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Gk := Gk(Ω) :=
∑

06=ω∈Ω
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γ := γ(Ω) := min{|ω| ; 0 6= ω ∈ Ω}
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/0(1!  !" #$$% z ∈ C &'( 0 < |z| < γ(Ω) )'$(
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∞
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(2n− 1)G2n · z
2n−2 = z−2 + 3G4 · z

2 + 5G6 · z
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1
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∞
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℘(z) = z−2 +
∑

m≥2

mGm+1 · z
m−1 , 0 < |z| < γ.
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012 g2 := g2(Ω) := 60 G4(Ω) *() g3 := g3(Ω) := 140 G6(Ω) .

3#( (%((- g2 *() g3 )&%  !"!#$%#&$$4 !"#$%#!&'! )%' 5&--%,' Ω6 7&, 8%,9
:%()%( )#' '&()&*()*+,-. *() '
/,%&$%( O(zk) ;<, %&(% =*(>-&?( f(z)@ )&%
|f(z)| ≤ C · |z|k A&- %&(%A B%%&B(%-%( C ;<, z #*' %&(%, CAB%$*(B 8?( 0
%,;<DD-6

/'0'%12 E*'B%/%() 8?(

℘(z) = z−2 + 3G4 · z
2 + 5G6 · z

4 + O(z6)

08BD6 10122 $%,%
/(%- A#(

℘2(z) = z−4 + 6G4 + 10G6 · z
2 + O(z3) ,

℘3(z) = z−6 + 9G4 · z
−2 + 15G6 + O(z) ,

℘ ′(z) = −2 · z−3 + 6G4 · z + 20G6 · z
3 + O(z4) ,

℘
′2(z) = 4 · z−6 − 24G4 · z

−2 − 80G6 + O(z) .

"#,#*' %,/FD- A#( A&- 012

0∗2 ℘ ′2(z)− 4℘3(z) + g2℘(z) + g3 = O(z)6
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 !"!##$" %& 31 4%.&
2℘ ′′ = 12℘2 − g2.

 !"!##$" '& 56$ k ∈ N 4%.&

℘(k) ∈ Z[G4, G6, ℘] + Z[G4, G6, ℘]℘ ′.
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0&2 f %1& ;-.-+-$<; %! C \ Ω2
0&&2 f ∈ C[℘] + C[℘] · ℘ ′2
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(n− 3)(2n + 1)(2n− 1)G2n = 3 ·
∑

p≥2,q≥2
p+q=n

(2p− 1)(2q − 1)G2pG2q." #

1(2($,3 $%& '()*' +,- '&(#!)%./-,0- 1"1# ,& ℘ ′′+30 G4 = 6℘2 &%
0 34(455%(
6 -,&7

∑

n≥2

(2n− 1)(2n− 2)(2n− 3)G2nz
2n−4 + 30G4

= 12
∑

n≥2

(2n− 1)G2nz
2n−4 + 6

∑

p≥2

∑

q≥2

(2p− 1)(2q − 1)G2pG2qz
2p+2q−4 .
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4 , 11G10 = 5G4G6 , 143G12 = 42G4G8 + 25G2
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Gk ∈ Q[G4, G6].
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f ′
2

= 4f 3 − g2f − g3

2$"' '+"
7 f(z) = ℘(z + w) , z ∈ G@ 0$& #(($#.(&(0 w ∈ C #(#(>(.3 :,& f ∈ M

($.( ,-%
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1(2($,3 B-, f -,&- ,& G C-(4C4(@0-E &,
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√

4f 3 − g2f − g3A L%
0 G-CC% 1A > N)05' C%& &?& -,& w ∈ C C,' ℘(w +u) =
f(u) ?&+ +%(O +%(P<-( 0,&%?= &4
0 ℘ ′(w + u) = f ′(u) %&&-0C-&E ,&+-C C%&
**OA w +?(
0 −w−2u -(=-':'A I,- Q?&F',4&-& f(z) ?&+ g(z) := ℘(z+w) *-&P*-&
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0-& I,J-(-&',%5*5-,
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OP( %55- z ∈ GA I,- O-05-&+- >-0%?@'?&* O45*' &?& %?= +-( Z%'=%
0-E +%== OP(
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2=4 w′n = R(z, w)

>?) .&.&7&#&< n ∈ N >)-.&#@ A< .+'% 0+&) (&)

)*+, -.&  !"#$%&'( %&/ )*'&+!( 1(%!,2, 2=4 (!"( -03 C $(+#$#+4'(
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234 ℘ ′2 = 4℘3 − g2℘− g3

H-) +# $-%S P@Q (+& *+,&)&#%+-'.'&+
01#.

2P4 ℘ ′2 = 4(℘− e1)(℘− e2)(℘− e3)

0&).&'&+%&% H8)(&#@ *-7&+ H-)&# e1, e2, e3 H+& +# P@Q2Q4 (1)
0

2Q4 ek = ℘(ωk/2) , k = 1, 2, 3 , ω3 := ω1 + ω2C

(&B#+&)%C H&## ω1, ω2 &+#& T-<+< U8# Ω +<%@ *- ℘ 6&0) -'< ()&+ U&)<
0+&(&#&
E&)%& -##+66%C &).+7% &+# V&).'&+
0 >?) &+#& W#7&<%+66%& X ?7&) C (&#

)*+,( B% /!.,

4X3 − g2X − g3 = 4(X − e1)(X − e2)(X − e3).

"1< N8)8''-) P@ " >8'.% (-##

:.#.55*# ;( CD+ D (+ C 0"- 'E"/!/( F" (%,!$$,( X, Y /!.,

K(Ω) ∼= C(X)[Y ]/I(X, Y )C

>("" I(X, Y ) 5-% ;#" Y 2 − 4X3 + g2X + g3 !" C(X)[Y ] (+2(0/,( G-04,!5(-.
!%,=

A+# N8&XS+&#%&#U&).'&+
0 +6 $-%S &).+7% (-<

:.#.55*#  ( B% /!.,

2 4 0 = e1 + e2 + e3C

2=4 g2 = −4(e1e2 + e2e3 + e3e1)C

2L4 g3 = 4e1e2e3@
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g3
2 − 27g2

3 = 16(e1 − e2)
2(e2 − e3)

2(e3 − e1)
2 6= 0.

&'('#!) "#$ % & '() %*& +,-./$ 01( 2'(.
-4$

%∗& g2 = 2(e2
1 + e2

2 + e2
3) 5267 g2

2 = 16(e2
1e

2
2 + e2

2e
2
3 + e2

3e
2
1)7

8+#$+, +,9+5+( % & '() %*& )1(( 1'
- (:
-

2(e1 − e2)
2 = 2(e2

1 + e2
2)− 4e1e2 = 2g2 − 2e2

3 + 4e3(e1 + e2) = 2g2 − 6e2
3,

1/4:
(e1 − e2)

2 = g2 − 3e2
3.

;1 )#+ )',
- 2<=/#4
-+ >+,$1'4
-'(9 )+, e1, e2, e3 +($4$+-+()+( ?+2#+-'(9+(
+5+(@1//4 9A/$#9 4#()B -1$ 01(

16(e1 − e2)
2(e2 − e3)

2(e3 − e1)
2 = 16(g2 − 3e2

1)(g2 − 3e2
2)(g2 − 3e2

3)

= 16g3
2 − 3 · 16g2

2(e
2
1 + e2

2 + e2
3) + 9 · 16g2(e

2
1e

2
2 + e2

2e
2
3 + e2

3e
2
1)− 27 · 16e2

1e
2
2e

2
3 .

8+9+( %∗& '() %C& #4$ )#+ ,+
-$+ D+#$+ 15+, 9/+#
- g3
2 − 27g2

37 E1
- F7G%C& 4#()
e1, e2, e3 H11,6+#4+ I+,4
-#+)+(7 2

%J& ∆ := ∆(Ω) := g3
2 − 27g2

3

(+(($ 01( )#+ *#!+,#-#./.%' '()

%K& j := j(Ω) := (12g2)
3/∆

)#+ /0!1$2%' 3.4/,#/.%' )+4 L#$$+,4 Ω7 "#$ M:,://1, ? '() N @:/9$ )14

 !"!##$" '&  ! "#$%

j = −4 · 123 ·
(e1e2 + e2e3 + e3e1)

3

(e1 − e2)2(e2 − e3)2(e3 − e1)2
.

 !"!##$" (& 56, λ :=
e2 − e3

e1 − e3

"#$%

j = 256 ·
(1− λ + λ2)3

λ2(1− λ)2
.

)*+*",-./*.& 1& ;#+ ;#4=,#0#(1($+ ∆ #4$ %5#4 1'@ +#(+( O1=$:,& 2'9/+#
- 1'
-
)#+ ;#4=,#0#(1($+ )+4 P:/<(:04 f(X) := 4X3− g2X− g3 #0 D#((+ )+, Q/9+5,1
%I9/7 '( )&*+ R!SSG℄B >B U !V&W ;:,$ 6#,) )#+ ;#4=,#0#(1($+ )+4 P:/<(:04 f
%5#4 1'@ +#(+( O1=$:,& 1/4 )#+ 7'!2$%/.%' I:( f '() f ′ +,=/.,$B 1/4: )',
-

det













4 0 −g2 −g3 0
0 4 0 −g2 −g3

12 0 −g2 0 0
0 12 0 −g2 0
0 0 12 0 −g2













= −64∆.


