
℘

Gk := Gk(Ω) :=
∑

0!=ω∈Ω

ω−k k ≥ 4.

k ≥ 3

γ := γ(Ω) := min{|ω| ; 0 "= ω ∈ Ω}

z ∈ C 0 < |z| < γ(Ω)

℘(z) = z−2 +
∞∑

n=2

(2n − 1)G2n · z2n−2 = z−2 + 3G4 · z2 + 5G6 · z4 + . . . .

1

(1 − t)2
=

d

dt

(
1

1 − t

)
=

∞∑

m=1

mtm−1 , |t| < 1,

ω "= 0

1

(z − ω)2
− 1

ω2
=

1

ω2

(
1

(1 − z/ω)2 − 1

)
=

∞∑

m=2

m · zm−1

ωm+1
, |z| < γ,

℘(z) = z−2 +
∑

0!=ω∈Ω

(
∞∑

m=2

m · zm−1

ωm+1

)
, 0 < |z| < γ.∗

∣∣∣m · zm−1

ωm+1

∣∣∣ ≤ γm

(
|z|
γ

)m−1

· |ω|−3

∗ m ω

℘(z) = z−2 +
∑

m≥2

mGm+1 · zm−1 , 0 < |z| < γ.

!

℘

℘ ′2 = 4℘3 − g2℘− g3



g2 g3

g2 := g2(Ω) := 60 G4(Ω) g3 := g3(Ω) := 140 G6(Ω) .

g2 g3 Ω
O(zk) f(z)

|f(z)| ≤ C · |z|k C z 0

℘(z) = z−2 + 3G4 · z2 + 5G6 · z4 + O(z6)

℘2(z) = z−4 + 6G4 + 10G6 · z2 + O(z3) ,
℘3(z) = z−6 + 9G4 · z−2 + 15G6 + O(z) ,
℘ ′(z) = −2 · z−3 + 6G4 · z + 20G6 · z3 + O(z4) ,
℘

′2(z) = 4 · z−6 − 24G4 · z−2 − 80G6 + O(z) .

∗ ℘ ′2(z) − 4℘3(z) + g2℘(z) + g3 = O(z)

K(Ω) ℘ ℘ ′

∗ 0
∗

!

2℘ ′′ = 12℘2 − g2.

k ∈ N

℘(k) ∈ Z[G4, G6,℘] + Z[G4, G6,℘]℘ ′.

k = 0 1 k = 2
!

f ∈ K(Ω)
f C \ Ω
f ∈ C[℘] + C[℘] · ℘ ′

=⇒ α℘n α℘n · ℘ ′ α ∈ C n ∈ N0

f
res0f = 0

=⇒ !



℘

n ≥ 4

(n − 3)(2n + 1)(2n − 1)G2n = 3 ·
∑

p≥2,q≥2
p+q=n

(2p − 1)(2q − 1)G2pG2q.

℘ ′′ +30 G4 = 6℘2

∑

n≥2

(2n − 1)(2n − 2)(2n − 3)G2nz
2n−4 + 30G4

= 12
∑

n≥2

(2n − 1)G2nz2n−4 + 6
∑

p≥2

∑

q≥2

(2p − 1)(2q − 1)G2pG2qz
2p+2q−4 .

!

7G8 = 3G2
4 , 11G10 = 5G4G6 , 143G12 = 42G4G8 + 25G2

6 = 18G3
4 + 25G2

6

k ≥ 8

Gk ∈ Q[G4, G6].

Ω C
g2 g3 G ⊂ C f

f ′2 = 4f 3 − g2f − g3

f(z) = ℘(z + w) , z ∈ G w ∈ C f ∈ M
Ω f Ω

g2(Ω) g3(Ω) G4(Ω) G6(Ω)

f G
f U ⊂ G u

f ′ U f ′ =√
4f 3 − g2f − g3 w ∈ C ℘(w +u) =

f(u) ℘ ′(w + u) = f ′(u)
w −w−2u f(z) g(z) := ℘(z+w)

u
f(z) = g(z) z ∈ U

f(z) = g(z)
z ∈ G

℘
!



R w = f(z)

w′n = R(z, w)

n ∈ N

C
R(z, w) w

≤ 2n

℘ ′2 = 4℘3 − g2℘− g3

℘ ′2 = 4(℘− e1)(℘− e2)(℘− e3)

e1, e2, e3

ek = ℘(ωk/2) , k = 1, 2, 3 , ω3 := ω1 + ω2

ω1,ω2 Ω ℘
X C

4X3 − g2X − g3 = 4(X − e1)(X − e2)(X − e3).

C X, Y

K(Ω) ∼= C(X)[Y ]/I(X, Y )

I(X, Y ) Y 2 − 4X3 + g2X + g3 C(X)[Y ]

0 = e1 + e2 + e3

g2 = −4(e1e2 + e2e3 + e3e1)

g3 = 4e1e2e3



℘

g3
2 − 27g2

3 = 16(e1 − e2)
2(e2 − e3)

2(e3 − e1)
2 "= 0.

∗ g2 = 2(e2
1 + e2

2 + e2
3) g2

2 = 16(e2
1e

2
2 + e2

2e
2
3 + e2

3e
2
1)

2(e1 − e2)
2 = 2(e2

1 + e2
2) − 4e1e2 = 2g2 − 2e2

3 + 4e3(e1 + e2) = 2g2 − 6e2
3,

(e1 − e2)
2 = g2 − 3e2

3.

e1, e2, e3

16(e1 − e2)
2(e2 − e3)

2(e3 − e1)
2 = 16(g2 − 3e2

1)(g2 − 3e2
2)(g2 − 3e2

3)

= 16g3
2 − 3 · 16g2

2(e
2
1 + e2

2 + e2
3) + 9 · 16g2(e

2
1e

2
2 + e2

2e
2
3 + e2

3e
2
1) − 27 · 16e2

1e
2
2e

2
3 .

∗ g3
2 − 27g2

3

e1, e2, e3 !

∆ := ∆(Ω) := g3
2 − 27g2

3

j := j(Ω) := (12g2)3/∆

Ω

j = −4 · 123 · (e1e2 + e2e3 + e3e1)3

(e1 − e2)2(e2 − e3)2(e3 − e1)2
.

λ :=
e2 − e3

e1 − e3

j = 256 · (1 − λ+ λ2)3

λ2(1 − λ)2
.

∆
f(X) := 4X3 − g2X − g3

f
f f ′

det





4 0 −g2 −g3 0
0 4 0 −g2 −g3

12 0 −g2 0 0
0 12 0 −g2 0
0 0 12 0 −g2




= −64∆.



H C
H

2 × 2

M =

(
a b
c d

)

det M := ad − bc , Sp M := a + d ,

M t =

(
a c
b d

)
M ! =

(
d −b
−c d

)

GL(2; C)
2 × 2

GL(2; C) := {M ∈ Mat(2; C) ; det M $= 0} .

E
M ∈ GL(2; C)

M−1 =
1

det M
M ! =

1

ad − bc

(
d −b
−c a

)
.

M ∈ GL(2; C) τ ∈ C

Mτ :=
aτ + b

cτ + d

ΦM : τ %→ Mτ



C
c = 0 ΦM

c $= 0 ΦM

τ = −d/c

Mτ τM
τ M

M〈 τ〉 Mτ

L, M ∈ GL(2; C) 0 $= λ ∈ C
τ τ ′

Eτ = τ ΦE = id,

(λM)τ = Mτ , ΦλM = ΦM ,

(LM)τ = L〈Mτ〉, ΦLM = ΦL ◦ ΦM ,

Mτ ′ − Mτ =
det M

(cτ ′ + d)(cτ + d)
· (τ ′ − τ)

τ ′ − τ τ ′ → τ

Φ
′

M(τ) =
dMτ

dτ
=

det M

(cτ + d)2

L, M ∈ GL(2; C)
Mτ = Lτ τ ∈ C

0 $= λ ∈ C M = λL

Mτ = Lτ (L−1M)τ = τ
L = E

Mτ = τ
cτ 2 + (d − a)τ − b = 0

!

C

Aττ + Bτ + Bτ + C = 0 A, C ∈ R , A $= 0 B ∈ C

|B|2 > AC m
r > 0

m = −B/A r2 = (|B|2 − AC)/A2

A $= 0 |B|2 > AC
A = 0 B $= 0 C



z = Mτ, M ∈ GL(2; C)
τ = M−1z

αzz + βz + βz + γ = 0 α, γ ∈ R β ∈ C .

C

M

M∞ :=

{
∞, c = 0,

a/c, c $= 0.

GL(2; C) P = C∪ {∞}
ΦM = ΦL M, L ∈ SL(2; C) M = ±L

P
P PSL(2; C) := SL(2; C)/{±E}

f : U → C
U ⊂ C Σf f

(Σf)(z) :=
f ′′′

f ′ − 3

2

(
f ′′

f ′

)2

, z ∈ U .

Σ(ΦM ◦ f) = Σf M ∈ GL(2; C)
f Σf = ϕ ΦM ◦ f

M ∈ GL(2; C)

C H

H := {τ ∈ C ; Im τ > 0} .

E

E := {z ∈ C ; |z| < 1} .

G C

G := {ϕ : G → G ; ϕ }

G



C

H

τ !−→ Mτ :=
aτ + b

cτ + d
M =

(
a b
c d

)
∈ Γ := SL(2; Z)

H
j = j(τ)

j

f : H → C

f(Mτ) = γM(τ) · f(τ) M ∈ Γ

γM(τ)
MN M (MN)τ =

M(Nτ) f(τ) %= 0

γMN(τ) = γM(Nτ) · γN(τ) M, N ∈ Γ τ ∈ H

γ

γM(τ) :=
dMτ

dτ
= (cτ + d)−2

k



f(Mτ) = (cτ + d)k · f(τ) M ∈ Γ

τ !−→ τ + 1 τ !−→ −1/τ

f(τ + 1) = f(τ) f (−1/τ) = τk · f(τ)

Gk

ϑ(τ) :=
∑

n∈Z
eπin2τ = 1 + 2 ·

∞∑

n=1

qn2
q := eπiτ τ ∈ H.

ϑ(z; τ)

∑

n∈Z
(−1)nqn2

cos(2nx)

Θ
ϑ(τ)

ϑ(0; τ)

ϑ(τ) H
ϑ : H → C

ϑ(τ + 2) = ϑ(τ) τ ∈ H

ϑ (−1/τ) =
√
τ/i · ϑ(τ) τ ∈ H



ϑ(iy)
y > 0

ϕ(t) :=
∑

n∈Z
e−π(n+t)2y , t ∈ R,

ϑ(iy) = ϕ(0) =
∑

m∈Z
αm,

αm :=

1∫

0

ϕ(t) · e−2πimt dt =

∞∫

−∞

e−πt2y · e−2πimtdt.

αm = βm(y) · e−πm2/y βm(y) :=

∞∫

−∞

e−π(t
√

y+im/
√

y)
2

dt =
1
√

y
· βm/

√
y(1).

βm(1) = β m

ϑ(iy) =
β
√

y
· ϑ
(

i

y

)
y > 0.

y = 1 β = 1 ϑ(iy) > 0
!

f(τ) := ϑ8(τ)

f(τ + 2) = f(τ) f (−1/τ) = τ 4 · f(τ)

f = ϑ8

τ !→ τ + 2 τ !→ −1/τ
H Γϑ

f(Mτ) = (cτ + d)4 · f(τ) M ∈ Γϑ.

g(τ) := 1
τ · ϑ2(τ) · ϑ2(τ + 1) · ϑ2 (1 − 1/τ)

g(τ + 1) = i · g(τ) g (−1/τ) = i · τ 3 · g(τ)

g k = 12



M 2 × 2
M =

(
a b
c d

)
τ H

τ = x + iy

SL(2; R)
H

k ∈ Z f H
Df H f H\Df

M ∈ SL(2; R) H f |M = f |kM

(f |M)(τ) := (cτ + d)−k · f(Mτ) τ ∈ H \ Df◦M

k ∈ Z

(f |M)|N = f |(MN) M, N ∈ SL(2; R)

(M, f) !→ f |M
H

f k

f H

f |kM = f M ∈ Γ

k
C M = −E

0

k

f(τ + 1) = f(τ) f (−1/τ) = τk · f(τ)

(f |M)(τ) =

(
dMτ

dτ

)k/2

· f(Mτ)

E := {z ∈ C ; |z| < 1}



C

H → E \ {0}, τ !→ z := e2πiτ ,

f H
Df

E \ {0} f̂

f(τ) = f̂ (e2πiτ ) τ ∈ H \ Df

f̂ E\{0}
f H

f̂ 0
f ∞ f̂

E

f ∞ 0
f̂ f̂ 0

f̂(z) =
∑

m≥m0

αf(m) · zm,

0
f

f(τ) =
∑

m≥m0

αf(m) · e2πimτ

γ > 0 Im τ > γ

αf(m) =

w+1∫

w

f(τ) · e−2πimτdτ

Im w > γ w w + 1

H 1 f %= 0

f ∞
γ > 0

f {τ ∈ H ; Im τ > γ}
m0 ∈ Z ε > 0 C



|f(τ)| ≤ C · e−2πm0·Im τ τ Im τ ≥ γ + ε

m0 m ∈ Z αf (m) %= 0

f H γ > 0

f̂ 0
f̂

|f̂(z)| ≤ C · |z|m0 !

m0

f̂ 0 f ∞

−m0 m0 < 0
m0 ≥ 0

m0 m0 > 0

ord∞f := m0.

f
k f k ∞

f H

f |kM = f M ∈ Γ

f ∞

f

f(τ) =
∑

m≥m0

αf(m) · e2πimτ

γ > 0 Im τ ≥ γ

f g αf + βg , α , β ∈ C f · g
∞ k

Vk C

Vk · V$ ⊂ Vk+$ für k, ( ∈ Z.

Vk = {0} k



1
f ∈ V−k 0 %= f ∈ Vk

0

K := V0

Γ
Γ[2]

g2 g3 ∆

1τ := e2πiτ

f k
k f H f ∞
f k

f : H → C

f |kM = f M ∈ Γ

f τ ∈ H Im τ ≥ γ , γ > 0

f

f(τ) =
∑

m≥0

αf (m) · e2πimτ



γ > 0 {τ ∈ H ; Im τ ≥ γ}

Mk k
Vk

f f
∞ αf(0) = 0

k Sk

Sk ⊂ Mk ⊂ Vk k ∈ Z

αf(0) = lim
y→∞

f(iy) f ∈ Mk

Mk · M$ ⊂ Mk+$, Sk · M$ ⊂ Sk+$ k, ( ∈ Z

f ∈ Mk γ > 0

f(τ) − αf(0) = O
(
e−2πIm τ

)

{τ ∈ H ; Im τ ≥ γ}

K = V0

Mk

f ∈ Mk f̃ : H → R

f̃(τ) := (Im τ)k/2 · |f(τ)| , τ ∈ H

f̃(Mτ) = f̃(τ) M ∈ Γ

f̃ Γ
F

ϕ : H → R Im τ ≥ 1
2

√
3

ϕ(Mτ) = ϕ(τ) M ∈ Γ,

ϕ H

ϕ F
ϕ H !



Mk = {0} k < 0

f τ Im τ ≥ 1
2

√
3 k

f̃ ϕ = f̃
f̃ H

f

αf(m) = e2πmy·
1∫

0

f(x + iy) · e−2πimxdx , m ≥ 0

|αf (m)| ≤ y−k/2 · e2πmy·
1∫

0

f̃(x + iy)dx ≤ C · y−k/2 · e2πmy

y C
y y → 0 αf (m) = 0
m ≥ 0 f ≡ 0 !

f ∈ Mk f̃

k > 0 f ∈ Mk

f̃ H f ∈ Sk

w ∈ H

f̃(τ) ≤ f̃(w) τ ∈ H.

f ∈ Sk

αf (m) = O
(
mk/2

)
m ∈ N.

f f̃ Im τ ≥ 1
2

√
3

f̃
αf(0) · yk/2 F k > 0

αf (0) = 0 f ∈ Sk w limy→∞ f̃(τ) = 0

f

|αf(m)| ≤ C · y−k/2 · e2πmy y > 0

y y = 1/m , m > 0

|αf(m)| ≤ C · e2π · mk/2,

!



A(H) H ∪ {∞}
f : H → C

f(τ) =
∞∑

m=0

αf (m) · e2πimτ , τ ∈ H

A(H) C
B(H) f ∈ A(H) # ≥ 0

αf (m) = O(m#) m ≥ 1

f ∈ B(H)

κ(f) := inf
{
# ≥ 0 ; αf (m) = O

(
m#
)

m ≥ 1
}

B(H) A(H) f, g ∈ B(H)
κ(f + g) ≤ max{κ(f), κ(g)}
κ(f · g) ≤ κ(f) + κ(g) + 1
f ∈ A(H) (Im τ)κ · f(τ) κ ≥ 0 H f B(H)

κ(f) ≤ κ
f ∈ Sk f B(H) κ(f) ≤ k/2
f ∈ B(H)

Df(s) :=
∞∑

m=1

αf (m) · m−s

s ∈ C Re (s) > κ(f) + 1
f(τ) = ϑ(2τ) B(H) κ(f) = 0 Df (s) = 2ζ(2s)

B(H) A(H)
f ∈ Mk

f∗ : H −→ C , τ !−→ f(−τ).

f∗ ∈ Mk f∗∗ = f f
f∗ = f f f∗ = −f

Mk

f ∈ Mk γ > 0 α
β

|f(τ)| ≤ α · e−βy τ ∈ H y ≥ γ.

f ∈ Mk ρ = 1
2 (1 + i

√
3) f(i) = 0 k %≡ 0 (mod 4) f(ρ) = 0

k %≡ 0 (mod 6)
f ∈ Sk r ∈ Q

lim
y↓0

f(r + iy) = 0.

f ∈ Mk f /∈ Sk k > 0 r ∈ Q

lim
y↓0

|f(r + iy)| = ∞.



Gk(τ) :=
∑

m,n

′
(mτ + n)−k k ≥ 3

(m, n) ∈ Z×Z (m, n) %= (0, 0)
Gk

K H γ
δ

γ · |mi + n| ≤ |mτ + n| ≤ δ · |mi + n|

m, n ∈ R τ ∈ K

m2 + n2 = 1 |mi + n| = 1

(τ, m, n) !→ |mτ + n|

K× {(m, n) ∈ R×R ; m2 +n2 = 1} γ
δ Im τ τ ∈ K

γ > 0 !

k ∈ Z k ≥ 3 Gk

Gk H

∑

m,n

′
(m2 + n2)−α α > 1

m2+n2 ≥ |mn|

∑

E

(m2 + n2)−α ≤ 4
∑

m≥1

m−2α + 4

(∑

m≥1

m−α

)2

≤ 4(ζ(2α) + ζ2(α)) < ∞

α > 1 E (Z × Z) \ {(0, 0)} !



k ∈ Z k ≥ 3 M ∈ Γ Gk|kM =
Gk

Gk(Mτ) = (cτ + d)k · Gk(τ) , τ ∈ H

(m · Mτ + n) · (cτ + d) = m′τ + n′ (m′, n′) = (m, n) · M

(m, n) (m′, n′)
!

M = −E

Gk = 0 k ≥ 3

k ≥ 4

Gk(τ) = 2ζ(k) + 2 · (2πi)k

(k − 1)!
·

∞∑

m=1

σk−1(m) · e2πimτ .

Gk

G∗
k :=

1

2ζ(k)
· Gk , k ≥ 4 ,

(m, n) ∈ (Z × Z) \ {(0, 0)}
(m, n) = (tµ, tν) t ∈ N µ, ν ∈ Z

G∗
k(τ) = 1

2 ·
∑

ggT (m,n)=1

(mτ + n)−k , k ≥ 4

G∗
k

Γ∞ := {±T n ; n ∈ Z} = {M ∈ Γ ; c = 0}

M : Γ∞ \ Γ M V
Γ Γ∞
⋃

M∈V Γ∞M = Γ Γ∞M %= Γ∞N M, N ∈ V M %= N

G∗
k(τ) =

∑

M :Γ∞\Γ

1|kM(τ) =
∑

M :Γ∞\Γ

(cτ + d)−k k ≥ 4



2ζ(k) = −(2πi)k

k!
· Bk , k ≥ 2 ,

Bk

2 4 6 8 10 12 14

Bk
1
6 − 1

30
1
42 − 1

30
5
66 − 691

2730
7
6

− 2k
Bk

−24 240 −504 480 −264 65520
691 −24

G∗
k(τ) = 1 − 2k

Bk
·

∞∑

m=1

σk−1(m) · e2πimτ , k ≥ 4 .

G∗
4(τ) = 1 + 240 ·

∞∑

m=1

σ3(m) · e2πimτ

G∗
6(τ) = 1 − 504 ·

∞∑

m=1

σ5(m) · e2πimτ

k ≥ 4

k ≥ 4
Gk ∈ Mk

Mk = C · Gk ⊕ Sk = C · G∗
k ⊕ Sk

f ∈ Mk f − αf (0) · G∗
k !

k ≥ 4 f ∈ Mk

αf (m) = −αf (0) · 2k

Bk
· σk−1(m) + O

(
mk/2

)
, m ∈ N.

!

mr ≤ σr(m) =
∑

d|m

dr = mr
∑

d|m

d−r ≤ ζ(r) · mr

r > 1



αf(m) = O(mk−1) f ∈ Mk , k ≥ 4

f /∈ Sk

Gk(i) = 0 k %≡ 0 ( mod 4)
G6(i) = 0

Gk(ρ) = 0 k %≡ 0(mod 6) G4(ρ) = 0 , ρ := 1
2(1 + i

√
3)

i(Zi + Z) = Zi + Z ρ(Zρ+ Z) = Zρ+ Z ρ2 = ρ− 1
Gk(i) =

i−k · Gk(i) Gk(ρ) = ρ−k · Gk(ρ) !

k > 2
Gk F

∆

∆ := (60G4)3 − 27(140G6)2

∆(Mτ) = (cτ + d)12 · ∆(τ) τ ∈ H M ∈ Γ

∆

∆(τ) = (2π)12 ·
∞∑

m=1

τ(m) · e2πimτ , τ ∈ H

τ(m) τ(1) = 1
τ(m)

∆ ∈ S12

∆

∆∗(τ) := (2π)−12 · ∆(τ) =
∞∑

m=1

τ(m) · e2πimτ , τ ∈ H



∆∗ =
1

1728
(G∗3

4 − G∗2
6 ).

τ(m)

m = 1015

τ(m) %= 0 m

τ(m) m ≤ 30
τ(m)

τ(mn) = τ(m) · τ(n) m, n ∈ N

τ(m)

τ(m) ≡ σ11(m) (mod 691) m ∈ N

τ(7m + 3) ≡ 0 (mod 7) τ(23m + k) ≡ 0 (mod 23) m ∈ N,



k 23

p

|τ(p)| ≤ 2p11/2.

τ(m)

j
12

j := (720 G4)3/∆ = G∗3
4 /∆∗

j ∆
H

j(Mτ) = j(τ) M ∈ Γ τ ∈ H

j(τ) = e−2πiτ +
∞∑

m=0

jm · e2πimτ , τ ∈ H

jm ∈ Z

j

j ∈ K = V0.

j(i) = 123 = 1728 , j(ρ) = 0

jm


