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"#$ #%%&'$ #() *&+ ,$$#-"& *&+ ./')0&$1  !" # $  !$" % " &%%'20')-&$ 4($56
0'7$ &'$& 8&)-+&'9($: #%%&+ &%%'20')-&$ 4($50'7$&$ ;7%:&+$ 5#$$< .) )'$* *#6
9&' 5&'$& =&'0&+&$ #$#%>0')-&$ ?-%@))& &+;7+*&+%'-< A#1( =&+*&$ %&*':%'- *'&
 !"#$!%%&)-&$ ?B01& #$:&=&$*&0C

 !"#$%&'()*$'+ &' $!(%  !"  ))!*%!', -."/%!0" ℘ = ℘Ω1 2! $ "3. !" 4 2 5
6!%% #*."/% 70" Ω  !" " 80)  < 9#2"."$ ,3% ."2 '0"'% ,0)050#*, !'%: ;,# 
 '#(&)*<= !, ( ! 0 ,3% 2! -0#5

DEF ℘(z) = z−2 + a1z + . . .<

A&+ > ? !' ='+* 9') 1(" $B-)0&$ G#+#:+#;&$ 1(+@5:&)0&%%0 DH:%< ,+-F< I#-
EDJF ')0 5%#+K *#)) ℘ #$ #%%&$ G7%&$ *#) L&)'*((" I(%% -#0< M&:&$ ?#01  ,
')0 ℘ #%) &%%'20')-& 4($50'7$ *(+- DEF &'$*&(0': 9&)0'""0< N#$ $&$$0 ℘ *'&
+&!&(,*(',,)-& ℘O-."/%!0" D1(" P'00&+ ΩF<

./010#"$"0&+ #F ℘ !'%  !" $ #32 -."/%!0"1 2: ,: ℘(−z) = ℘(z): &' $!)% a1 = 0
!" DEF<
9F ℘ ′ !'%  !" ."$ #32 -."/%!0"1 2! $ "3. 3" 3)) " 6!%% #*."/% " 70" Ω 80) 
J< 9#2"."$ ,3% ."2 '0"'% ,0)050#*, !'%:

> ? !': #F A'& &%%'20')-& 4($50'7$ f(z) := ℘(−z)− ℘(z) ')0 $#- DEF '$ 0 ($*
*#-&+ @9&+#%% -7%7"7+2-< I#- ?#01  , ')0 f 57$)0#$0 ($* )7"'0 0 $#- DEF<
9F A'& 8&-#(20($: ;7%:0 #() #F ($* *&" ./')0&$16?#01< 2

A#"'0 5Q$$&$ ='+ )-7$ #%%& I(%%)0&%%&$ H7$ ℘ ′ #$:&9&$<

2%33* 4+ ;'% ω ∈ Ω1 3( # ω/2 /∈ Ω1 23"" !'% ω/2  !"  !"@3, A.))'% )) 70"
℘ ′: B 2 A.))'% )) 70" ℘ ′ ,3% .5$ / ,#% 2! ' -0#5:

> ? !': A# ℘ ′ &'$& ($:&+#*& &%%'20')-& 4($50'7$ ')0K -#0 "#$

℘ ′(z + ω) = ℘ ′(z) = −℘ ′(−z).

R)0 ω/2 5&'$ G7% H7$ ℘ ($* ℘ ′K *< -< ω/2 /∈ ΩK *#$$ *#+; "#$ z = −ω/2 )&01&$
($* &+-B%0

℘ ′(ω/2) = −℘ ′(ω/2), #%)7 ℘ ′(ω/2) = 0.

?&' ω1, ω2 &'$& 8#)') H7$ Ω< R" G&+'7*&$2#+#%%&%7:+#"" P = 3(ω1, ω2) -#0 ℘ ′

*#$$ *'& I(%%)0&%%&$

D∗F ω1/2 , ω2/2 , (ω1 + ω2)/2 .

I#- DEF -#0 ℘ ′ '$ P $(+ &'$&$ G7% J< S+*$($: 9&' 0< P&"BT ?#01  U ')0 *'&
,$1#-% #%%&+ I(%%)0&%%&$ H7$ ℘ ′ '$ P D:&1B-%0 "'0 '-+&$ V'&%;#--&'0&$F :%&'- 3<
A'& I(%%)0&%%&$ D∗F )'$* *#-&+ &'$;#- ($* &) )'$* #%%& I(%%)0&%%&$ H7$ ℘ ′ '$ P <
R)0 $($ z &'$& 9&%'&9':& I(%%)0&%%& H7$ ℘ ′K )7 &/')0'&+0 &'$ ω′ ∈ Ω "'0 z−ω′ ∈ P <
A#$$ ')0 #9&+ z − ω′ &'$&+ *&+ G($50& D∗F ($* )7"'0 z H7$ *&+ 47+" ω/2 "'0
ω ∈ ΩK #9&+ ω/2 /∈ Ω< 2
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"#$ %&'()& *+,-./0, 1(. ℘ 2/. u (+1 −u (#$ 4+##$.&##&5 "##%&2&/, %/#. )($

 !""# $%  ! !"# P "#$ %"&#'("$)*&*++"+',&*--. /0 w ∈ C6

7 8 w 6= ℘(ω/2) , ω ∈ Ω , ω/2 /∈ Ω6

,#12 "! ,"$*0 34"# 5"&!7#"("$" %0$82" u, v ∈ P -#2 ℘(u) = ℘(v) = w. 9$
(#"!"- :*++ ,#+2 u + v ∈ Ω. ;#12 "! 0-,"8"7&2 34"# 5"&!7#"("$" u, v ∈ P -#2
℘(u) = ℘(v) = w< !' ,#+2 7 85

="4"#!. 9(, :&,)&. ;(.<  = (+> ℘ (,5 4(1 7?8 /$. )/& ",<(1# )&' w@;.&##&,
A0, ℘ /, P 7%&<B1#. 2/. /1'&, C/&#>(11&/.&,8 %#&/1 25 9(, +,.&'$1&/)&. )/&
D&/)&, *B##&E
(8 F$ %/D. ,+' &/, u ∈ P 2/. ℘(u) = w5 G(,, /$. u &/,& )0HH&#.& w@;.&##& A0, ℘
+,) &$ >0#%. ℘ ′(u) = 05 I&%&, 7 8 /$. )/&$&' *(## ,(1 J&22( " (+$%&$1#0$$&,5
D8 F$ %/D. <:&/ A&'$1/&)&,& u, v ∈ P 2/. ℘(u) = ℘(v) = w5 "+$ ;(.<  G >0#%.
)(,, $0%#&/1 u + v ∈ Ω5 2

9(, :B1#. K&.<. &/,& L($/$ ω1, ω2 A0, Ω6 $&.<. P := 3(ω1, ω2) +,) D&,+.<. )/&
;.(,)(')@L&<&/1,+,%

ek := ℘(ωk/2) , k = 1, 2, 3 2/. ω3 := ω1 + ω2.7M8

4(1 J&22( " +,) L 1(. )(,,

7N8 ℘(z)− ek %&,(+ &/,& )0HH&#.& 4+##$.&##& /, P 6 ,B2#/1 /, z = ωk/2

>O' k = 1, 2, 3 +,)

7P8 ℘(z)− w <:&/ &/,>(1& 4+##$.&##&, /, P >O' w 6= e1, e2, e35

I&/# ω1/2, ω2/2, ω3/2 H((':&/$& A&'$1/&)&, $/,)6 $/,) ,(1 7N8 (+1

7Q8 e1, e2, e3 H((':&/$& A&'$1/&)&,5

G/&$& F'%&D,/$$& >O1'&, D&'&/.$ <+' &'$.&, G/R&'&,./(#%#&/1+,% >O' ℘E

&#'(% :>& *++" z ∈ C \ Ω ,#+2

℘ ′2(z) = 4 · (℘(z)− e1) · (℘(z)− e2) · (℘(z)− e3)5

="4"#!. 9(, D&.'(1.&. ,&D&, ℘ ′2 )/& &##/H./$1& *+,-./0,

f(z) := 4 · (℘(z)− e1) · (℘(z)− e2) · (℘(z)− e3)5

4(1 7N8 1(. f /, P 4+##$.&##&, 7+,) <:(' )0HH&#.&8 %&,(+ (, )&, ;.&##&,

ω1/2 , ω2/2 , ω3/2 = (ω1 + ω2)/2.

4(1 J&22( " %/#. )/& %#&/1& "+$$(%& >O' ℘ ′25 G( $/1 )/& S0#& /, f ,/1.
:&%1&D&, -T,,&,6 1(. f /, P ,+' &/,&, S0# /, 0 +,) <:(' )&' U'),+,% Q5
I&%&, 7?8 %/#. (D&'
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"∗# ℘(z) = z−2 + . . . , ℘ ′(z) = −2z−3 + . . . , ℘ ′2(z) = 4z−6 + . . .

$%& &'()* ('+ '$( ℘ ′2 -% P %$* )-%)% ./0 1)- z = 0 $%& 23'* 4/% &)* 5*&6
%$%7 89 :';-+ -<+ ℘ ′2/f )-%) )00-=+-<() >$%?+-/% /(%) ./0)@ '0</ %'( A'+2 BC
?/%<+'%+9 D)*70)-(+ ;'% ;-+ "∗# &)% E/)F2-)%+)% 4/% z−6 -% &)%  !"#$%&6
G%+3-?0$%7)% $; 0@ </ <-)(+ ;'%@ &'<< &-)<) E/%<+'%+) 70)-( 1 -<+9 2

 !"!#$%&'!&( '# :-) :)H%-+-/% " # (I%7+ %'+J*0-( 4/% &)* K'(0 &)* L'<-<
4/% Ω '19 L)- )-%); K)(<)0 &)* L'<-< 3)*&)% &-) K)*+) e1, e2, e3 '1)* 0)&-70-(
=)*;$+-)*+9
1# K)%% ;'% 1)*)-+ -<+@ &-) 2$%I(<+ $%1)?'%%+)% E/)F2-)%+)% 4/% z2 $%& z4

-% &)*  !"#$%&6G%+3-?0$%7 4/% ℘ )-%2$1)2-)()%@ ?'%% ;'% '$( )-%) 23)-+)
>/*; &)* :-M)*)%+-'070)-($%7 NJ* ℘ </ ()*0)-+)%@ 3-) )< -% )() 7)<()()% 3-*&9
# G-%) )-%N'() >$%?+-/% f ∈ K(Ω) ;-+ 23)- ./0)% )*<+)* 5*&%$%7 -<+ 29 L9

f(z) :=
℘ ′(z)− ℘ ′(w)

℘(z)− ℘(w)
, w ∈ C \ 1

2
Ω

"4709 .*/=/<-+-/% O9P#9 Q'% <-)(+ $%<(3)*@ &'<< f %$* ./0) P9 5*&%$%7 '% &)%
A+)00)% Ω $%& −w + Ω 1)<-+2+9

*( +!# ,-#.!# K(Ω)(K)7)%  "P# -<+ ?0'*@ &'<< <-( 1)- )-%); ./0R%/; -% ℘ &-)
./0) %-(+ 3)7()1)% ?S%%)%9 :';-+ -<+ ℘ %-(+ '07)1*'-<(@ '0</ +*'%<2)%&)%+
J1)* &); ES*=)* C9 :)* ES*=)* C(℘) -<+ </;-+ -</;/*=( 2$; ES*=)* '00)*
*'+-/%'0)% >$%?+-/%)% J1)* C9

/012( '#  !" #"$%&"' "((!)*!+-"' ./'0*!1'"' 2"34#(!- Ω +!'& #"'%/ &!" $%*!15
'%("' ./'0*!1'"' !' ℘6
1# K(Ω) = C(℘)[℘ ′]9
#  "$ 7$%& &"$ 89$)"$"$:"!*"$/'# ;1' K(Ω) 42"$ C(℘) !+* 26

K)7)% A'+2  0I<<+ <-( &'%% T)&)< f ∈ K(Ω) )-%&)$+-7 <(*)-1)% '0<

"P# f = R(℘) + Q(℘) · ℘ ′@

3/1)- R $%& Q *'+-/%'0) >$%?+-/%)% J1)* C <-%&9 Q'% ?)%%+ '0</ &-) )00-=+-<()%
>$%?+-/%)% U</ 7$+@ 3-) ;'% &-) >$%?+-/% ℘ ?)%%+V9

<":"!+6 '# G< <)- f ∈ K(Ω) 7)*'&) $%& %-(+ ?/%<+'%+9 :-) 5*&%$%7 4/% f @
'0</ &-) C%2'(0 &)* ./0) 4/% f -; .)*-/&)%='*'00)0/7*';; "7)2I(0+ ;-+ -(*)%
D-)0N'(()-+)%#@ <)- m9 K)-+)* <)- P := 3(ω1, ω2) &-) 2$7)(S*-7) W*$%&;'<()
$%& N := {c ∈ P ; f ′(c) = 0}9 :'%% -<+ N )%&0-(9

"-#  !" =%-( m !+* #"$%&"> m = 2k6 =/ ?"&"$ 01@)("A"' =%-( u /∈ f(N) #!2* "+
)%%$:"!+" ;"$+-!"&"'" B/'0*"

"∗# c1, . . . , ck , c′
1
, . . . , c′k ∈ P , cj + c′j ∈ Ω C4$ j = 1, . . . , k@

+1 &%++ u ;1' f !' P #"'%/ %' &"' D*"(("' E∗F %'#"'1@@"' :!$&> /'& 3:%$
@!* &"$ G!"(C%--"!* P9
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"#% &#'( )* +,' -+. /0(#%1 -.2 u3&'.11.0 450 f .6.07#11, 81.+% m9 &.+ c ∈ P
:+' f(c) = u 8.8.6.09 ;# f 8.2#-. +,'< 8+1' #=% f(−c) = u =0- ., 8+6' .+0
ω ∈ Ω :+' c′ = ω − c ∈ P ,5>+. f(c′) = u9 ?: @#11. c′ = c >A2-. f(c + z) =
f(ω − c + z) = f(−c + z) = f(c − z)< #1,5 f ′(c + z) = −f ′(c − z) =0- -#:+'
f ′(c) = 0< #1,5 u ∈ f(N) 7518.09 ;#%.2 ,+0- c =0- c′ = ω − c 4.2,%+.-.0 =0-
-+. u3&'.11.0 450 f '2.'.0 +0 B##2.0 #=79 C.8.0 u /∈ f(N) %#' D.-. u3&'.11. -+.
E+.17#%%.+' !9

F++G f  !" # $# %&" '$&(# )*$+" '$  $ ℘,
H#0 >I%1' 0=0 v 6= u 0+%' #=, f(N) =0- .2%I1' 0#% F+G B=0J'.

F∗∗G d1, . . . , dk , d′
1
, . . . , d′k , dj + d′j ∈ Ω 7A2 j = 1, . . . , k<

,5 -#,, v 450 f +0 P 8.0#= #0 -.0 &'.11.0 F∗∗G #08.05::.0 >+2-< =0- (>#2
:+' -.2 E+.17#%%.+' !9 ;+. .11+K'+,%. @=0J'+50

g(z) :=
f(z)− u

f(z)− v

%#' -#00

F∗∗∗G "=11,'.11.0 +0 P 8.0#= #0 -.0 &'.11.0 F∗G< =0- (>#2 :+' -.2 L2-0=08 !<
=0- B51. +0 P 8.0#= #0 -.0 &'.11.0 F∗∗G< =0- (>#2 :+' -.2 L2-0=08 !<

-.00 -+. B51. 450 f %.6.0 ,+% %.2#=,9

C.+1 -+. B=0J'. +0 (∗) =0- (∗∗) K##2>.+,. 4.2,%+.-.0 ,+0-< 8+1'

cj , c
′

j, dj, d
′

j /∈
1

2
Ω.

;.:0#% %#'

h(z) :=
(℘(z)− ℘(c1)) · . . . · (℘(z)− ℘(ck))

(℘(z)− ℘(d1)) · . . . · (℘(z)− ℘(dk))

.6.07#11, -+. M+8.0,%#7' F∗∗∗G9 ;.2 N=5'+.0' g/h +,' -#%.2 %515:52K%< #1,5
0#% &#'( )/ J50,'#0'9 /=, g ∈ C(℘) 7518' >.8.0

f =
vg − u

g − 1

-+. O.%#=K'=089
6G ?,' f ∈ K(Ω) 0+%'3J50,'#0'< -#00 ,%2.+6' :#0

f = g + h℘ ′ :+' g(z) :=
1

2
(f(z) + f(−z)) =0- h(z) =

1

2℘ ′(z)
(f(z)− f(−z)).

LP.06#2 8.%Q2.0 g =0- h (= K(Ω) =0- ,+0- 8.2#-.9 "#% #G ,+0- -#00 g =0-
h 2#'+50#1. @=0J'+50.0 450 ℘9
G C.8.0 ℘ ′ /∈ C(℘) 7518' -+. O.%#=K'=08 #=, &#'(  9 2
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"# $%&'()$*+-') ./)01%*')1#& ')-2%3 0$# 4$+

 !"!##$" %&  !" !#$" C %&'#()&*+*$ ,&#$-.+//.$ X, Y *+0.

K(Ω) ∼= C(X)[Y ]/I(X, Y )1

2$&& I(X, Y ) 3'- 45& Y 2 − 4(X − e1)(X − e2)(X − e3) $"6$%*.$ 7'%8.+3$'0 +&
C(X)[Y ] #$6$+(&$.:

;$2$+-: 5$# 4'6#*')3 '*#'# 7*#&89/0/0/):-*+01+

Φ : C(X)[Y ] → K(Ω) 41)- X 7→ ℘ , Y 7→ ℘ ′.

;$- 4'0 <$3= *+3 Φ +1)>'?3*@A 5$# +-)'*(3 #1# ϕ ∈ C(X)[Y ] #$- B*@*+*/#
0*3 7'+3 C(') 4'0 DE):') C(X) *# 4') ./)0

ϕ(X, Y ) =
(

Y 2 − 4(X − e1)(X − e2)(X − e3)
)

· q(X, Y ) + r(X, Y )

0*3 q, r ∈ C(X)[Y ] 1#4 r(X, Y ) = r1(X)+ r2(X) ·Y 0*3 r1(X), r2(X) ∈ C(X)A
F1G&)1#4 4') B*H')'#3*$%&%'*-1#& *# <$3=  %*'&3 ϕ &'#$1 4$## *0 D')# @/#
ΦI J'## r(℘, ℘ ′) = 0 &*%3A K'&'# LMN ('4'13'3 4$+ r(X, Y ) = 0A B$0*3 ')-2%3
0$# D')# Φ = I(X, Y ) 1#4 4*' O'-$1:31#& G/%&3 $1+ 4'0 9/0/0/):-*'8<$3=
GC) 7*#&'A 2

;$- 4'0 <$3= -$3 K(Ω) *0 <*##' 4') F%&'()$ 4'# P)$#+='#4'#=&)$4 M C(') C

L@&%A  ! "#$%#&' QMRST℄I F(+-#*33 TAMVONA B$0*3 +*#4 >' =J'* W%'0'#3' @/#
K(Ω) $%&'()$*+- $(-2#&*& 1#4 0$# ')-2%3 4$+

 !"!##$" '& <% f, g '%- K(Ω) *+#. $- $+& &+(.=."+4+'0$- >50?&5/ P (X, Y ) +&
C[X, Y ] /+.

P (f, g) = 0.

'()("*+,-& K'*% K(Ω) '*# DE):') *+3I *+3 I(X, Y ) '*# 0$X*0$%'+ "4'$% *#
C(X)[Y ] 1#4 +/0*3 Y 2 − 4(X − e1)(X − e2)(X − e3) '*# *))'41=*(%'+ Y/%Z#/0
*# Y C(') C(X)A

./& 01213!"(,& .C) >'4' F((*%41#& ϕ : C/Ω → Z 0*3 '#4%*-'0 P)2&') *+3 4')
@"'3 @/# ϕ 4'6#*')3 41)-

Grad ϕ :=
∑

c∈C/Ω

ϕ(c) ∈ Z.

[#3') '*#'0 A+4+-5" @/# C/Ω @')+3'-3 0$# #1# '*#' F((*%41#& ϕ : C/Ω → Z

0*3 '#4%*-'0 P)2&') 1#4 \)$4 ϕ = 0A O'* :1#?3J'*+') F44*3*/# (*%4'3 4*'
5'#&' B*@ (C/Ω) $%%') B*@*+/)'# @/# C/Ω '*#' $('%+-' \)1::'A

]'4'0 0 6= f ∈ K(Ω) ?$## #1# '*#' F((*%41#&

ϕf : C/Ω −→ Z , ϕf(c + Ω) := ordc f I


