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1! 2&# Ω = Zω1 + Zω2 &#- 3#**&$ #- C (-% δ %&$ 4($67&88&$ 9:;!0 4/-- )#<*

δ(ω1, ω2) = max{|ω1 + ω2|, |ω1 − ω2|}.

=! 2&# Ω = Zω1 + Zω2 &#- 3#**&$ #- C 7#* τ := ω1/ω2 ∈ C \ R , |τ | ≥ 1> |Re τ | ≤ 1

2
:+)<0  !0

4/-- )#<*
δ(ω1, ω2) ≤ δ(ω′1, ω

′
2) ?@$ A&%& B/8#8 (ω′1, ω

′
2) +,- Ω.

C! 2&# Ω &#- 3#**&$ #- C (-% C ∈ R0 4/-- )#D* &8 &#-& B/8#8 ω1, ω2 +,- Ω 7#* δ(ω1, ω2) > C0
9! 2&#&- a, b ∈ R D&#%& E,8#*#+0 F@$ ρ > 0 8&#

e(ρ) := ♯
{

(x, y) ∈ Z× Z ;
(

x
a

)2
+

(

y
b

)2 ≤ ρ
}

%#& G-'/6< %&$ )/-'&- H(-I*& #--&$6/<D %&$ J<<#E8&0 4/-- )#D* &8 &#- c > 0> 8, %/88

|e(ρ)− abπρ2| ≤ cρ ?@$ /<<& ρ ≥ 10

;K! J#- /-%&$&$ B&"&#8 %&8 L,-+&$)&-'MN&77/8 9 +&$<O(?* "#& ?,<)*P
:#! J8 )&-@)*> %/8 3#**&$ Ω = Zi + Z '( D&*$/6*&-0
:##! 2&# α > 10 4/-- )#D* &8 0 < c′ < c> 8, %/88 ?@$ /<<& 0 6= m ∈ Z )#<*P

c′ · |m|1−α ≤
∑

n∈Z

(m2 + n2)−α/2 ≤ c · |m|1−α.

:###! ./- ?,<)&$& %#& B&6/(E*(-) %&8 L,-+&$)&-'MN&77/8 /(8 :#! (-% :##!0
;;! 2&# Ω = Zω1 + Zω2 &#- 3#**&$ #- C0 4/-- )#<* ?@$ α > 2

∑

06=ω∈Ω

|ω|−α =
∑

06=g∈Z
2

(gtSg)−α/2 , S =

(

|ω1|2 Re (ω1ω2)
Re (ω1ω2) |ω2|2

)

.

;Q! 2&# k ∈ Z , k > 20 J8 )#<* Gk(Ω) = 0> ?/<<8 Ω = Zi + Z (-% k 6≡ 0(mod 4) ,%&$ Ω =

Z
1

2
(1 + i

√
3) + Z (-% k 6≡ 0(mod 6)0
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53'-%& 9,.0(#3.&. f 6#*( 5#( Per f = Ω :;61< "&5&'0,.6 =<>?< @.(&' A&' B.8
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I. A#&$&5 J+'+6'+H&. $&# Ω = Zω1 + Zω2 $(&($ &#. 7#((&' #. C<

 ! "#$%& "'(&)$+,-%&) &..'/%'$+&# 01)2%'3)&)! C#.& 5&'353'-%& 9,.08
(#3. f +,H C %&#K(  !!"#$"%' 3A&' ()## !$*# +")("%' *&4)61#% Ω2 E&.. Ω #.
A&' L&.6& Per f A&' J&'#3A&. ;3. f :;61< =< ? &.(%+1(&. #$(M Ω ⊂ Per f < F+$
*&A&,(&( +1$3

:=? Df + ω = Df H)' +11& ω ∈ Ω2

: ? f(z + ω) = f(z) H)' +11& ω ∈ Ω ,.A z ∈ C \Df <
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"#$%&'&%$(%&$ )*# +(%& , - .%&*&$/ .*00 .(% 12%(+4#5 67& *22% z 4#. ω 5%2$%#
)85%/ 67& 9%2+% :%(.% ;%($%# 0(##<=22 0(#./ 0= (0$ ,>- %(#% ?=25% <=# , -@ A(%
B%.(#54#5%# ,>- 4#. , - 0(#. 0(+%& %&6722$/ 9%## 0(% 67& %(#% B*0(0 <=# Ω &(+$(5
0(#.@ C0 :%D%(+#% K(Ω) .(% E%#5% .%& :%D752(+ Ω %22('$(0+%# ?4#F$(=#%#@

?7& 0 6= f ∈ M 4#. c ∈ C +*$ )*# :%F*##$2(+ ,G@  !""!#$/ 1@ %'(")*
'!# H II ℄/ > @>@K- %(#% +)(#!,$L !"#$&'(!) .%& ?=&)

f(z) =
∑

n≥m

an(z − c)n , am 6= 0, m ∈ Z,

.(% (# %(#%& '4#F$(%&$%# M)5%:4#5 <=# c #=&)*2/ 0'%D(%22 *20= 2=F*2N52%(+)OP(5
F=#<%&5(%&$@ Q(%& 0(#. .(% *+,!(!) -.! f $! c 9(% (# >@>,K- .4&+ ordc f := m

4#. .*0 /01$,((2 -.! f $! c .4&+ rescf := a−1 %&F2O&$@

?7& f ∈ K(Ω)/ ω ∈ Ω 4#. z *40 %(#%& 5%%(5#%$%# M)5%:4#5 <=# c + ω +*$
)*#

f(z) = f(z − ω) =
∑

n≥m

an(z − [c + ω])n

4#. %0 6=25$ .*+%&

,K- ordc+ω f = ordc f 0=9(% resc+ωf = rescf @

A*)($ (0$ 0'%D(%22 )($ c *4+ c+ω , ω ∈ Ω/ %(# R=2 ,:D9@ %(#% S4220$%22% =.%& %(#%
wN;$%22%- <=# f ∈ K(Ω)@ A* 0(+ .(% R=2% (# F=)'*F$%# E%#5%# #(+$ +O46%#
F8##%#/ +*$ )*# D40*))%#5%6*00$ .(%

 !"#"$%&%"'(3$0 0''$4"$150! 6(!&"$.!0!K(Ω) 7089)'$5 Ω 7$',0! 0$!0! :!"0+;
&<+40+ ,01 =<+40+1 M >''0+ 20+.2.+450! 6(!&"$.!0! >(? C@ ,0+ ,$0 &.!1">!"0!
6(!&"$.!0! 0!"5A'"B C0,01 f ∈ K(Ω) 5>" $! D0,02 E0+$.,0!4>+>''0'.)+>22 !(+
0!,'$5 -$0'0 E.'0B

C(# B2(F *46 ,>- 4#. , - %&5(:$ .*0 %(#6*+%/ *:%& 9(+$(5%

)*++,( F$" f(z) )05<+0! >(5

f ′(z) (!, g(z) := f(nz + w) 2$" 0 6= n ∈ Z , w ∈ C 6%0$,

D4 K(Ω)@

-( .%* /%*! 01&2* /"'  !"#$!%%&( ") T*+&% >UVW :%)%&F$% T@ +-.(/-00!
,>UIXL>UU -/ .*00 67& %22('$(0+% ?4#F$(=#%# %&+%:2(+%/ D4#O+0$ #(+$ %&F%##N
:*&% C(#0+&O#F4#5%# 5%2$%# ,T@ G%(#% Y#5%9@ E*$+@ 33/  WWLK>I ,>UUI--Z

0,&2 4( G1" f ∈ K(Ω) 5.'.2.+45@ ,>!! $1" f &.!1">!"B

H0#0$1B ;%( P %(# R%&(=.%#'*&*22%2=5&*))@ A* .%& Y:0+2400 <=# P F=)'*F$
(0$/ 5(:$ %0 %(# C > 0 )($ |f(z)| ≤ C 67& z ∈ P @ "0$ z ∈ C :%2(%:(5/ 0= 5(:$ %0
#*+ R&='=0($(=# >@[Y %(# ω ∈ Ω )($ z + ω ∈ P @ A*)($ 6=25$

|f(z)| = |f(z + ω)| ≤ C,
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 !"# $%  !" f ∈ K(Ω) #$% P &'$ (&)'*%&$+,),--&-*.),//0 %,$$ .'-"
∑

c∈P

rescf = 0.9DC

1&2&'!3 E)F). D9AC &.$ G,#H#"101#.
D2!I 1"0 $1) 6&44) 9DC ).$51+ &.$
&.%(+-.F1F 8#. $), E%+5 8#. P 2 6)1
%5"# u "# F)J-+50; $%"" %&' $)4 :%.$
∂P 8#. P /)1.) 61.F&5%,10-0). 51)K
F).2
L%. 1.0)F,1),0 .&. f M(), $). :%.$
∂P 2 3%+ $)4 :)"1$&)."%07 F150
$%..
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I((2 NO P.0)F,%01#."J)F

± 2πi
∑

c∈P

rescf =

u+ω1
∫

u

f(z) dz +

u+ω1+ω2
∫

u+ω1

f(z) dz +

u+ω2
∫

u+ω1+ω2

f(z) dz +

u
∫

u+ω2

f(z) dz

=

u+ω1
∫

u

(f(z)− f(z + ω2))dz +

u
∫

u+ω2

(f(z)− f(z + ω1))dz .

E)F). f ∈ K(Ω) 1"0 $1) ,)+0) 6)10) %(), 3&552 2

 !"# &%  !" f ∈ K(Ω) $'5" 6*$!",$" #$% P &'$ (&)'*%&$+,),--&-*.),//0 %,$$
.'-" 78) 9&%&! w ∈ C

∑

c∈P

ordc(f − w) = 0,9 C

%3 530 2&$$ /,$ /'" %&$ &$"!+)&5&$%&$ :'&-7,55&'"&$ ;<5-"0 '!"

=$;,5- %&) (*-& >*$ f = =$;,5- %&) w?@"&--&$ >*$ f

= =$;,5- %&) A#--!"&--&$ >*$ f

'$ P 3 @+&;'&-- $'//" 9&%&! $'5"?6*$!",$"& f ∈ K(Ω) '$ P 9&%&$ B&)" ,$3

1&2&'!3 3%+ Q)44% D 1"0

g(z) :=
f ′(z)

f(z)− w

J1)$), )1.) )551H01"+) R&./01#. ()7MF51+ Ω &.$ )" F150 rescg = ordc(f − w)2
S%410 '#5F0 $1) T)+%&H0&.F %&" 6%07 T2 E)15 f .1+0 /#."0%.0 1"0; ()"1070 f−w

.%+ 9 C )1.) 3&55"0)55) 1. P ; $% f −w .%+ 6%07 I &.$ D9AC 41.$)"0)." )1.).
G#5 1. P +%02 2
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 !"# $%  !" 0 6= f ∈ K(Ω) #$% P &'$ (&)'*%&$+,),--&-*.),//0 !* .'-"
∑

c∈P

(ordc f) · c ∈ Ω."#$

1&2&'!3 %&' ()'*)+ *,) ,' -&+. / 0)'1+.+) %)+23*) &' &14 *&5 6'+)78&9

2πi
∑

c∈P

(ordc f) · c =

∫

∂P

z · f
′(z)

f(z)
dz

= ±
(

u+ω1
∫

u

z
f ′(z)

f(z)
− (z + ω2)

f ′(z + ω2)

f(z + ω2)
dz +

u
∫

u+ω2

z
f ′(z)

f(z)
− (z + ω1)

f ′(z + ω1)

f(z + ω1)
dz

)

= ±
(

ω1

u+ω2
∫

u

f ′(z)

f(z)
dz − ω2

u+ω1
∫

u

f ′(z)

f(z)
dz

)

.

:)7)' f(u) = f(u + ωj) 7,9+

u+ωj
∫

u

f ′(z)

f(z)
dz ∈ 2πiZ 4;8 j = 1, 2,

&953 "#$< 2

=&2 -&+. / 7,0+ )5 ?),') )99,@+,52)' A1'?+,3')' B,+ '18 ),')B C39 D< E8*'1'7
,' P < F'+()*)8 B155 B&' &953 ()',75+)'5 .(), C39) D< E8*'1'7 3*)8 ),')'
C39  < E8*'1'7 B,+ G)5,*11B =199 .19&55)'< /),*) :)7) (18*)' H3' I<J<:<
 !"!#$%#&$$ 0)528,++)'K (,8 0)+8&2+)' .1'L25+ '18 *)' .(),+)' A&99<

ML29+ B&' *,) =199N 1'* C395+)99)' ),')5 ',2+N?3'5+&'+)' f ∈ K(Ω) B,+ *)'
O,)94&22),+)'K *&'' 7,0+ )5 '&2 -&+. P C1'?+) a1, . . . , ar 1'* b1, . . . , br &15
P K 53 *&55 f 7)'&1 ,' a1, . . . , ar =1995+)99)' 1'* 7)'&1 ,' b1, . . . , br C39) 2&+<
Q&0), (,8* *,) O,)94&22),+ R)(),95 *182 *,) S'.&29 *)8 :,)*)82391'7)' *)8
C1'?+) &'7)7)0)'< Q&B,+ 528),0+ 5,2 *,) S155&7) H3' -&+. Q B,+ D<!"D$ ,'
*)8 A38B

"T$ a1 + · · ·+ ar ≡ b1 + · · ·+ br (mod Ω)<

Q,)5) G)9&+,3' (&8 =<U< '(!) 0)8),+5 DV W 0)?&''+ "4#5)&! */+-7"&!  K DTXY
 DD$< =&2 ),')B O38529&7 H3' *&,(" 2),Z+ "T$ *&2)8 &12 '(!)!8& 9&-,:
"'*$3 %&' ')''+ r *,) ;)%$#$. *)8 )99,@+,52)' A1'?+,3' f < Q,) -L+.) S 1'* /
0)5&7)'K *&55 ),') )99,@+,52) A1'?+,3' *)8 E8*'1'7 0 ?3'5+&'+ ,5+ 1'* *&55 )5
?),') )99,@+,52) A1'?+,3' *)8 E8*'1'7 1 7,0+< :,8 ()8*)' ,' &%' 5)2)'K *&55
r ≥ 2 1'* "T$ &12 2,'8),2)'* 4;8 *,) F[,5+)'. ),')8 )99,@+,52)' A1'?+,3' B,+
H387)7)0)')' =199N 1'* C395+)99)' 5,'*<

'% $() *+,-"(.#/ !"# 0.1 ()-"( 2345()0.5(.% S95 )85+) I3'5)\1)'. *)8
-",./"))!52)' -L+.) .),7+ )5 5,2 ,' *,)5)B 1'* ,B 'L25+)' S052',++K *&55


