
2 × 2 M
M tJM = det M · J

Γ = {M ∈ Mat(2; Z) ; M tJM = J}

Γ
J U J4 = U3 = E

J2U = UJ2

PSL(2; Z) := SL(2; Z)/{±E}

τ #→ Jτ = −1/τ τ #→ Uτ = 1 − 1/τ
PSL(2; Z)

J T

T U

F

F :=
{
τ ∈ H ; −1

2 < Re τ ≤ 1
2 , |τ | ≥ 1 |τ | > 1 − 1

2 < Re τ < 0
}

F
F

Re τ = ±1
2

F = {τ ∈ H ; | τ | ≤ 1
2 , |τ | ≥ 1},

◦
F = {τ ∈ H ; | τ | < 1

2 , |τ | > 1}

F
i

ρ := 1
2 + 1

2i
√

3 ρ3 = −1

F

ρ2 = ρ− 1 = −ρ = −1
2 + 1

2i
√

3

F F
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.

.

.

.

.

.

.

.

.

.

.

Im τ ≥ 1
2

√
3 τ ∈ F.



∆(τ) != 0 τ ∈ H Sk = ∆ · Mk−12 k ≥ 0
Sk = {0} k < 12 M0 = C, M2 = {0} Mk = C · Gk = C · G∗

k k = 4, 6, 8, 10
k ≥ 0

dimC Mk =






[ k
12 ], k ≡ 2 (mod 12),

[ k
12 ] + 1, k !≡ 2 (mod 12).

f != 0 k
f ∈ Vk w ∈ H

f(τ) =
∑

m≥r

γ(m) · (τ − w)m , γ(r) != 0

w
f w

ordw f := r

f w

f !≡ 0 H

ordz f |kM = ordMz f z ∈ H M ∈ SL(2; R).

0 != f ∈ Vk

ordz f = ordMz f z ∈ H M ∈ Γ.

w g

f(τ) = (τ − w)r · g(τ) g(w) != 0.

M ∈ Γ z := M−1w

(f |kM)(τ) = (cτ + d)−k · (Mτ − Mz)r · g(Mτ) = (τ − z)r · h(τ),

h(τ) = (cτ + d)−k−r · (cz + d)−r · g(Mτ) .

h z h(z) != 0 !

f ∞ f

f(τ) =
∑

m≥m0

αf (m) · e2πimτ , αf(m0) != 0



ord∞ f := m0

ordw f w

F∗ := F ∪ {∞}

w ∈ F∗

ord w :=






2 w = i,
3 w = ρ,
1 .

2 · ord w w ∈ F
w

Γw = {M ∈ Γ ; Mw = w}

f != 0 k

∑

w∈F∗

1

ord w
· ordw f =

k

12
.

f
F∗

0 != f ∈ Vk

f

∫

γ

F (τ)dτ F := f ′/f

γ
F

w ∈ H

reswF = ordw f

f τ
f ′ f

F

F (τ) = 2πi · ord∞ f +
∑

m≥1

αF (m) · e2πimτ

γ F



•
••

••

••

<

>

∨
∧

γ0γ′1 γ1

κ′1 κ1

γ′1 γ1

κ4

κ′2 κ2
κ′3

κ3

γ′2 γ2

γ′2 γ2i
−1

z z ρ

ww − 1

ρ2

F f
κ κ′

ε > 0 F ε
f

ε γ
γν , γ′ν κµ, κ′µ

γ0 f {τ ∈ H ; Im τ ≥ y0}

γ

2πi ·
∑

w∈
◦
F

ordw f =

∫

γ

F (τ)dτ

ε
ε→ 0

γ
F

f(Mτ) = (cτ+d)k ·f(τ)

F (Mτ) · dMτ

dτ
=

kc

cτ + d
+ F (τ) M ∈ Γ.

γ′ν γν

∫

γ0

F (τ)dτ = −2πi · ord∞ f.



∫

γ′
1

F (τ)dτ +

∫

γ1

F (τ)dτ = 0 ε

F (τ+1) = F (τ)
τ +→ τ + 1 γ′1 −γ1

M = J =
(

0 −1
1 0

)

F (Jτ) · dJτ

dτ
=

k

τ
+ F (τ),

∫

Jσ

F (τ)dτ =

∫

σ

F (Jτ) · dJτ

dτ
dτ = k ·

∫

σ

dτ

τ
+

∫

σ

F (τ)dτ

σ H F

γ′2 = −(Jγ2)

∫

γ′
2

F (τ)dτ +

∫

γ2

F (τ)dτ = −k ·
∫

γ2

dτ

τ
.

lim
ε→0

{ ∫

γ′
2

F (τ)dτ +

∫

γ2

F (τ)dτ

}
= −k ·

ρ∫

i

dτ

τ
= 2πi · k

12
.

κ′µ κµ κ′3 κ3

−1/z z

lim
ε→0

{ ∫

κ′
3

F (τ)dτ +

∫

κ3

F (τ)dτ

}
= −2πi · ordz f

lim
ε→0

{ ∫

Jκ′
3

F (τ)dτ +

∫

κ3

F (τ)dτ

}

|τ − z| = ε
−2πi · reszF



lim
ε→0

∫

κ2

F (τ)dτ = −2πi

6
· ordρ f = lim

ε→0

∫

κ′
2

F (τ)dτ

−resρF · lim
ε→0

∫

κ2

dτ

τ − ρ
.∗

α = α(ε) ∈ R

|eiα − ρ| = ε ,
π

3
< α <

π

2
,

ϕ = ϕ(ε)
eiα ρ + iε

∗ τ = ρ+ εeit , π
2 + ϕ ≤

t ≤ π
2 ∗

i · ordρ f · lim
ε→0

ϕ(ε) = −πi

3
· ordρ f

• ρ

•
eiα

•ρ+iε

...............................................................................................................................................................
.........
.........
.........
........
........
.........
.........
........
........
.........
.........
........
........
.........
.........
........
........
.........
.........
........
........
.........
.........
......

.................
.................

.................
..................

..................
...................

...................
....................

.....................
......................

......................
.......................

........................
...

..........
..........
...........
...........
............
.............
..............
.................

.....................
................................................

....................................................................

κ2

ϕ

............

....

κ2

lim
ε→0

∫

κ4

F (τ)dτ = −2πi

2
· ordi f

∫

κ′
1

F (τ)dτ +

∫

κ1

F (τ)dτ = −2πi · ordw f

!

0 != f ∈ Vk

6 if + 4 ρf ≡ k (mod 12), if ≡ k/2 (mod 2) ρf ≡ k/2 (mod 3).

0 != f ∈ K if ρf 3
f ∈ K H ∞



8 KATHRIN BRINGMANN

(i) Èf, gÍ = Èg, fÍ;
(ii) Èf, gÍ is C-linear in f ;

(iii) Èf, fÍ Ø 0 and moreover Èf, fÍ = 0 … f © 0.

In particular, integrating against Poincaré series yields the Fourier coe�-
cients of cusp forms.

Theorem 2.9. (Petersson coe�cient formula) For f(·) = q
mØ1 a(m)e2fiim· œ

S
k

, we have

Èf, P
k,n

Í =
Y
]

[
0 for n = 0,

(k≠2)!
(4fin)k≠1

a(n) for n Ø 1.

In particular E
k

‹S
k

with respect to the Petersson scalar product.

Proof. We only argue formally and ignore questions of convergence. We have

(2.4) Èf, P
k,n

Í =
⁄

F
f(·)

ÿ

Mœ�Œ\SL
2

(Z)
e2fiin·

---
k

Mykdµ

=
ÿ

Mœ�Œ\SL
2

(Z)

⁄

F
f

---
k

M(·)e2fiin·

---
k

Mykdµ =
⁄
t

Mœ�Œ\SL

2

(Z)

MF
f(·)e2fiin·ykdµ.

Note that fi
Mœ�Œ\SL

2

(Z)MF is a fundamental domain for the action of �Œ on
H and that f(·)e2fiin·yk is invariant under the action of �Œ. Thus we may
change fi

Mœ�Œ\�MF into
{· = x + iy; 0 Æ x Æ 1, y > 0} .

This gives that (2.4) equals
⁄ Œ

0

⁄ 1

0
f(·)e≠2fiin·yk≠2dxdy =

ÿ

mØ1
a(m)

⁄ Œ

0
e≠2fi(n+m)yyk≠2dy

⁄ 1

0
e2fii(m≠n)xdx.

Now the claim follows by using that
⁄ 1

0
e2fii¸xdx =

I
1 if ¸ = 0,
0 otherwise,

⁄ Œ

0
e≠ttk≠2dt = (k ≠ 2)!.

⇤
To show that the Poincaré series constitute a basis of S

k

, we first require
the Valence formula (see [31] for a proof).
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Theorem 2.10. If f ”© 0 is a meromorphic modular form of weight k œ Z, we
have with fl := e

2fii

3

ord(f ; Œ) + 1
2ord(f ; i) + 1

3ord(f ; fl) +
ÿ

zœ�\H
z ”©i,fl (mod �)

ord(f ; z) = k

12 ,

where ord(f ; Œ) = n0 if f(·) = qŒ
n=n

0

a(n)qn with a (n0) ”= 0.
One can conclude from Theorem 2.10 the following dimension formulas, the

proof is omitted here.
Corollary 2.11. For k œ N0, we have

dim M2k

=

Y
_]

_[

Í
k

6

Î
+ 1 if k ”© 1 (mod 6),

Í
k

6

Î
if k © 1 (mod 6),

dim S
k

=

Y
____]

____[

Í
k

6

Î
if k ”© 1 (mod 6),

Í
k

6

Î
≠ 1 if k © 1 (mod 6), k Ø 7,

0 if k = 1.

This easily gives the basis property of the Poincaré series.
Corollary 2.12. (Completeness theorem) Let k Ø 4 even and d

k

:= dim(S
k

).
Then a basis of S

k

is given by
{P

k,n

; n = 1, . . . , d
k

} .

In particular, M
k

has a basis consisting of Eisenstein series and Poincaré
series.
Proof. Set S := span {P

k,1, . . . , P
k,d

k

} µ S
k

and f œ S
k

such that f‹S with
respect to the Petersson inner product. Then f has a Fourier expansion of the
shape f(·) = q

mØd

k

+1 a(m)e2fiim· . From Corollary 2.11 we know the precise
shape of d

k

, yielding a contradiction to Theorem 2.10. To be more precise, we
have for k ”© 2 (mod 12)

d
k

+ 1 =
E

k

12

F

+ 1 >
k

12 = ord(f ; Œ) +
ÿ

zœ�\H
ord(f ; z) Ø d

k

+ 1.

For k © 2 (mod 12), we get
k

12 = d
k

+ 1 + 1
6 .
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Thus ord(f ; Œ) = d
k

+ 1 and
ÿ

zœ�\H
ord(f ; z) = 1

6

which is impossible. ⇤
We next compute the Fourier coe�cients a

n

(m) of the Poincaré series P
k,n

.
For this, we require some special functions. Define the Kloosterman sums

S (m, n; c) :=
ÿ

a (mod c)ı

e2fii

am+an

c ,

where the sum runs over all a (mod c) that are coprime to c and a denotes
the multiplicative inverse of a (mod c). Moreover, we let J

r

be the J-Bessel
function of order r, defined by

J
r

(x) :=
ÿ

¸Ø0

(≠1)¸

¸!� (¸ + 1 + r)

3x

2

4
r+2¸

,

where �(x) denotes the usual gamma-function.
Theorem 2.13. We have for n œ N

(2.5) a
n

(m) =
3m

n

4 k≠1

2

Q

a”
m,n

+ 2fii≠k

ÿ

cØ1
c≠1S (n, m; c) J

k≠1

A4fi
Ô

mn

c

BR

b ,

where
”

m,n

:=
I

1 if m = n,
0 otherwise.

Proof. We again use that a set of representatives of �Œ\SL2(Z) is given by
IA

ı ı
c d

B

œ SL2(Z); (c, d) = 1
J

.

The contribution for c = 0 is easily seen to give the first summand in (2.5).
For c ”= 0 we use the identity

a· + b

c· + d
= a

c
≠ 1

c2
1
· + d

c

2

and change d ‘æ d + mc, where d runs (mod c)ı and m œ Z. This gives

P
k,n

(·) = e2fiin· + 2
ÿ

cØ1
c≠k

ÿ

d (mod c)ı

e
2fiina

c F
A

· + d

c

B

,
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where a is defined by ad © 1 (mod c) and

F(·) :=
ÿ

mœZ
e

≠ 2fiin

c

2

(·+m) (· + m)≠k .

Now the classical Poisson summation formula yields that

F(·) =
ÿ

mœZ
a(m)e2fiim·

with
a(m) =

⁄

Im(·)=C
·≠ke≠ 2fiin

c

2

·

≠2fiim· d·

with C > 0 arbitrary. For m Æ 0 we can deform the path of integration
up to infinity yielding that a(m) = 0 in this case. For m > 0 we make the
substitution · = ic≠1(n/m) 1

2 w to get

a(m) = i≠k≠1ck≠1
3m

n

4 k

2

≠ 1

2

⁄ C+iŒ

C≠iŒ
w≠ke

2fi

c

Ô
mn(w≠w

≠1)dw.

The claim follows using that for µ, Ÿ > 0 the functions

t ‘æ (t/Ÿ)
µ≠1

2 J
µ≠1

1
2
Ô

Ÿt
2

, (t > 0)

and
w ‘æ w≠µe≠ Ÿ

w , (Re(w) > 0)
are inverses of each other with respect to the usual Laplace transform (8.412.2
of [23]). ⇤

3. Weakly holomorphic modular forms

We next turn to weakly holomorphic modular forms which are still holomor-
phic on H but allow poles at the “cusps”. The Fourier coe�cients of such forms
are growing much faster than those of holomorphic forms. Let us in particular
describe this in the situation of the partition function.

Recall that a partition of a positive integer n is a nondecreasing sequence of
positive integers (the parts of the partition) whose sum is n. Let p(n) denote
the number of partitions of n. For example, the partitions of 4 are

4 3 + 1 2 + 2 2 + 1 + 1 1 + 1 + 1 + 1
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so that p(4) = 5. The partition function is very rapidly increasing. For example
we have that

p(3) = 3,

p(4) = 5,

p(10) = 42,

p(20) = 627,

p(100) = 190569292.

A key observation by Euler is the product identity

P (q) := 1 +
ÿ

nØ1
p(n)qn =

Ÿ

nØ1

1
1 ≠ qn

.

One can show that for |q| < 1, the function P is holomorphic. Using Euler’s
identity one can embed the partition function into the modular world using
the Dedekind ÷-function (q = e2fii· )

÷(·) := q
1

24

Ÿ

nØ1
(1 ≠ qn) .

This function is a modular form of weight 1/2. To be more precise, we have
the following transformation laws (see e.g. [31]).
Theorem 3.14. We have

÷(· + 1) = e
fii

12 ÷(·),

÷

A

≠1
·

B

=
Ô

≠i·÷(·).

Theorem 3.14 in particular gives the asymptotic behavior of ÷ as · æ 0. To
be more precise, Theorem 3.14 implies that

P (q) ≥
Ô

≠i·e
fii

12· (· æ 0).
We moreover note that the coe�cients p(n) are easily seen to be positive and
monotonic. From this, we may conclude the growth behavior of p(n) using a
Tauberian Theorem due to Ingham [27].
Theorem 3.15. Assume that f(·) := qn

0

q
nØ0 a(n)qn is a holomorphic func-

tion on H, satisfying the following conditions:
(i) For all n œ N0, we have

0 < a(n) Æ a(n + 1).


