
C

C
z !→ z + ω , ω ∈ Ω Ω C

Ω

Ω = Zτ + Z Im τ > 0

τ

τ !→ Mτ :=
aτ + b

cτ + d
M =

(
a b
c d

)
∈ SL(2; Z)

Γ := SL(2; Z) = {M ∈ Mat(2; Z) ; det M = 1}

Γ

H := {τ ∈ C ; Im τ > 0}.



M
M ∈ SL(2; R)

Γ H

Ω g2 g3

j = j(Ω) := (12g2)3/(g3
2 − 27g2

3)

j(Ω′) = j(Ω) Ω′ = λΩ 0 %= λ ∈ C

j

Ω = Zτ + Z τ ∈ H

j(τ) := j(Zτ + Z) j

j(τ ′) = j(τ) τ ′, τ ∈ H M ∈ Γ τ ′ = Mτ

Γ\H := {Γτ ; τ ∈ H} Γτ := {Mτ ; M ∈ Γ}

Γ j

j∗ : Γ\H −→ C , j∗(Γτ) := j(τ)

Γ\H j

Γ

H
Γ

SL(2; R)
H



H C
H

2 × 2

M =

(
a b
c d

)

det M := ad − bc , Sp M := a + d ,

M t =

(
a c
b d

)
M ! =

(
d −b
−c d

)

GL(2; C)
2 × 2

GL(2; C) := {M ∈ Mat(2; C) ; det M %= 0} .

E
M ∈ GL(2; C)

M−1 =
1

det M
M ! =

1

ad − bc

(
d −b
−c a

)
.

M ∈ GL(2; C) τ ∈ C

Mτ :=
aτ + b

cτ + d

ΦM : τ !→ Mτ



C
c = 0 ΦM

c %= 0 ΦM

τ = −d/c

Mτ τM
τ M

M〈 τ〉 Mτ

L, M ∈ GL(2; C) 0 %= λ ∈ C
τ τ ′

Eτ = τ ΦE = id,

(λM)τ = Mτ , ΦλM = ΦM ,

(LM)τ = L〈Mτ〉, ΦLM = ΦL ◦ ΦM ,

Mτ ′ − Mτ =
det M

(cτ ′ + d)(cτ + d)
· (τ ′ − τ)

τ ′ − τ τ ′ → τ

Φ
′

M(τ) =
dMτ

dτ
=

det M

(cτ + d)2

L, M ∈ GL(2; C)
Mτ = Lτ τ ∈ C

0 %= λ ∈ C M = λL

Mτ = Lτ (L−1M)τ = τ
L = E

Mτ = τ
cτ 2 + (d − a)τ − b = 0

!

C

Aττ + Bτ + Bτ + C = 0 A, C ∈ R , A %= 0 B ∈ C

|B|2 > AC m
r > 0

m = −B/A r2 = (|B|2 − AC)/A2

A %= 0 |B|2 > AC
A = 0 B %= 0 C



2 × 2 M
M tJM = det M · J

Γ = {M ∈ Mat(2; Z) ; M tJM = J}

Γ
J U J4 = U3 = E

J2U = UJ2

PSL(2; Z) := SL(2; Z)/{±E}

τ !→ Jτ = −1/τ τ !→ Uτ = 1 − 1/τ
PSL(2; Z)

J T

T U

F

F :=
{
τ ∈ H ; −1

2 < Re τ ≤ 1
2 , |τ | ≥ 1 |τ | > 1 − 1

2 < Re τ < 0
}

F
F

Re τ = ±1
2

F = {τ ∈ H ; | τ | ≤ 1
2 , |τ | ≥ 1},

◦
F = {τ ∈ H ; | τ | < 1

2 , |τ | > 1}

F
i

ρ := 1
2 + 1

2i
√

3 ρ3 = −1

F

ρ2 = ρ− 1 = −ρ = −1
2 + 1

2i
√

3

F F
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Im τ ≥ 1
2

√
3 τ ∈ F.



Gk(τ) :=
∑

m,n

′
(mτ + n)−k k ≥ 3

(m, n) ∈ Z×Z (m, n) $= (0, 0)
Gk

K H γ
δ

γ · |mi + n| ≤ |mτ + n| ≤ δ · |mi + n|

m, n ∈ R τ ∈ K

m2 + n2 = 1 |mi + n| = 1

(τ, m, n) &→ |mτ + n|

K× {(m, n) ∈ R×R ; m2 +n2 = 1} γ
δ Im τ τ ∈ K

γ > 0 !

k ∈ Z k ≥ 3 Gk

Gk H

∑

m,n

′
(m2 + n2)−α α > 1

m2+n2 ≥ |mn|

∑

E

(m2 + n2)−α ≤ 4
∑

m≥1

m−2α + 4

(∑

m≥1

m−α

)2

≤ 4(ζ(2α) + ζ2(α)) < ∞

α > 1 E (Z × Z) \ {(0, 0)} !



ASYMPTOTIC FORMULAS FOR MODULAR FORMS AND
RELATED FUNCTIONS

KATHRIN BRINGMANN

1. Introduction

In this note, we aim to describe how “modularity” can be useful for studying
the asymptotic behavior of arithmetically interesting functions. We do not try
to state a complete description about what is known but rather work with
examples to give an idea about basic concepts.

Let us recall the objects of interest. In the words of Mazur,
“Modular forms are functions on the complex plane that are inordinately

symmetric. They satisfy so many symmetries that their mere existence seem
like accidents. But they do exist.”

Modular forms alluded to in this quote are meromorphic functions on the
complex upper half plane H := {· œ C, Im(·) > 0} that satisfy (if f is modular
of weight k œ Z for SL2(Z)):

(1.1) f

A
a· + b

c· + d

B

= (c· + d)kf(·)

’ ( a b

c d

) œ SL2(Z) := {( a b

c d

) œ Mat2(Z); ad ≠ bc = 1} .

Moreover, as a technical growth condition, one requires the function to be
“meromorphic at the cusps”. Note that the transformation law can be gener-
alized to subgroups, to include multipliers or half-integral weight. We do not
state the specific shape of these transformations here but we will later treat
special cases, for example in Theorem 3.14.

An important property of modular forms is that they have Fourier expan-
sions of the shape f(·) = q

nœZ a(n)e2fiin· . This follows from the transforma-
tion law (1.1), the fact that ( 1 1

0 1 ) œ SL2(Z), and the meromorphicity on H.
Meromorphicity at the cusps now says that a(n) ”= 0 for only finitely many

The research of the author was supported by the Alfried Krupp Prize for Young University
Teachers of the Krupp Foundation.
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2 KATHRIN BRINGMANN

n < 0. The coe�cients a(n) often encode interesting arithmetic information
such as the number of representations of n by a (positive definite) quadratic
form, just to give one of the numerous examples.

Modular forms play an important role in many areas like physics, represen-
tation theory, the theory of elliptic curves (in particular the proof of Fermat’s
Last Theorem), quadratic forms, and partitions, just to mention a few. Estab-
lishing modularity is of importance because it provides powerful machineries
which can be employed to prove important results. For example, identities may
be reduced to a finite calculation of Fourier coe�cients (Sturm’s Theorem),
asymptotic formulas for Fourier coe�cients can be obtained by Tauberian
Theorems or the Circle Method, and congruences may be proven by employ-
ing Serre’s theory of p-adic modular forms. In this note we are particularly
interested in asymptotic and exact formulas for Fourier coe�cients of various
modular q-series. In Section 2 we consider holomorphic modular forms, then
in Section 3 allow growth in the cusps, in Section 4 turn to mock modular
forms, and finally treat mixed mock modular forms in Section 5.

2. Classical modular forms

In this section we restrict, for simplicity, to forms of even integral weight k
for SL2(Z). For basic facts on modular forms and most of the details skipped
in this section, we refer the reader to [31].

We call a modular form a holomorphic modular form if it is holomorphic on
the upper half-plane and bounded in Œ. The space of holomorphic modular
forms of weight k is denoted by M

k

. If a holomorphic modular form expo-
nentially decays towards Œ it is called a cusp form. The associated space is
denoted by S

k

. Special holomorphic modular forms that are not cusp forms
are given by the classical Eisenstein series and they have very simple explicit
Fourier coe�cients.
Definition. Formally define for k œ N the Eisenstein series

G
k

(·) :=
ÿÕ

m,nœZ
(m· + n)≠k,

where the sum runs through all (m, n) œ Z2 \ {(0, 0)}. We note that
G2k+1(·) © 0.

Theorem 2.1. For k Ø 4 even, we have that G
k

œ M
k

.
Proof. (sketch)
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Step 1: Prove compact convergence.
Step 2: Apply modular transformations and reorder.

⇤
Remark. We also require a normalized version of the Eisenstein series. For this
set �Œ := {( 1 n

0 1 ) ; n œ Z} and for M = ( a b

c d

) œ SL2(R), k œ Z, and f : H æ C
we let the Petersson slash operator be given by

f |
k

M(·) := (c· + d)≠kf

A
a· + b

c· + d

B

.

Define for k Ø 4 an even integer

E
k

(·) := 1
2

ÿ

Mœ�Œ\SL
2

(Z)
1|

k

M(·),

where the sum runs through a complete set of representatives of right cosets
of �Œ in SL2(Z). We have that

E
k

(·) = 1
2’(k)G

k

(·),

where ’(s) := q
nØ1

1
n

s

(Re(s) > 1) denotes the Riemann zeta function. Indeed,
it is not hard to see that a set of representatives of �Œ \ SL2(Z) may be given
by IA

ı ı
c d

B

œ SL2(Z); (c, d) = 1
J

.

Thus

E
k

(·) = 1
2

ÿ

(c,d)=1
(c· + d)≠k = 1

2’(k)
ÿ

rØ1
r≠k

ÿ

(c,d)=1
(c· + d)≠k

= 1
2’(k)

ÿ

(c,d)=1

rœN

(cr· + dr)≠k.

Now (cr, dr) runs through Z2 \ {(0, 0)} if r runs through N and (c, d) through
Z2 under the restriction that (c, d) = 1. This gives the claim.

We next turn to computing the Fourier expansion of the Eisenstein series.

Theorem 2.2. We have the Fourier expansion for k Ø 4 even

E
k

(·) = 1 ≠ 2k

B
k

ÿ

nØ1
‡

k≠1(n)e2fiin· ,
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where ‡
¸

(n) := q
d|n d¸ and B

k

is the kth Bernoulli number given by the gen-
erating function

x

ex ≠ 1 =
ÿ

nØ0
B

n

xn

n! .

Proof. We instead compute the Fourier expansion of G
k

and then use that for
k even

’(k) = (≠1) k

2

+1 (2fi)kB
k

2k! .

Due to the absolute convergence of the Eisenstein series we may reorder

(2.1) G
k

(·) =
ÿÕ

m,nœZ
(m· + n)≠k =

ÿ

n ”=0
n≠k +

ÿ

m ”=0

ÿ

nœZ
(m· + n)≠k

= 2’(k) + 2
ÿ

m>0

ÿ

nœZ
(m· + n)≠k.

Now it is well-known by the Lipschitz summation formula (cf. pp. 65–72 of
[30]) that

ÿ

nœZ
(· + n)≠k = (≠2fii)k

(k ≠ 1)!
ÿ

nØ1
nk≠1e2fiin· .

This gives that the second term in (2.1) equals
2(2fii)k

(k ≠ 1)!
ÿ

mØ1

ÿ

dØ1
dk≠1e2fiimd· = 2(2fii)k

(k ≠ 1)!
ÿ

mØ1

ÿ

d|m
dk≠1e2fiim· ,

which gives the claim. ⇤
Examples. We have the following special cases

E4(·) = 1 + 240
ÿ

nØ1
‡3(n)e2fiin· ,

E6(·) = 1 ≠ 504
ÿ

nØ1
‡5(n)e2fiin· ,

E8(·) = 1 + 480
ÿ

nØ1
‡7(n)e2fiin· .

We next turn to bounding Fourier coe�cients of holomorphic modular forms.
For this we split the space M

k

into an Eisenstein series part and a cuspidal
part.
Theorem 2.3. Assume that k Ø 4 is even. Then we have that

M
k

= CE
k

ü S
k

.
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Proof. Assume f(·) = q
nØ0 a(n)e2fiin· œ M

k

. Then
f ≠ a(0)E

k

œ S
k

.

⇤
Since the coe�cients of the Eisenstein series part were given explicitly in

Theorem 2.2, we next turn to bounding coe�cients of cups forms.

Theorem 2.4. (Hecke bound) For f(·) = q
nØ1 a(n)e2fiin· œ S

k

with k > 0,
we have

a(n) = O
3

n
k

2

4
.

Proof. It is not hard to see that the function
Âf(·) := Im(·) k

2 |f(·)|
is bounded on H. Indeed one can show that Âf is invariant under SL2(Z) and
one may then bound Âf for su�ciently large imaginary part. Using Cauchy’s
Theorem, we may write for n Ø 1

a(n) = e2finy

⁄ 1

0
f(x + iy)e≠2fiinxdx,

where y > 0 may be chosen arbitrary. This yields that

|a(n)| Æ y≠ k

2 e2finy

⁄ 1

0
Âf(x + iy)dx Æ cy≠ k

2 e2finy

for some constant c > 0 (independent of y). Picking y = 1
n

gives

|a(n)| Æ cn
k

2 e2fi = O
3

n
k

2

4
.

⇤
Remark. The Ramanujan-Petersson Conjecture predicts that for f œ S

k

we
have for any Á > 0 the (optimal) estimate

a(n) π
Á,f

n
k≠1

2

+Á.

For integral weight k Ø 2 this conjecture was proven by Deligne using highly
advanced techniques from algebraic geometry. His method begins with the
fact that the vector space of cusp forms has a basis of common eigenfunctions
of the so-called Hecke algebra and that the Fourier coe�cients of these forms
coincide with the eigenvalues.
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Corollary 2.5. Assume k Ø 4 is even and f(·) = q
nØ0 a(n)e2fiin· œ M

k

.
Then

a(n) = ≠a(0) 2k

B
k

‡
k≠1(n) + O

3
n

k

2

4
.

Proof. The claim follows directly by combining Theorem 2.3 and Theorem
2.4. ⇤
Remark. We have that

nr Æ ‡
r

(n) =
ÿ

d|n
dr = nr

ÿ

d|n
d≠r Æ nr

ÿ

dØ1
d≠r = ’(r)nr.

In particular we have for k Ø 4 that for f œ M
k

a(n) = O
1
nk≠1

2

and if f ”œ S
k

, this bound cannot be improved.
We next turn to defining explicit cusp forms whose construction generalizes

that of Eisenstein series.
Definition. For k œ N and n œ N0, formally define the Poincaré series

P
k,n

(·) :=
ÿ

Mœ�Œ\SL
2

(Z)
e2fiin·

----
k

M.

Note that
P

k,0(·) = 2E
k

(·).
A calculation similar to the proof of Theorem 2.1 gives the modularity of these
functions.
Theorem 2.6. For k Ø 3 the Poincaré series P

k,n

converges uniformly on
every vertical strip in H. In particular P

k,n

œ M
k

and for n > 0 we have
P

k,n

œ S
k

.
Poincaré series turn out to be useful as they have explicitely computable

Fourier expansions and integrating cusp forms against them recovers Fourier
coe�cients of these forms.

To precisely state this result, we require the Petersson inner product. To
define this, note that for f, g œ M

k

dµ := dxdy

y2 ,

f(·)g(·)yk
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are invariant under SL2(Z).

Definition. A subset F µ H is called a fundamental domain of SL2(Z) if the
following hold:

(i) F is closed.
(ii) For every · œ H there exists M œ SL2(Z) such that M· œ F .
(iii) If · and M· (M œ SL2(Z)) are in the interior of F , then M = ± ( 1 0

0 1 ).

We also require the following explicit fundamental domain.

Theorem 2.7. The following is a fundamental domain of SL2(Z):

F :=
I

· œ H; |· | Ø 1, |Re(·)| Æ 1
2

J

.

Remark. Note that if · = x + iy œ F , then y Ø
Ô

3
2 .

Definition. For f œ M
k

and g œ S
k

, formally define the Petersson inner
product

(2.2) Èf, gÍ :=
⁄

F
f(·)g(·)ykdµ.

Later we also require a regularized version of this inner product. To give
this, denote for T > 0

F
T

:=
I

· œ H; |x| Æ 1
2 , |· | Ø 1, y Æ T

J

.

Following [7], we define the regularized inner product Èf, gÍreg of forms f, g
which transform like modular forms of weight k but may grow at the cusps. To
be more precise we let Èf, gÍreg be the constant term in the Laurent expansion
at s = 0 of the meromorphic continuation in s of

lim
T æŒ

⁄

F
T

g(·)f(·)yk≠sdµ,

if it exists. Note that if f œ M
k

and g has vanishing constant term, then we
have
(2.3) Èf, gÍreg = lim

T æŒ

⁄

F
T

g(·)f(·)ykdµ.

The following theorem may be easily verified.

Theorem 2.8. The integral (2.2) is absolutely convergent and the following
conditions hold:
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(i) Èf, gÍ = Èg, fÍ;
(ii) Èf, gÍ is C-linear in f ;

(iii) Èf, fÍ Ø 0 and moreover Èf, fÍ = 0 … f © 0.

In particular, integrating against Poincaré series yields the Fourier coe�-
cients of cusp forms.

Theorem 2.9. (Petersson coe�cient formula) For f(·) = q
mØ1 a(m)e2fiim· œ

S
k

, we have

Èf, P
k,n

Í =
Y
]

[
0 for n = 0,

(k≠2)!
(4fin)k≠1

a(n) for n Ø 1.

In particular E
k

‹S
k

with respect to the Petersson scalar product.

Proof. We only argue formally and ignore questions of convergence. We have

(2.4) Èf, P
k,n

Í =
⁄

F
f(·)

ÿ

Mœ�Œ\SL
2

(Z)
e2fiin·

---
k

Mykdµ

=
ÿ

Mœ�Œ\SL
2

(Z)

⁄

F
f

---
k

M(·)e2fiin·

---
k

Mykdµ =
⁄
t

Mœ�Œ\SL

2

(Z)

MF
f(·)e2fiin·ykdµ.

Note that fi
Mœ�Œ\SL

2

(Z)MF is a fundamental domain for the action of �Œ on
H and that f(·)e2fiin·yk is invariant under the action of �Œ. Thus we may
change fi

Mœ�Œ\�MF into
{· = x + iy; 0 Æ x Æ 1, y > 0} .

This gives that (2.4) equals
⁄ Œ

0

⁄ 1

0
f(·)e≠2fiin·yk≠2dxdy =

ÿ

mØ1
a(m)

⁄ Œ

0
e≠2fi(n+m)yyk≠2dy

⁄ 1

0
e2fii(m≠n)xdx.

Now the claim follows by using that
⁄ 1

0
e2fii¸xdx =

I
1 if ¸ = 0,
0 otherwise,

⁄ Œ

0
e≠ttk≠2dt = (k ≠ 2)!.

⇤
To show that the Poincaré series constitute a basis of S

k

, we first require
the Valence formula (see [31] for a proof).
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Theorem 2.10. If f ”© 0 is a meromorphic modular form of weight k œ Z, we
have with fl := e

2fii

3

ord(f ; Œ) + 1
2ord(f ; i) + 1

3ord(f ; fl) +
ÿ

zœ�\H
z ”©i,fl (mod �)

ord(f ; z) = k

12 ,

where ord(f ; Œ) = n0 if f(·) = qŒ
n=n

0

a(n)qn with a (n0) ”= 0.
One can conclude from Theorem 2.10 the following dimension formulas, the

proof is omitted here.
Corollary 2.11. For k œ N0, we have

dim M2k

=

Y
_]

_[

Í
k

6

Î
+ 1 if k ”© 1 (mod 6),

Í
k

6

Î
if k © 1 (mod 6),

dim S
k

=

Y
____]

____[

Í
k

6

Î
if k ”© 1 (mod 6),

Í
k

6

Î
≠ 1 if k © 1 (mod 6), k Ø 7,

0 if k = 1.

This easily gives the basis property of the Poincaré series.
Corollary 2.12. (Completeness theorem) Let k Ø 4 even and d

k

:= dim(S
k

).
Then a basis of S

k

is given by
{P

k,n

; n = 1, . . . , d
k

} .

In particular, M
k

has a basis consisting of Eisenstein series and Poincaré
series.
Proof. Set S := span {P

k,1, . . . , P
k,d

k

} µ S
k

and f œ S
k

such that f‹S with
respect to the Petersson inner product. Then f has a Fourier expansion of the
shape f(·) = q

mØd

k

+1 a(m)e2fiim· . From Corollary 2.11 we know the precise
shape of d

k

, yielding a contradiction to Theorem 2.10. To be more precise, we
have for k ”© 2 (mod 12)

d
k

+ 1 =
E

k

12

F

+ 1 >
k

12 = ord(f ; Œ) +
ÿ

zœ�\H
ord(f ; z) Ø d

k

+ 1.

For k © 2 (mod 12), we get
k

12 = d
k

+ 1 + 1
6 .


