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Kρ := {z ∈ C ; |z| ≤ ρ} .#- Mρ :=
⋃

ω∈Ω,|ω|≤ρ

3(ω; ω1, ω2) .

/.0 -%& 1%2#),)3# $3# δ 43(',

Kρ−δ ⊂Mρ ⊂ Kρ+δ .

1%& 56%&'"#' 7.& 8(9
+% ()%4%&, -)% :%+".;,.#'< -%## %0 ')(,

8(9
+% Kρ = πρ2 .#- 8(9
+% Mρ = vol Ω · Aρ(Ω) . 2

1"=), %&+"(,%# >)& -"0

 !"#$%&$"'()$**+, &#! '!#(!
∑

06=ω∈Ω

|ω|−α

)*+,!-.#!-/ .!+01 20++3 "!++ α > 2%

 !"!#$% ?%) 7.#9
+0, α > 2 .#- ∅ 6= E ⊂ Ω \ {0} %#-()
+ 03>)% M :=
max{|ω| ; ω ∈ E}@ /.0 -%= ?",7 %&+9(, ="# %)# c2 > 0 =),

An+1(Ω)−An(Ω) ≤ π

vol Ω
· [(n + 1 + δ)2 − (n− δ)2] ≤ c2n

4A& "((% n ≥ δ@ !),
c1 :=

∑

06=ω∈Ω,|ω|≤δ+1

|ω|−α

%&')6, 0)
+ B$'(@ !  "#$%& CDEEFG H℄< J@DKL

∑

ω∈E

|ω|−α ≤ c1+
∑

n∈N,δ<n<M

(An+1(Ω)−An(Ω))n−α ≤ c1+c2

∞
∑

n=1

n1−α =: C <∞ .

M&)$)"(%&>%)0% -)$%&')%&, -)% N%)+% 4A& α ≤ 0@ ?%) 0 < α ≤ 2 .#- N ∈ N, N > 2δ@
/.0 -%= ?",7 %&+9(, ="# %)# c3 > 0 =),

AkN(Ω)−A(k−1)N (Ω) ≥ π

vol(Ω)
·
[

(kN − δ)2 − ((k − 1)N + δ)2
]

≥ c3k

4A& "((% k ∈ Z, k ≥ 2@ ?%) En = {ω ∈ Ω ; 0 < |ω| ≤ nN}@ 1"## ')(,

∑

ω∈En

|ω|−α ≥
n

∑

k=2

(AkN(Ω)−A(k−1)N (Ω)) · (kN)−α ≥ c3N
−α ·

n
∑

k=2

k1−α .

O%)( -)% N%)+%
∑

k>1 k1−α 4A& α ≤ 2 -)$%&')%&, B$'(@  !  "#$%& CDEEFG H℄<
J@DKL< -)$%&')%&, ".
+

∑

06=ω∈Ω |ω|−α 4A& α ≤ 2@ 2
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Gk := Gk(Ω) :=
∑

06=ω∈Ω

ω−k 9:( k ∈ Z, k ≥ 3; <

&=*+>?4 @+$-%(.%$46 8& 2#4 ω &?
B −ω /? Ω .%BC(4D %(BE>4 2&$ 2#4 %#$%(
F2+('$?$. G%.%$ H&4/ I *+9+(4 Gk = (−1)k ·GkD &>*+ '#%

 !"#"$%&%"'( &' (#)* Gk(Ω) = 0 +,- .%("-/0"' k ≥ 31

J?$E
B*4 @&$$ 2&$ $#
B4 &?**
B>#%K%$D '&** /))" Gk .>%#
B L?>> *#$'D G%$$ '&*
&?
B '%$ ?$=%9&$.%$%$ 1%*%( G+B> G?$'%($ G:('%6 M#( G%('%$ %(*4 #$ H&4/ N6 
*%B%$D '&** &>>% Gk , k ≥ 4 .%(&'%D #6 O6 -+$ L?>> -%(*
B#%'%$ *#$'6

"* .%BC(4 /? '%$ 9&*/#$#%(%$'%$ "(.%=$#**%$ '%( $+
B /? %$4G#
@%>$'%$ PB%+(#%
'%( %>>#Q4#*
B%$ R?$@4#+$%$D '&** '#%*%  !"#$"%#!$0S%#B%$ T+>U$+2% :=%( Q

#$ G4 ?$' G6 *#$' ;-.>6 ,+(+>>&( !6!"<6 J?2 V%#*Q#%> .#>4 7G8 = 3G2
4 ?$'

11G10 = 5G4G66 8#%* *4%B4 #$ O$&>+.#% /? =%@&$$4%$ "(.%=$#**%$ :=%( '#%
&!#'($$'
$" 3"*/+.%4*#5%

ζ(s) :=

∞
∑

n=1

n−s , s ∈ R, s > 1.

V%4(&
B4%4 2&$ $E2>#
B *4&44 %#$%* W#44%(* Ω %#$% F$4%(.(?QQ% X-+2 S&$. 7Y D
&>*+ /6 V6 Ω = ZD '&$$ %(BE>4 2&$ &$ H4%>>% -+$ ; < '#% W#44%(#$-&(#&$4%$ Fk :=
2ζ(k) , k ≥ 2 .%(&'%D '#% $&
B 16  )*#+ =%@&$$4>#
B (&4#+$&>% )#%>9&
B% -+$ πk

*#$'D *#
B &>*+ &>* Z+$+2% #$ F2 *
B(%#=%$ >&**%$[

5F4 = F 2
2 , 35F6 = 2F 3

2 .

Z&$ -%(.>%#
B% B#%(/? ,- ./#
1#+ \7]I^℄D )6`6`6

 !"#$%&'(  ! "#$ 0 6= ω ∈ C%
&! '( )$*+ #$,# -./)# (fn)n∈N 0., /$,#&1 2,&*34,)$)#, )&,5#, -2,6+$.,#, 7$+ 8#1$.9#,7#,:
)#, Per fn ⊃ Zω%
*! ;$# <#,)# 9#1 )&,5#, -2,6+$.,#, f 7$+ Per f ⊃ Zω $(+ #$, =$,)> 9#1 527 =$,) 9#1 3./.:
7.1?3#, -2,6+$.,#, &2@ C\{0} $(.7.1?3 $(+%
A! "#$ Ω = Zω1 + Zω2 #$, B$++#1 $, C% -C1 ω = m1ω1 + m2ω2 ∈ Ω ($,9 4D2$0&/#,+E
F$! '( )$*+ #$, ω′ ∈ Ω 7$+ Ω = Zω + Zω′%
F$$! m1 2,9 m2 ($,9 +#$/#1@1#79%
F$$$! G(+ n ∈ Z , n > 1> (. )$/+ 1

n
ω /∈ Ω%

H! <&, *#(+$77# m1, m2, m3 ∈ Z> ,$
3+ &//# J2//> (. 9&((

F∗! |m1

√
2 + m2(

√
3 + i

√
5) + m3i

√
7| < 1

2,9 m2
1 + m2

2 + m2
3 7$,$7&/ 2,+#1 9#1 K#9$,)2,) F∗! $(+%

L! "#$ K = Q(
√

d) , d < 0 D2&91&+@1#$> #$, $7&)$,41:D2&91&+$(
3#1 M&3/6N1?#1 9#1 ;$(61$:

7$,&,+# D 2,9 Ω 9#1 =$,) 9#1 )&,5#, M&3/#,> 9% 3% Ω = Z + Z1+
√

d
2

, D = d> @&//( d ≡ 1

(mod 4)> 2,9 (.,(+ Ω = Z + Z
√

d , D = 4d% ;&,, $(+ Ω #$, B$++#1 $, C 2,9 9$# -/4
3# #$,#(
8#1$.9#,?&1&//#/.)1&77( $(+ 1

2

√

|D|%
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 !"# $%  !" 0 6= f ∈ K(Ω) #$% P &'$ (&)'*%&$+,),--&-*.),//0 !* .'-"
∑

c∈P

(ordc f) · c ∈ Ω."#$

1&2&'!3 %&' ()'*)+ *,) ,' -&+. / 0)'1+.+) %)+23*) &' &14 *&5 6'+)78&9

2πi
∑

c∈P

(ordc f) · c =

∫

∂P

z · f
′(z)

f(z)
dz

= ±
(

u+ω1
∫

u

z
f ′(z)

f(z)
− (z + ω2)

f ′(z + ω2)

f(z + ω2)
dz +

u
∫

u+ω2

z
f ′(z)

f(z)
− (z + ω1)

f ′(z + ω1)

f(z + ω1)
dz

)

= ±
(

ω1

u+ω2
∫

u

f ′(z)

f(z)
dz − ω2

u+ω1
∫

u

f ′(z)

f(z)
dz

)

.

:)7)' f(u) = f(u + ωj) 7,9+

u+ωj
∫

u

f ′(z)

f(z)
dz ∈ 2πiZ 4;8 j = 1, 2,

&953 "#$< 2

=&
2 -&+. / 7,0+ )5 ?),') )99,@+,5
2)' A1'?+,3')' B,+ '18 ),')B C39 D< E8*'1'7
,' P < F'+()*)8 B155 B&' &953 ()',75+)'5 .(), C39) D< E8*'1'7 3*)8 ),')'
C39  < E8*'1'7 B,+ G)5,*11B =199 .19&55)'< /),*) :)7) (18*)' H3' I<J<:<
 !"!#$%#&$$ 0)5
28,++)'K (,8 0)+8&
2+)' .1'L
25+ '18 *)' .(),+)' A&99<

ML29+ B&' *,) =199N 1'* C395+)99)' ),')5 ',
2+N?3'5+&'+)' f ∈ K(Ω) B,+ *)'
O,)94&
22),+)'K *&'' 7,0+ )5 '&
2 -&+. P C1'?+) a1, . . . , ar 1'* b1, . . . , br &15
P K 53 *&55 f 7)'&1 ,' a1, . . . , ar =1995+)99)' 1'* 7)'&1 ,' b1, . . . , br C39) 2&+<
Q&0), (,8* *,) O,)94&
22),+ R)(),95 *18
2 *,) S'.&29 *)8 :,)*)82391'7)' *)8
C1'?+) &'7)7)0)'< Q&B,+ 5
28),0+ 5,
2 *,) S155&7) H3' -&+. Q B,+ D<!"D$ ,'
*)8 A38B

"T$ a1 + · · ·+ ar ≡ b1 + · · ·+ br (mod Ω)<

Q,)5) G)9&+,3' (&8 =<U< '(!) 0)8),+5 DV W 0)?&''+ "4#5)&! 
*/+-7"&!  K DTXY
 DD$< =&
2 ),')B O385
29&7 H3' *&
,(" 2),Z+ "T$ *&2)8 &1
2 '(!)!
8& 9&-,:
"'*$3 %&' ')''+ r *,) ;)%$#$. *)8 )99,@+,5
2)' A1'?+,3' f < Q,) -L+.) S 1'* /
0)5&7)'K *&55 ),') )99,@+,5
2) A1'?+,3' *)8 E8*'1'7 0 ?3'5+&'+ ,5+ 1'* *&55 )5
?),') )99,@+,5
2) A1'?+,3' *)8 E8*'1'7 1 7,0+< :,8 ()8*)' ,' &%' 5)2)'K *&55
r ≥ 2 1'* "T$ &1
2 2,'8),
2)'* 4;8 *,) F[,5+)'. ),')8 )99,@+,5
2)' A1'?+,3' B,+
H387)7)0)')' =199N 1'* C395+)99)' 5,'*<

'% $() *+,-"(.#/ !"# 0.1 ()-"( 2345()0.5(.% S95 )85+) I3'5)\1)'. *)8
-",./"))!5
2)' -L+.) .),7+ )5 5,
2 ,' *,)5)B 1'* ,B 'L
25+)' S05
2',++K *&55
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"#$ #%%&'$ #() *&+ ,$$#-"& *&+ ./')0&$1  !" # $  !$" % " &%%'20')
-&$ 4($56
0'7$ &'$& 8&)
-+&'9($: #%%&+ &%%'20')
-&$ 4($50'7$&$ ;7%:&+$ 5#$$< .) )'$* *#6
9&' 5&'$& =&'0&+&$ #$#%>0')
-&$ ?
-%@))& &+;7+*&+%'
-< A#1( =&+*&$ %&*':%'
- *'&
 !"#$!%%&)
-&$ ?B01& #$:&=&$*&0C

 !"#$%&'()*$'+ &' $!(%  !"  ))!*%!'
, -."/%!0" ℘ = ℘Ω1 2! $ "3. !" 4 2 5
6!%% #*."/% 70" Ω  !" " 80)  < 9#2"."$ ,3% ."2 '0"'% ,0)050#*, !'%: ;,# 
 '#(&)*<= !, ( ! 0 ,3% 2! -0#5

DEF ℘(z) = z−2 + a1z + . . .<

A&+ > ? !' ='+* 9') 1(" $B
-)0&$ G#+#:+#;&$ 1(+@
5:&)0&%%0 DH:%< ,+-F< I#
-
EDJF ')0 5%#+K *#)) ℘ #$ #%%&$ G7%&$ *#) L&)'*((" I(%% -#0< M&:&$ ?#01  ,
')0 ℘ #%) &%%'20')
-& 4($50'7$ *(+
- DEF &'$*&(0': 9&)0'""0< N#$ $&$$0 ℘ *'&
+&!&(,*(',,)
-& ℘O-."/%!0" D1(" P'00&+ ΩF<

./010#"$"0&+ #F ℘ !'%  !" $ #32 -."/%!0"1 2: ,: ℘(−z) = ℘(z): &' $!)% a1 = 0
!" DEF<
9F ℘ ′ !'%  !" ."$ #32 -."/%!0"1 2! $ "3. 3" 3)) " 6!%% #*."/% " 70" Ω 80) 
J< 9#2"."$ ,3% ."2 '0"'% ,0)050#*, !'%:

> ? !': #F A'& &%%'20')
-& 4($50'7$ f(z) := ℘(−z)− ℘(z) ')0 $#
- DEF '$ 0 ($*
*#-&+ @9&+#%% -7%7"7+2-< I#
- ?#01  , ')0 f 57$)0#$0 ($* )7"'0 0 $#
- DEF<
9F A'& 8&-#(20($: ;7%:0 #() #F ($* *&" ./')0&$16?#01< 2

A#"'0 5Q$$&$ ='+ )
-7$ #%%& I(%%)0&%%&$ H7$ ℘ ′ #$:&9&$<

2%33* 4+ ;'% ω ∈ Ω1 3( # ω/2 /∈ Ω1 23"" !'% ω/2  !"  !"@3
, A.))'% )) 70"
℘ ′: B 2 A.))'% )) 70" ℘ ′ ,3% .5$ / ,#% 2! ' -0#5:

> ? !': A# ℘ ′ &'$& ($:&+#*& &%%'20')
-& 4($50'7$ ')0K -#0 "#$

℘ ′(z + ω) = ℘ ′(z) = −℘ ′(−z).

R)0 ω/2 5&'$ G7% H7$ ℘ ($* ℘ ′K *< -< ω/2 /∈ ΩK *#$$ *#+; "#$ z = −ω/2 )&01&$
($* &+-B%0

℘ ′(ω/2) = −℘ ′(ω/2), #%)7 ℘ ′(ω/2) = 0.

?&' ω1, ω2 &'$& 8#)') H7$ Ω< R" G&+'7*&$2#+#%%&%7:+#"" P = 3(ω1, ω2) -#0 ℘ ′

*#$$ *'& I(%%)0&%%&$

D∗F ω1/2 , ω2/2 , (ω1 + ω2)/2 .

I#
- DEF -#0 ℘ ′ '$ P $(+ &'$&$ G7% J< S+*$($: 9&' 0< P&"BT ?#01  U ')0 *'&
,$1#-% #%%&+ I(%%)0&%%&$ H7$ ℘ ′ '$ P D:&1B-%0 "'0 '-+&$ V'&%;#
--&'0&$F :%&'
- 3<
A'& I(%%)0&%%&$ D∗F )'$* *#-&+ &'$;#
- ($* &) )'$* #%%& I(%%)0&%%&$ H7$ ℘ ′ '$ P <
R)0 $($ z &'$& 9&%'&9':& I(%%)0&%%& H7$ ℘ ′K )7 &/')0'&+0 &'$ ω′ ∈ Ω "'0 z−ω′ ∈ P <
A#$$ ')0 #9&+ z − ω′ &'$&+ *&+ G($50& D∗F ($* )7"'0 z H7$ *&+ 47+" ω/2 "'0
ω ∈ ΩK #9&+ ω/2 /∈ Ω< 2
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  ! "#$ %&'(#
*'& f(z) #+, -&.&(/+$0 1
 +$2 %&(&
*$& f(w) ,345& 25& 6&,52+&$ 73$ f #$

2&$ 8'&99&$ z = 0 +$2 z = −w:

 ;! 85$2 a0, . . . , an ∈ C, a1 = 0< ,3 &=5,'5&(' 0&$#+ &5$ f ∈ K(Ω) .5' Df ⊂ Ω +$2 2&(

 !"#$%&>?$'45
/9+$0 anz−n + . . . + a0 + . . . +. 0:

 1! 8&5 ω1, ω2 &5$& -#,5, 2&, @5''&(, Ω +$2 f ∈ K(2Ω): A#$$ 0&*B('

g(z) := f(z) + f(z + ω1) + f(z + ω2) + f(z + ω1 + ω2)

C+ K(Ω): D&9
*& &995E'5,
*& F+$/'53$ &$','&*'< 4&$$ f 25& C+0&*B(50& ℘GF+$/'53$ 5,'H

 I! 8&5&$ a, b ∈ C: ?, 05%' 0&$#+ 2#$$ &5$& &995E'5,
*& F+$/'53$ f ∈ K(Ω)< 25& 5$ # +$2 %

*393.3(E* 5,' +$2 f(a) 6= f(b) &(JK99'< 4&$$ a 6≡ b(mod Ω):

 L! ?, &=5,'5&(' /&5$ f ∈ K(Ω) .5' K(Ω) = C(f):

 M! "#$ 0&%& &5$& 5$7#(5#$'& N2: *: 73$ IN ! +$#%*O$050&! -&,
*(&5%+$0 2&( '!()*+>@(+EE&

2&( PB(E&(&(4&5'&(+$0 K(Ω) ⊃ C(℘) #$:

 !" #$%  !"!#$%#&$$&
(% ℘)*+,-.$/,

"# $%&'&( )*+*,+*-&# '&% Ω = Zω1 + Zω2 '.&.' &%# /%..&+ %# C0

 ! "#$%&'()&*#$%+,-&. /0' 1*2 ℘+3($)&*#$! 12+ '34.&+& 56&
8& -9+(:;%&+&#
6%+ $%& <:''*,& ,;&%
= &.6*' *;;,&(&%#&+0 >*?: @&#A.%,&# 6%+ $%&

4'#5#%*&*#$!  !" K ⊂ {(ω1, ω2) ∈ C× C ; ω2 6= 0, ω1/ω2 /∈ R} !"# $%&'()*
+,&- .(## /"0+ !1 '%1"+"2! $%#1+(#+!# α ,#3 β4 1% 3(11

α · |m1i + m2| ≤ |m1ω1 + m2ω2| ≤ β · |m1i + m2|
567 (88! m1, m2 ∈ R ,#3 (ω1, ω2) ∈ K-

9!:!"1- <:' B9(9,&#%.4.',+2#$&# $*+- (*# m2
1 +m2

2 = 1C *;'9 |m1i+m2| = 1
D9+*:''&.?&#0 >%& '.&.%,& 1:#8.%9# (ω1, ω2, m1, m2) 7→ |m1ω1+m2ω2| #%((. *:-
$&+ 89(3*8.&# E&#,& K × {(m1, m2) ∈ R × R F m2

1 + m2
2 = 1} %=+ E%#%(:(

α :#$ %=+ E*G%(:( β *#0 H&%; ω1, ω2 2@&+ R ;%#&*+ :#*@=4#,%, '%#$C ,%;. '.&.'
m1ω1 + m2ω2 6= 0 -2+ *;;& (0, 0) 6= (m1, m2)0 <;'9 '%#$ α :#$ β 39'%.%D0 2

<;' <#6&#$:#, &+=*;.&# 6%+ $&#

"#$62'72$.8,-&. /0' 1*2 ℘+3($)&*#$! ."! ;!"<!

℘(z; ω1, ω2) := z−2 +
∑

06=ω∈Zω1+Zω2

(

(z − ω)−2 − ω−2
)

IJK

)%#2!7/"!7+ (01%8,+ /8!"
<&>?"/ (,5 @!3!& $%&'()+,& "#

ILK {(z, ω1, ω2) ∈ C× C× C ; ω2 6= 0, ω1/ω2 /∈ R, z /∈ Zω1 + Zω2} 0

9!:!"1- M&% K &%#& 89(3*8.& N&%;(&#,& D9# ILK0 H%+ 64=;&# &%# ρ > 0 :#$ &%#
O9(3*8.:( K ′ ⊂ {(ω1, ω2) ∈ C×C ; ω2 6= 0, ω1/ω2 /∈ R}C '9 $*''

K ⊂ Kρ ×K ′ , Kρ = {z ∈ C ; |z| ≤ ρ} .



 ! "#$  !"!#$%#&$$%
'$ ℘()*+,-#.+  !

"# K ′ $%&'( )*+ α +*
& -./ 0/12134(41+5 6*++ 74'( 89/ *''. (z, ω1, ω2) ∈ K #+-
(m1, m2) ∈ Z )4( |m1i + m2| ≥ (ρ + 1)/α *#
&

|ω| ≥ ρ + 1 89/ ω = m1ω1 + m2ω2

#+-

∣

∣

∣

1

(z − ω)2
− 1

ω2

∣

∣

∣
=

∣

∣

∣

2zω − z2

ω2(z − ω)2

∣

∣

∣
=

∣

∣

∣

2− z/ω

(1− z/ω)2

∣

∣

∣
· |z||ω|3

≤ 3

(1− ρ/(ρ + 1))2
· ρ

|ω|3 ≤
3ρ(ρ + 1)2

α3 · |m1i + m2|3
.

6* +#/ .+-'4
& :4.'. 0**/. (m1, m2) ∈ Z × Z )4( |m1i + m2| ≤ (ρ + 1)/α
.;43(4./.+< 81'7( -4. =.&*#2(#+7 *#3 -./ *>31'#(.+ ?1+:./7.+@ -./ '"$!($%!"(A
B.4&. G3(Zi + Z) +*
& -.) ?1+:./7.+@CD.))* E5F5 2

G9/ .4+ 8.3(.3 H4((./ Ω ./&%'( )*+ *+*'17 -*3

 !""#$  !" k ∈ N, k ≥ 3# $%&'(")*("+ ,*( -(*.(
∑

ω∈Ω

(z − ω)−k

/01 2(,(3 4%35/$+03 *& C \ Ω /67%80+ )8(*
.3:;*)<

I#+ ./&*'(.+ $4/ -.+ *+7.J9+-47(.+

%&'()*+,)-&'(./#)0 12* 3-! ℘.4+',)-&'$ =*( -(*.(

℘(z) := ℘Ω(z) := z−2 +
∑

06=ω∈Ω

(

(z − ω)−2 − ω−2
)

, z ∈ C \ Ω ,K L

$%&'(")*("+ *& 2(,(3 4%35/$+03 '%& C# ,/7 $(*&(& >*++("50&$+ (&+.:8+# /67%80+
)8(*
.3:;*)< =*(  0&$+*%& ℘ *7+ (*&( )("/,( (88*5+*7
.(  0&$+*%& 6(?!)8*
. Ω#
7*( ./+ *& ,(& >*++("50&$+(& '%& Ω @%8( 2< A",&0&) 3*+ -(7*,003 B088 0&, *7+
.%8%3%"5. *& C \ Ω< =*( )&*#!(%C-(*.( 6(* 0 ./+ ,*(  %"3

KML ℘(z) = z−2 + a2z
2 + . . .5

6*)4( 43( @#7'.4
& -./ =.$.43 -.3 N;43(.+@AO*(@.3 P5 7.7.>.+5

Q*+ +.++( ℘(z) -4.  !"!#$%#&$$7
.( ℘C 0&$+*%& K@#) H4((./ ΩL5 64. R-..<
.4+. .''42(43
&. G#+J(41+ -#/
& .4+. O#)). 9>./ *''. H4((./2#+J(. @# -.SA
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fω(z) := (z − ω)−2 − ω−2 1($ 0 6= ω ∈ Ω #*2 Kρ := {z ∈ C ; |z| ≤ ρ} , ρ > 0.

34- 0&,56#.-7 '5/80'. +6-4
:/;<4+- =5*>-$+-*) 2-$ ?-4:- @ A 156+. &-$-4., 0#,
2-/ =5*>-$+-*)BC0.)D

 !"#$%&$'( )* &#! '!#(! @ A $)!**) !#+! #+ C ,!-.,.-/(! 01+2)#.+ 34-5 3#!
6!+41 #+ 3!+ 71+2)!+ 8.+ Ω 7.*! 2% 9-3+1+6 ,#) '!$#311, :1** (4)%

"#/  !"!#$ ,-4 ρ > 0D E, 156+.

℘(z) = z−2 +
∑

|ω|<ρ+1

fω(z) +
∑

|ω|≥ρ+1

fω(z).

F4-$ 4,. 24- -$,.- -*264
:- C#//- /-$5/5$8: 0#1 Kρ7 G;:$-*2 24- )G-4.- *0
:
2-/ =5*>-$+-*)BC0.) :565/5$8: 0#1 Kρ 4,.D %6,5 :0. ℘|Kρ

+-*0# 4* 2-* H#*'.-*
Ω ∩Kρ H56- ID J$2*#*+ /4. ?-,42##/ 0D 2

 !"#$%&$'( +* ℘ #$) !#+! 6!-43! 01+2)#.+ 1+3 !$ 6#*) @KAD

"#/  !"!#$ -$,-.). /0* ω 2#$
: −ω 4* 2-$ C#//- @ AD L-+-* 2-$ 0&,56#.-*
=5*>-$+-*) 156+. ℘(−z) = ℘(z)D M#* &-0
:.-. /0* fω(0) = 0 1($ ω 6= 0 #*2
,4-:.7 20,, 24-  !"#$%&B?-4:- &-4 0 20, '5*,.0*.- N64-2 0 :0.D 2

 !"#$%&$'( ,* ;$ 6#*) ℘(z + ω) = ℘(z) <=- 4**! ω ∈ Ω 1+3 z ∈ C\Ω%

"#/  !"!#$ :0. /0* *0
: 2-/ =5*>-$+-*)BC0.)

℘ ′(z) = −2 ·
∑

ω∈Ω

(z − ω)−3 , z ∈ C \ Ω,

#*2 24-,- ?-4:- 4,. *0
: 2-/ O-//0 0&,56#. '5*>-$+-*.D E, 156+. ℘ ′(z + ω) =
℘ ′(z) 1($ ω ∈ ΩD P,. 20:-$ ω1, ω2 -4*- Q0,4, >5* Ω7 ,5 +46. ℘(z +ωj) = ℘(z)+Cj

/4. =5*,.0*.-* Cj 1($ j = 1, 2D R($ z := −ω1/2 &)GD z = −ω2/2 156+. C1 =
C2 = 07 20 ℘ +-$02- 4,.D 30/4. +46. ℘(z + ωj) = ℘(z) 1($ j = 1, 2 #*2 ℘ :0. 066-
ω ∈ Ω 06, H-$452-*D 2
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Gk := Gk(Ω) :=
∑

06=ω∈Ω

ω−k 67. 8$./3$9 k ≥ 4.)&+

:/
1 ;.<=<9#-#<% &'( 9#%3 3#$ $%-9=.$
1$%3$% 5$#1$% 67. >%8$./3$9 k ≥ 3 8?$#
1
:>??' @/% 9$-A- 9
1?#$B?#
1

γ := γ(Ω) := min{|ω| ; 0 6= ω ∈ Ω}

>%3 $.1C?- 3$%

/0(1!  !" #$$% z ∈ C &'( 0 < |z| < γ(Ω) )'$(

℘(z) = z−2 +

∞
∑

n=2

(2n− 1)G2n · z2n−2 = z−2 + 3G4 · z2 + 5G6 · z4 + . . . .)*+

*%+%',- D>68.>%3 E<%

1

(1− t)2
=

d

dt

(

1

1− t

)

=

∞
∑

m=1

mtm−1 , |t| < 1,

1/- 2/% 67. ω 6= 0

1

(z − ω)2
− 1

ω2
=

1

ω2

(

1

(1− z/ω)2 − 1

)

=

∞
∑

m=2

m · zm−1

ωm+1
, |z| < γ,

>%3 3/1$.

℘(z) = z−2 +
∑

06=ω∈Ω

(

∞
∑

m=2

m · zm−1

ωm+1

)

, 0 < |z| < γ.)∗+

"$8$%
∣

∣

∣
m · zm−1

ωm+1

∣

∣

∣
≤ γm

( |z|
γ

)m−1

· |ω|−3

>%3 />68.>%3 3$9 F<%E$.8$%A4G$22/ &'( #9- 3#$ 5$#1$ )∗+ #% m >%3 ω /,9<?>-
H<%E$.8$%-' :/
1 I/-A &'J 3/.6 2/% /?9< >2<.3%$% >%3 $.1C?-

℘(z) = z−2 +
∑

m≥2

mGm+1 · zm−1 , 0 < |z| < γ.
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