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"! #$%&'()*+$%,,*)-+./ 0+**/1! ;%+ B%33&6 Ω *&%C3  !"#$%&'(!"))'&*(+D E&++
<%3 ω /,* >%& F1+G,-%&63 F1<A2&H& I/*2 ω (, Ω -&*J63D >9 *9 Ω = Ω9 $%&
E%*3%-03&+ '&%0A%&2& 8K6 F1+G,-/3%1+003/"%2& B%33&6 0%+>
/# >%& ,-/'- 01(''-2L Ω = Zω1 + Zω2 <%3 1

i
ω1, ω2 ∈ R

+D
"# >/0 3-/)- 01(''-2L Ω = Zρ + Z <%3 ρ = 1

2
(1 + i

√
3)9

M/+ &6*N23 >%6&F3 >%&

21$3$,+*+$%! 4)' Ω -("  !"#$%&'(!"))'&*(+-) 1(''-25 6&"" %(+' 782 &++- z ∈ C \Ω

℘Ω(z) = ℘Ω(z) $"6 ℘ ′

Ω(z) = ℘ ′

Ω(z) .

39-:(-++ /&' ;&" 782 z ∈ C \ Ω <
/# ℘Ω(z) ()' 2--++ 782 z ∈ R $"6 z ∈ iR5
"# ℘ ′

Ω(z) ()' 2--++ 782 z ∈ R $"6 2-(" (;&%("=2 782 z ∈ iR>

;%+& O*/6/F3&6%0%&6,+- &+3*N23 >&6 812-&+>&

4)*5! ?82 -(" 1(''-2 Ω = Zω1 + Zω2 )("6 =@$(A&+-"'<

P%# g2(Ω) $"6 g3(Ω) )("6 *-(6- 2--++>
P%%# B++- Gk(Ω)5 k ≥ 4 %-2&6-5 )("6 2--++>
P%%%# C!" 6-" 12DE-" e1, e2, e3 )("6 :F-(  !"#$%(-2'  !;9+-G $"6 6(- 62(''- 2--++

!6-2 &++- 62-( 2--++>
P%5# Ω ()'  !"#$%&'(!"))'&*(+>

H-F-()> P%# ⇐⇒ P%%#L M/+ 5&6E&+>& QP!# ,+> :16122/6 Q$9
P%# ⇐⇒ P%5#L $%& '&*/,A3,+- 812-3 /,0 g2(Ω) = g2(Ω), g3(Ω) = g3(Ω) ,+> >&6
R/30/*&D >/00 Ω +/* :16122/6 QS >,6* g2 ,+> g3 &%+>&,3%- "&03%<<3 %039
P%# =⇒ P%%%#L $%& T&63& e1, e2, e3 0%+> +/* U/3(  -&+/, >%& @,2203&22&+ >&0
6&&22&+ V12W+1<0 4X3 − g2X − g39 $/*&6 %03 <%+>&03&+0 &%+& @,2203&22& 6&&229
P%%%# =⇒ P%#L M/+ 5&6E&+>&  PX# ,+>  PY#9 2

6/7/18'%(! M%3 F1+G,-/3%1+003/"%2&+ B%33&6+ F/++ </+ >%& &22%A3%0*&+ 4+3&?
-6/2& %+ !"!#$%#&$$0*&6 @16</2816<

∫

dt
√

q(t)
, q(t) = 4t3 − c2t− c3,

<%3 6&&22&+ c2D c3 "&6&*+&+ P5-29  !"#9

9! :+/ ;'1= ℘ ;/>%+/1*/ ?--+.;'%( @A1 /+% B/=*/8C0+**/1! 4+ >%&0&<
Z"0*+%33 0&% Ω 03&30 &%+ [&*3&F?B%33&6 ,+>

(ω1, ω2) &%+& '/0%0 51+ Ω <%3 1
i
ω1 > 0 ,+> ω2 > 0.P\#
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"#$ %&'()'*+ ,-/ )'-/+0 1#,, ω1 2$1 ω2 /-'(12(/ '-$1'2+-* &',+-33+ ,-$14

 !"#"$%&%"'(  !" z ∈ C \ Ω#
#5 ℘(z) "$% &!'() *('' +!!,,- .!'' !$ !"' ω ∈ Ω &"/% 0"%

675 z ∈ ω
2

+ R 1*!+ z ∈ ω
2

+ iR .

&5 23+ z ∈ ω
2

+ R, ω ∈ Ω- "$% ℘ ′(z) +!!,,# 23+ z ∈ ω
2

+ iR, ω ∈ Ω- "$% ℘ ′(z) +!"'
"0(&"'4+#

5!.!"$# 8'*'$ 695 *-)+ 1
2
(ω − ω) ∈ Ω4 :#$$ ;<)*+

6!5 ℘
(

ω
2

+ z
)

= ℘
(

ω
2

+ z
)

, ℘ ′

(

ω
2

+ z
)

= ℘ ′
(

ω
2

+ z
)

#2, =(<><,-+-<$ ?4 8'-) ℘ *'(#1' 2$1 ℘ ′ 2$*'(#1' -,+0 $'/3'$ ℘ 2$1 ℘ ′ #$

1'$ #$*'*'&'$'$ @+'))'$ $2( ('A
'))' &BC4 ('-$ -3#*-$D(' 8'(+'
#$4
@'- $2$ z ∈ 3(ω1, ω2)0 ,< 1#,, z
$-/+ E<$ 1'( F<(3 675 -,+4 8D('
℘(z) (''))0 ,< C%(1' ℘ C'*'$ 6!5
#$ 1'$ E-'( >##(C'-,' E'(,/-'A
1'$'$ =2$G+'$

z, ω1 + z, ω1 + ω2 − z, ω2 − z

-$ 3(ω1, ω2) 1'$ *)'-/'$ 8'(+
#$$'/3'$4 :#, C-1'(,>(-/+
H'33# 74!I4 2

•0 •ω2

•ω1 + ω2•ω1

•
z

•
ω2−z̄

•ω1+ω2−z•ω1+z̄

•

•
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J&&4 KL M'/+'G*-++'(

)*&+( 6($ 7''!+! *!$ 8"!+%!,+!:%!;$ 0, ω1

2
, ω1+ω2

2
, ω2

2
*!+ z<=/!'! ."+* *)+:

z 7→ w = ℘(z) ()> *"! )'%!+! w<?(,/!/!'! ;1'>1+0 $1 (/&!/",*!%- *($$ *!+ @('*
*!$ @!:%!;$ ()> *"! +!!,,! A:$! BC1' −∞ '(: +∞D /"E!;%"C (/&!/",*!% ."+*#

•0 •ω2

2

•ω1

2 • ω3

2

..............................................................................................................................................................................................................................................................................................
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
...............................................................................................................................................................................................................................................................................................

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

N

..
..
..
.
..
.
..
.
..
...
.
..
.
..
.
..
..
.
..
.
.

..
..
..
.
..
.
..
.
..
...
.
..
.
..
.
..
..
.
..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

...
..
...
..
...
..
....
....
...
..
...
..

.

...
..
...
..
...
..
....
....
...
..
...
..

.

...
..
...
..
...
..
....
....
...
..
...
..

.

...
..
...
..
...
..
....
....
...
..
...
..

.

...
...
...
...
..
....
..
..
.
..
.
..
.
..
.
.

.

...
...
..
...
...
....
..
.
..
.
..
..
.
..
.
.

.

...
..
...
...
...
....
..
.
..
.
..
.
..
..
.
.

...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................•
e1 •

e3 •
e2

.

..

..
.
..
.
..
.
..
..
..
..
.
..
.
..
..
.
..
.
..

.

..
..
.
..
.
..
.
..
..
..
..
.
..
.
..
..
.
..
.
..

.

..
..
.
..
.
..
.
..
..
..
..
.
..
.
..
..
.
..
.
.. ..

...
...
..
...
...
....
..
...
...
...
..
.

..
...
...
..
...
...
....
..
...
...
...
..
.

..
...
...
..
...
...
....
..
...
...
...
..
.

..
...
...
..
...
...
....
..
...
...
...
..
.

..
...
...
..
...
...
....
..
...
...
...
..
.

..
...
...
..
...
...
....
..
...
...
...
..
.

..
...
...
..
...
...
....
..
...
...
...
..
.

J&&4 OL J&&-)12$*,E'(/#)+'$ #2; 1'3 N-'(+')('/+'G

5!.!"$# P, ,'- V 1#, Q$$'(' 1', <&-*'$ N-'(+')('/+'G,4 F%( z = x + iy 3-+
0 < x ≤ ε 0 0 < y ≤ ε 3-+ /-$('-/'$1 G)'-$'3 ε > 0 *-)+

℘(z) = z−2 + O(ε2) =
x2 − y2 − 2ixy

(x2 + y2)2
+ O(ε2).6∗5



   !"#$%& '( )&&#"$#*,% -./0$#1/%/

!"#$ ℘(V ) %&'())"*+,*-"*. #'/0 #)1$#%#"2/ .#" 32414'#/#4*

5∗∗6 ℘(V ) ⊂ H )#/ H := {w ∈ C ; Im w < 0}0

!"-"* ℘(z + ω/2) = ℘(−z − ω/2) = ℘(−z + ω/2) 74$-/

℘
(

ω3

2
+ V

)

= ℘(V ) ⊂ H ,
℘
(

ω1

2
+ V

)

= ℘
(

ω2

2
+ V

)

⊂ H = {w ∈ C ; Im w > 0} = H,

'4 .('' .#" 8$"#++"#/ #* 5∗∗6 (&' ."2 32414'#/#4* &*. :(/% ;<;= 74$-/< >(+
?"))( ;<@A +(/ )(* ℘ ′(z) 6= 0 7B2 ($$" z ∈ V < A$'4 #'/ ℘ : V → H C#+4$4)421+<

DB2 +#*2"#+"*. E$"#*"' ε > 0 #'/ f(y) := ℘(iy), 0 < y ≤ ε0 F"-"*

f ′(y) = i℘ ′(iy) = 2y−3 + O(ε), ($'4 f ′(y) > 0,

'#+"2 )4*4/4* F(+'"*.< A&' ."2 G#H"2"*/#($-$"#+&*-

℘ ′2 = 4(℘− e1)(℘− e2)(℘− e3) &*. ℘ ′(iy) 6= 0

"2+,$/ )(* f ′(y) > 0 7B2 0 < y < ω1/2i< A$'4 #'/ f (&7 .") -"'()/"* I*/"2J($$
]]0, ω1/2i]] '/2"*- )4*4/4* F(+'"*. &*. C#$."/ "' C#K"E/#J (&7 ]]−∞, e1]] (C<

A&7 ."* (*."2"* :"#/"* J4* V '+$#"L/ )(* ,+*$#+< 2

G#" M#$."2 ."2 (*."2"* N#"2/"$2"+/"E" J4* 3(ω1, ω2) F"2."* *(+ .") :+")(

+ −

− +

(&7 .#" &*/"2" C%F< 4C"2" wOP($C"C"*" (C-"C#$."/< G(C"# -#$/ #*'C"'4*."2"

e1 < e3 < e2.

Q#/ .") :(/% E(** )(* K"/%/ (&+ -"F#''" I*/"-2($" ."2 D42)
∫

dt
√

4t3 − gt− h
)#/ g, h ∈ R

RC"2"+*"*ST P(/ )(* %& g &*. h "#* U"+/"EO8#//"2 Ω )#/ g = g2(Ω) &*.
h = g3(Ω) -"7&*."*0 .(** -#$/ 7B2 0 < r < s < ω2

2

℘(r)
∫

℘(s)

dt
√

4t3 − gt− h
= s− r.

V&)  !"!#$ '&C'/#/&#"2/ )(* t = ℘(z) &*. C"(+/"/ ℘ ′(z) < 0<

G(' 324C$") $#"-/ +#"2 *(/B2$#+ .(2#*0 "#* 8#//"2 Ω ."2 (*-"-"C"*"* A2/ %&
W*."*< Q(* J"2-$"#+" .(%& X424$$(2  < <


