNBAUER (1996) considers
Xo=Go/Kgp = X =G/K
where

(G,K) symmetric pair of complex Lie supergroups
(Go, Ko) real form of underlying symmetric pair
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Why ‘super’?

Shift notation: X ~ Xy, G ~ Go, W ~ Wy, etc.

Motivated by random matrix theory, ZIRNBAUER (1996) considers
Xo=Go/Kgp = X =G/K
where

(G,K) symmetric pair of complex Lie supergroups
(Go, Ko) real form of underlying symmetric pair

ZIRNBAUER thus embeds ten of CARTAN’s infinite series.
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Why ‘super’?

Shift notation: X ~ Xg, G ~ Go, W ~ W, etc.

Motivated by random matrix theory, ZIRNBAUER (1996) considers

where

(G,K)

(Go, Ko)

Xo = Go/Kop = X =G/K

symmetric pair of complex Lie supergroups

real form of underlying symmetric pair

ZIRNBAUER thus embeds ten of CARTAN’s infinite series.

Class.

Ala
Allant
Alljar
Amjan
BD|C
clsp
cipm
pilct
BDICH Oy
culgp1 Osp(

)Osp(m, |20, XOsp(m,
)Osp(m, | 20,) XOsp(m:

PROGRAMME (AA, HILGERT, ZIRNBAUER): Develop harmonic analysis!
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Invariant differential operators on X—setup

As before
CIT*X1¢ = S(p)* and D(X) = u(g)*/QU(g)R)"

~ purely algebraic problem
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A. Alldridge (Univ. Paderborn) Invariant differential operators



Invariant differential operators on X—setup

As before
CIT*X1¢ = S(p)* and D(X) = u(g)*/QU(g)R)"

~ purely algebraic problem

Let

(g,k) symmetric superpair of complex Lie superalgebras

Assumptions:

e (g,R) is (strongly) reductive
(= g = @{basic classical simple ideals + A(1]1)})

e (g,k) of even type, i.e. there exists an even CARTAN subspace:

@ C Po,semisimple and @ = 3,(a)
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Let
> =2(g;:a) even/odd roots
p AEZ,A2A¢ 3
Wo even WEYL group
Wi = exp RT) C GL(a) (h', Ta(h)) = A(h")A(h)



Super CHEVALLEY

Let
3 =23(gi:a) even/odd roots
p AeZ,A2A ¢ 2
Wo even WEYL group
Wy = exp RT) C GL(a) (h', Ta(h)) = A(h")A(h)

Theorem (AA-HILGERT-ZIRNBAUER 2010)

Let W c GL(a) be generated by Wy U Ujcs, Wa.
Then restriction gives an isomorphism S (p)* — S(a)".
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Super CHEVALLEY

Let
3 =23(gi:a) even/odd roots
p AeZ,A2A ¢ 2
Wo even WEYL group
Wy = exp RT) C GL(a) (h', Ta(h)) = A(h")A(h)

Theorem (AA-HILGERT-ZIRNBAUER 2010)

Let W c GL(a) be generated by Wy U Ujcs, Wa.
Then restriction gives an isomorphism S (p)* — S(a)".

REMARKS.

e For (g,k) = (k ® K, k) (‘group type’), this is due to SERGEEV (1999),
KAcC (1984), GORELIK (2004).

o In that case, Wy is a one-parameter group of translations.
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Let (g,k) = (k@ K, &) (group type), & = 0sp(2|2). Then

S@" =C[L] (L = super-Laplacian)



Super CHEVALLEY—examples

Let (g,k) = (k@ K, &) (group type), & = 0sp(2|2). Then

S@" =C[L] (L = super-Laplacian)

Let g = osp(2]2) with an ‘exceptional’ involution. Then
S@" =Clz,wl/(z® —w?)

is the ring of regular functions on a cusp.
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Super HARISH-CHANDRA isomorphism

Let

g=hoaon IWASAWA decomposition

Q=00—01= %strn ad |q half sum of pos. roots
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Super HARISH-CHANDRA isomorphism

Let

g=hoaon IWASAWA decomposition

Q=00—01= %strn ad |q half sum of pos. roots

For D € u(g)ﬁ, define Dg € U(a) = C[a*] by
D — Dy € nU(g) + U(g)k

and I'(D)(u) = Da(u + Q).
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Super HARISH-CHANDRA isomorphism

Let

g=hoaon IWASAWA decomposition

Q=00—01= %strn ad |q half sum of pos. roots
For D € u(g)ﬁ, define Dg € U(a) = C[a*] by
D — Dy € nU(g) + U(g)k

and I'(D)(u) = Da(u + Q).

Theorem (AA 2010)

r :u(g)ﬁ — S(@)" is surjective with kernel (u(g)ﬁ)ﬁ.
It induces an algebra isomorphism D(X)¢ — S(a)".
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Super HARISH-CHANDRA isomorphism

Let

g=hoaon IWASAWA decomposition

Q=00—01= %strn ad |q half sum of pos. roots
For D € u(g)ﬁ, define Dg € U(a) = C[a*] by
D — Dy € nU(g) + U(g)k

and I'(D)(u) = Da(u + Q).

Theorem (AA 2010)

r :u(g)ﬁ — S(@)" is surjective with kernel (u(g)ﬁ)ﬁ.
It induces an algebra isomorphism D(X)¢ — S(a)".

‘Group type’ case is due to KAC (1984), GORELIK (2004).
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Sketch of (part of) the proof—part I

« Main point: Show that T((g)%) c S(@)".
Theorem then follows from CHEVALLEY.
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Sketch of (part of) the proof—part I

« Main point: Show that T((g)%) c S(@)".
Theorem then follows from CHEVALLEY.
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— Choose a non-compact real form (G, K).
— Let ¢py(a) = [y LEH*(e#79), H : G — a INASAWA projection.
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Sketch of (part of) the proof—part I

« Main point: Show that T((g)%) c S(@)".
Theorem then follows from CHEVALLEY.
e HARISH-CHANDRA'’S idea:

— Choose a non-compact real form (G, K).
— Let ¢py(a) = [y LEH*(e#79), H : G — a INASAWA projection.
— Then D¢py = T(D) (1) - py (D € W(®)*) and Py = Py (w € W).
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Sketch of (part of) the proof—part I

« Main point: Show that T((g)%) c S(@)".
Theorem then follows from CHEVALLEY.
e HARISH-CHANDRA'’S idea:

— Choose a non-compact real form (G, K).

— Let py(a) = [y LEH*(e*~2), H: G — a INASAWA projection.

— Then D¢, =T(D)(u) - p, (D € U(g)f) and Pwp = by (w e W).
— Hence the claim, because ¢, (1) = 0.
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— Hence the claim, because ¢, (1) = 0.
e Problems (in super setting):

— A simple complex Lie superalgebra does not always possess a
compact real form (SERGANOVA).
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Sketch of (part of) the proof—part I

« Main point: Show that T((g)%) c S(@)".
Theorem then follows from CHEVALLEY.
e HARISH-CHANDRA'’S idea:

— Choose a non-compact real form (G, K).
— Let py(a) = [y LEH*(e*~2), H: G — a INASAWA projection.
— Then D¢, = T(D) (W) - by (D € W(@)F) and Py = by (w € W).
— Hence the claim, because ¢, (1) = 0.
e Problems (in super setting):
— A simple complex Lie superalgebra does not always possess a
compact real form (SERGANOVA).
— How to define INASAWA decomposition?
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Sketch of (part of) the proof—part I

« Main point: Show that T((g)%) c S(@)".
Theorem then follows from CHEVALLEY.
e HARISH-CHANDRA'’S idea:
— Choose a non-compact real form (G, K).
— Let ¢py(a) = [y LEH*(e#79), H : G — a INASAWA projection.
— Then Db, = T(D) (1) - by (D € W(®)*) and by = Py (w € W).
— Hence the claim, because ¢, (1) = 0.
e Problems (in super setting):

— A simple complex Lie superalgebra does not always possess a
compact real form (SERGANOVA).

— How to define INASAWA decomposition?

— Theory of invariant Berezin integration?
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Sketch of (part of) the proof—part I

« Main point: Show that T((g)%) c S(@)".
Theorem then follows from CHEVALLEY.

e HARISH-CHANDRA'’S idea:

Choose a non-compact real form (G, K).

Let ¢py(a) = [ LEH*(e#79), H : G — a INASAWA projection.
Then D¢, =T(D)(u) - p, (D € U(g)f) and Pwp = by (w e W).
Hence the claim, because ¢, (1) # 0.

e Problems (in super setting):

A simple complex Lie superalgebra does not always possess a
compact real form (SERGANOVA).

How to define IWASAWA decomposition?

Theory of invariant Berezin integration?

If one defines ¢, by Harish-Chandra’s formula, then ¢, (1) = 0.
Why is ¢, # 0?
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Sketch of (part of) the proof—part I

« Main point: Show that T((g)%) c S(@)".
Theorem then follows from CHEVALLEY.
e HARISH-CHANDRA'’S idea:

Choose a non-compact real form (G, K).

Let ¢py(a) = [ LEH*(e#79), H : G — a INASAWA projection.
Then D¢, =T(D)(u) - p, (D € U(g)f) and Pwp = by (w e W).
Hence the claim, because ¢, (1) # 0.

e Problems (in super setting):

A simple complex Lie superalgebra does not always possess a
compact real form (SERGANOVA).

How to define IWASAWA decomposition?

Theory of invariant Berezin integration?

If one defines ¢, by Harish-Chandra’s formula, then ¢, (1) = 0.
Why is ¢, # 0?

For w = expady € Wy, y ¢ Nig(a), but v € U(R)o.

How to prove ¢y = ¢py?
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Sketch of (part of) the proof—part II

e Non-compact real forms: Complexify structure sheaves! Formally:
real supermanifolds -~  ¢s manifolds (BERNSTEIN)

In this category, a global INASAWA decomposition exists.
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Sketch of (part of) the proof—part II

e Non-compact real forms: Complexify structure sheaves! Formally:
real supermanifolds -~  ¢s manifolds (BERNSTEIN)

In this category, a global INASAWA decomposition exists.
e Invariant integration: volume forms and densities have analogues
and unimodularity criteria, etc., carry over (AA-HILGERT).
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Sketch of (part of) the proof—part II

e Non-compact real forms: Complexify structure sheaves! Formally:
real supermanifolds -~  ¢s manifolds (BERNSTEIN)

In this category, a global INASAWA decomposition exists.

e Invariant integration: volume forms and densities have analogues
and unimodularity criteria, etc., carry over (AA-HILGERT).

e Replacement for ¢:
Let ¢ be NA-invariant, [, ¢ = 1 (in general, ¢ # const.). Set

Y (a) = jK LE[H* (e#0) - ]

Then
$f(1)=1 and Doy =T(D)(u) - pJf
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e Proof of ¢%u = |detw™1]| - ¢ﬁ' for w € Wj:



Sketch of (part of) the proof—part II

e Proof of d)i’f,,, = |detw!] - qbﬁ’ for w € Wy:
— One has w = expady for some y = y, 31 € k; - & C U(K)o.
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Sketch of (part of) the proof—part II

e Proof of d)i’f,,, = |detw!] - qbﬁ’ for w € Wy:
— One has w = expady for some y = y, 31 € k; - & C U(K)o.
— Issue: Prove Fr(a¥) = Fg(a) (Fy = weighted orbital integral).
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Sketch of (part of) the proof—part II

e Proof of d)i’f,,, = |detw!] - qbﬁ’ for w € Wy:
— One has w = expady for some y = y, 31 € k; - & C U(K)o.
— Issue: Prove Fr(a¥) = Fg(a) (Fy = weighted orbital integral).
— To that end, integrate ad y to one-parameter group y on
‘functions’ I'(Og).
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Sketch of (part of) the proof—part II

e Proof of d)i’f,,, = |detw!] - qbﬁ’ for w € Wy:

One has w = expad y for some y = y, 3 € Ry - & C U(R)o.
Issue: Prove Fy(a¥) = Fr(a) (Fy = weighted orbital integral).

To that end, integrate ad  to one-parameter group y on
‘functions’ I'(Og).

On Kjy-bifinite vectors, y is given by an explicit integral operator:

y(s)f = f+J Cy1 Cexp St[yuy]])‘:;lfdt

(c: G X G — G = conjugation)

A. Alldridge (Univ. Paderborn) Invariant differential operators



Sketch of (part of) the proof—part II

e Proof of d)i’f,,, = |detw!] - qbﬁ’ for w € Wy:

One has w = expad y for some y = y, 3 € Ry - & C U(R)o.
Issue: Prove Fy(a¥) = Fr(a) (Fy = weighted orbital integral).

To that end, integrate ad  to one-parameter group y on
‘functions’ I'(Og).

On Kjy-bifinite vectors, y is given by an explicit integral operator:

y(s)f = f+J Cy1 Cexp St[yuy]])‘:;lfdt

(c: G X G — G = conjugation)
Finally, use conjugation invariance of Fy.
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Thanks!
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APPENDIX—examples

GROUP TYPE SUPERPAIRS. k a f.d. contragredient Lie superalgebra,
(9,k) = (ko k,R), O(x,y) = (¥,x)

These are strongly reductive symmetric superpairs of even type.
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APPENDIX—examples

GROUP TYPE SUPERPAIRS. k a f.d. contragredient Lie superalgebra,
(9,k) = (ko k,R), O(x,y) = (¥,x)

These are strongly reductive symmetric superpairs of even type.

ZIRNBAUER’S EXAMPLES. g = gl(p + qlv +s) or g = osp(p + qlv + )
with 7, s even.
1000
0(x)=gxg, g = (801? 8)
00 0-1
(g, k) is a reductive superpair, even type exactly for (p —q)(r —s) = 0.
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APPENDIX—examples

GROUP TYPE SUPERPAIRS. k a f.d. contragredient Lie superalgebra,
(9,k) = (ko k,R), O(x,y) = (¥,x)

These are strongly reductive symmetric superpairs of even type.
ZIRNBAUER’S EXAMPLES. g = gl(p + qlv +s) or g = osp(p + qlv + )

with 7, s even.
0

1 00
9<x>—gxg,g—(801?8)
000-1

(g, k) is a reductive superpair, even type exactly for (p —q)(r —s) = 0.
EXCEPTIONAL 0sp(2]2q). ¢ = 0sp(2]2q),

a 0 -w't 2t -a 0 —wt zt

| 0 —a-—wt zt _ 0 a-wtzt

0:x = z 2z A B —~ 0(x) = zz A B
w w C

ww C -A!

In particular, &y = sp(2g, C). (g, k) is reductive and of even type.
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