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Harish—Chandra Class

E To minimize subscripts, In this lecture G will be the real T
group, Gc Is its complexification, g is the Lie algebra of G
and g. Is the complexification of g.

# A real reductive Lie group G Is of Harish-Chandra class
or class H if
» the component group G/GY is finite,
» the derived group [GY, G'] has finite center, and
s If g € G then Ad(g) Is an inner automorphism of gc.
# The first two conditions can be weakened to allow infinite

center. The third ensures that representations have
Infinitesimal characters.

#® Now G Is a real reductive Lie group of class H and G is its

unitary dual (equivalence classes of irreducible unitary
L representations). J
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Characters

r € G, H, representation space T
w: LN G) — B(Hx) by 7(f)v = [ f(z)7m(x)vdx

If f € CX(G)then 7(f) Is trace class and

O : CX(G) — C, by f — trace w(f), IS a distribution

O IS the distribution character of 7. It determines .

Z(g.): center of the universal enveloping algebra ¢/(g..).
Z(g.) acts by scalars on H, dn(z)v = x(2)v

Y~ IS the Infinitesimal character of «

Z(g.) = bi—Iinvariant differential operators on G

O IS a joint eigendistribution of Z(g.): 20, = x»(2)Ox

Elliptic regularity: ©, is C¥ on regular set ¢/, finite jumps
across singular set, so Is integration against a C* funct. J
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Discrete Series |

B N

® 7 € (G is discrete series if it is a subrep. of the left regular
rep of G on L*(G), i.e. if its matrix coefficients are L*(G).

) @disc + () iff G has a compact Cartan subgroup 7.

® Let 7 € Gyise. Then 7 is determined by O, |rn¢/. We
parameterize G ;5. by parameterizing the O |r¢-.

» Define GT:= TG = Zo(G®)G. The Weyl group
Wt .= W(GT,T) equals W% := W (G, 7°) and is a normal
subgroup of W = W(G,T).

® Lety € T. Since T° is commutative, dy(£) = A(€)I where
A € it and where I = ident on the rep. space of y.

® Then y (modulo W = W (G, T)) determines = as follows

o |
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Discrete Series ||

B Fact: \ is nonsingular: (A, a) # 0 for all o € .. T

o 7T§)< S @dwc has distribution character such that

ZwGWOSZ ’I’L( )
® Oy (v) = £ +(ea§2 a/g) forz ¢ TVN G

r ﬂ( C Z?\T gisc Nas distribution character such that
P @W;r((za:) = X(2)Oxo(z) for x € NG and z € Zo(GY)GY

® T, C @disc has distribution character supported in G and
such that

* On lor =2 gareq/or Oy - Adlg™)

#® Conclusion: @disc IS paramerized by pairs (A, () modulo
W(G,T) where X\ € it* is nonsingular and ¢ € Zg(GY)
~ equals exp(\) 0N Zgo: my ¢+ (A, ¢) where y = ( @exp()). |
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Tempered Series
e

® Any y, € H splits as v, ® 7 with v € ia*
® /7(A) =M x Aand T Cartan subgroup of M
® Choices X" (g,a) and X1 (m_,t.) determine X" (g_, h.)

# For any such choices p = m + a + n Is a cuspidal
parabolic subalgebra of g where n = Za62+(g,a) da

-

H Cartan subgroup of G; splitsas H =T x A

® P = Ng(p) = MAN: cuspidal parabolic subgroup of G
® Ifn, € M ise, €xtend My, ®€7 10 P by man — €7(a)ny, (m).

® Then , = Indg(nXT ® €7) is independent of choice of
positive root systems

u The =, associated to A form the “H—series” of G J
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Plancherel Formula
i If H is compact then the H—series is the discrete series T

# If T is a Cartan subgroup of K, I.e. H IS maximally
compact, then the H—series is the “fundamental series”

# If A has maximal possible dimension then the H—series is
the “principal series”

® The support of Plancherel measure on G is the union (for
H € Car(G)) of the H—series.

® The Plancherel formula for G has form

f(f) — ZC’a/r(G) fﬁ ®7TXH (Tf'?f)dﬂ-XH

where r, f(y) = f(yz) and dm,_Is “Plancherel measure”
- forthe H—series part of G. N
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Bundle over Open Orbit

E Q). parabolic subgroup of G. with L = Q. N G compact. T
® Q" = L. and L contains a compact CSG T of G
T =275G"T"and L = Zg(G°)LY
® 7/ =(G./Q. complex flag manifold
® D =_G(z) = G/L: open G—orbiton Z

® \ e T, representation space E,:

s dy =X eit*and y = ¥’ ® e* where ' € Z5(GY),
o 70 € L0 with highest weight \, and r, = v’ © 70 € L,
s 7, extends to holo. rep. of Q) on £,

# [E, — Z associated G.—homogeneous holomorphic
L vector bundle; Ey|p — D hermitian because L Is compactJ
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Sqguare Integrable Dolbeault Cohomology

E O(E,) — D: sheaf of germs of holomorphic sections T
® HY(D;O(E,)): (Dolbeault) sheaf cohomology

(

)

® HI(D;O(E,)): classes with L?(D) representatives

B): #la € XT(E,, t.) | (B,a) <0} +
#{o € ET(ge, t) \ BT (e ) | (A, ) > 0}
® Theorem. If A + p is singular then every Hi(D; O(E,)) =0

® Theorem. If A + pisregular and ¢ # ¢(A + p) then
H(D; O(Ey)) = 0

® Theorem. If A+ pisregular and w € W(G, T') such that
A+ p,a) >0forall a € X7 (g, t.) then G acts irreducibly

on HIMPS(D, O(E,)) by the discrete series
L representation with parameter w - y := w(x) ® e +7) J

®
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Other Cohomology Realizations

D One can replace H(D; O(E,)) by the space of square T
integrable E,—valued harmonlc (0, q)—forms on D; the
result is the same

# One can also replace H‘J(D O(E,)) by the space of
E,—valued harmonic spinors on D; the result is the same.

# Let L is reductive but not necessarily compact. Then D is
s—convex (normalization: “Stein” is 0-convex) where
s = dim Cy. If E — D Is sufficiently negative then
Dolbeault H4(D; O(E,)) = 0 for ¢ # s while H°(D; O(E,))
IS a nuclear Frechet space on which G acts irreducibly.

# Yet another approach is to consider the cases where L is
reductive but noncompact, and use the resulting

pseudo—Kahler metric on D to construct representations.
L This works under limited circumstances. More later. J
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Partially Complex Orbits

D Every orbit X = G(z) C Z has constant CR dimension T

# Holomorphic arc components of X are the equiv classes
under: z ~ 2’ if there is a chain of holomorphic maps
fi: (]z| < 1) — Z with image in X, where z In the first,
where each meets the next, and where 2’ in the last.

®letH=TxAe€Car(G)and P= MAN an associated
cuspidal parabolic in G. Then there are parabolics Q. in
G and orbits X = G(x) C Z = G./Q. such that

» the holo arc components S}, of X are complex in Z
s the G—normalizer N;,; of Sy,; Is open in P
s U:=MnNQ,,iscompactand U = Zy(U°)U"
® Theorem GNQ,. =UAN, Ny = MTAN and Sa] = MT/U
B is an open MT—orbit on the complex flag MT/(MI N Q. ). |
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Partially Complex Bundles

-

E If 1 € U and o € a* then 1 ® elsT9 defines a
G—-homogeneous vector bundle E, , - G/UAN = X

® [E, , — X Is holomorphic over each holo arc component
# K Is transitive on the space of holo arc components of X
® AP? — X: bundle s.t. AP9|g, = = (p,q)—form bundle on S,

e H)Y(X;E,,): E, ,—valued (p,q)—forms w on X, in other
words sections of E,, , ® AP+4, such that

® w|s,,, harmonic with Ly norm |lw|g,,.,|| <oca.e. k € K

s global square norm ||wl|? := [} [|w|s,.,, [I*dk < co.
® HYY(X;E, ) is a Hilbert space with inner product

L <w7 w’> — fK <W|S[kx] ; w/|S[kx] >L§’q(3[m] ;EM,US[kx])dk J
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Partially Holomorphic Cohomology

- N

® Theorem. If du IS X(m, t.)—singular then every
H)Y(X:;E,,) =0

® Theorem. If du IS X (m,, t.)—regular and if ¢ # qm(du + pm)
then HyY(X;E,q) = 0

® Theorem. If du IS X(m,, t.)—regular and if ¢ = ¢ (dy + pm)

then the natural action m,, of G on Hy)Y(X;E, ) is the
H—series representation defined by (i, o).
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