
 !  !"#$%& '( )&&#"$#*,% -./0$#1/%/

 !"!#$% "#$ %&'(' M := max{|ω1|, |ω2|, |ω3|} )$*

〈m, w〉 := m1ω1 + m2ω2 + m3ω3 +,- m = (m1, m2, m3) , w = (ω1, ω2, ω3).

.012&3120 42-* *#% #0%&$5#-#11&1& 6)#*-#' 2$ C 72' "2''&15)$8' 0 )$* 9#$:
'&$1;$<& 2K 72' Q(K) =&(&20$&'> #1%?

Q(K) := {z ∈ C ; |Re z| ≤ K , |Im z| ≤ K}@

A,- #11& m = (m1, m2, m3)
t ∈ Z3 72'

B∗C 0 ≤ m1, m2, m3 ≤ N

<21' *#$$〈m, w〉 ∈ Q(T ) 72' T := 3MN @ D2& 9#$'&$ E?$ Q(T ) 4&-*&$ $)$ 2$ t
<1&20& F&21& <&'&21'@ D#72' &-0;1' 7#$ &2$& G&-1&<)$< E?$ Q(T ) 2$ t2 6)#*-#'&
*&- 9#$'&$1;$<& 2T/t@ D2& H$(#01 *&- m ∈ Z3 72' B∗C 2%' (N + 1)3@ I#0 *&7
 !"!$%&'%0&$ .0)=+#0%01)%% 12&<&$ 27 A#11 (N +1)3 > t2 4&$2<%'&$% (4&2
J)$8'& 〈m′, w〉 )$* 〈m′′, w〉 2$ &2$&7 6)#*-#' *&- 9#$'&$1;$<& 2T/t@ D#72'
&-0;1' 7#$ *)-0 D2K&-&$(=21*)$< &2$ 0 6= m ∈ Z3 72' B2C )$*

B∗∗C 〈m, w〉 ∈ Q (2T/t)> #1%? |〈m, w〉 | ≤
√

2 · 2T/t@

"#$ 4;01' $)$ &2$ t ∈ Z 72' (N + 1)3/2 > t ≥ (N + 1)3/2 − 1@ D#$$ <21' #1%?
(N + 1)3 > t2 )$* t ≥ N3/2@ H)% B∗∗C +?1<' %?72' B22C@ 2

G)7  !"!#$ *&% L&77#% E?$ ()*+! <2=' &% $#0  B C &2$ ρ > 0 72' |ω| ≥ ρ
+,- #11& 0 6= ω ∈ Ω@ A,- 02$-&20&$* <-?3&% N 2%' *#0&- *2& 12$8& .&2'& E?$ B22C
<1&20 I)11@ 22

H)% *&7 L&77# E?$ ()*+! 8#$$ 7#$ $)$ &2$&$ $&)&$ M&4&2% *&% A)$*#7&$:
'#1:L&77#% #=1&2'&$@ D2&%&- M&4&2% 2%' 7&'0?*2%0 $20' )$2$'&-&%%#$'N

O%' Ω &2$& *2%8-&'& P$'&-<-)55& E?$ C )$* %2$* ω1, ω2 ∈ Ω 12$&#- )$#=0;$<2<
,=&- R> *#$$ &-<2=' *#% L&77# E?$ ()*+! %?+?-'

B C Ω ⊂ Qω1 + Qω2@

 !"#"$%&%"'( &$ '#() N ∈ N *#) +!, &#'!-$/01)

Ω ⊂ 1

N
(Zω1 + Zω2).

 !"!#$% H$*&-$+#11% 4,-*& &% ω ∈ Ω $#0 B C 72' =&12&=2< <-?3&$ I&$$&-$
<&=&$> *@ 0@> 7#$ 0;''&

0 6= ω′k =
1

Nk

(rkω1 + skω2) ∈ Ω , k ∈ N>

72' <#$(&$ G#01&$ rk, sk, Nk, ggT(rk, sk, Nk) = 1 )$* Nk → ∞ +,- k → ∞@
D# 7#$ $#0 H**2'2?$ <&&2<$&'&- J)$8'& #)% Zω1 + Zω2 ?0$& Q2$%0-;$8)$<
0 ≤ rk , sk ≤ Nk> #1%? #)0 |ω′k| ≤ |ω1| + |ω2| +,- #11& k ∈ N #$$&07&$ *#-+>
4,-*& &% &2$& #)% 5##-4&2%& E&-%02&*&$&$ R12&*&-$ =&%'&0&$*& 8?$E&-<&$'&
F&21+?1<& E?$ (ω′k)k∈N <&=&$@ D# Ω *2%8-&' 2%'> &-0#1'&$ 42- &2$&$ S2*&-%5-)0@2



 ! "#$%&'#( )(' *%++#$  !

"#$%&&'()+ ,-.(/ 0/  !"#!$% 1 234℄6 7%'8 9/9/ : );' <#=# >&'#?.?@AA# #)&#?
#&=()+ #?8#@.'#& B?#)#& %C#(;+#& D?@AA# ;#(C;' E)#=#? B?#)/ F%+ =#? G?HI
AH;)')H& );' Ω #)&# >&'#?.?@AA# #)&#?  !"#"$ D?@AA#6 %(;H %@+ B?#)/ J#.#&
Zω1 + Zω2 ⊂ Ω );' Ω &H'E#&=). #)& D)''#?/

 ! "#$ %&'(($ GL (2; Z)! K)# L#&.#

Mat(2; Z) :=

{

U =

(

a b
c d

)

; a, b, c, d ∈ Z

}

C)(=#' C#$%&&'()+ C#) L%'?)8#&IM==)')H& @&= IL@(')A()$%')H& #)&#& N)&. O)'
P)&;#(#O#&' E := ( 1 0

0 1 )/ K)# D?@AA# =#? P)&+#)'#& =#; N)&.#; Mat(2; Z) +#)Q'
%&&'"("#$" &#$"%!" )!*++" ,-( )!%. / 01"! Z @&= E)?= O)' GL (2; Z) C#8#)+I
&#'R

(1) GL (2; Z) := {U ∈ Mat(2; Z) ; #; .)C' V ∈ Mat(2; Z) O)' UV = V U = E}.

)*'#+,-$./01,2/! 20! U ∈ Mat(2; Z) 3#$. 45*#,%&"$67
,): U ∈ GL (2; Z)/
,)): det U = ±1/
,))): U #36 #$,"!6#"!1%! 01"! Q *$. U−1 ∈ Mat(2; Z)8
,)-: 9#" :11#&.*$' U : Z2 → Z2 , x 7→ Ux; #36 1#<"=6#,8
,-: 9#" :11#&.*$' U : Z2 → Z2 , x 7→ Ux; #36 3*!<"=6#,8

>"?"#38 K)# SOA()$%')H&#& ,))):⇒ ,): ⇒ ,)-: ⇒ ,-: ;)&= HT#&;)+'()+/
,-: =⇒ ,)):R P; .)C' %(;H u, v ∈ Z2 O)' Uu =

(

1

0

)

@&= Uv =
(

0

1

)

6 =/ +/ UV = E
BU? V := (u, v)/ K@?+ K#'#?O)&%&'#&C)(=@&. BH(.' det U · det V = 16 %(;H ,)):/
,)): =⇒ ,))):R L%& -#?E#&=#' =)# C#$%&&'# K%?;'#((@&.

U−1 =
1

det U

(

d −b
−c a

)

BU? U =

(

a b
c d

)

.
2

F#C#& =#? D?@AA# GL (2; Z) C#'?%+'#' O%& &H+ =#& FH?O%('#)(#?

,V: SL (2; Z) := {U ∈ GL (2; Z) ; det U = 1}

-H& GL (2; Z)6 =)# ;H .#&%&&'# 3+"@#"&&" &#$"%!" )!*++" ,-( )!%. / 01"! Z/
J#.#&

GL (2; Z) = SL (2; Z) ∪ SL (2; Z) ·
(

1 0
0 −1

)

+%' SL (2; Z) =#& S&=#W V )& GL (2; Z)/ K)# D?@AA#& GL (2; Z) C8E/ SL (2; Z)
;)&= X.?YQ#?Z %(; O%& 8@&[+;' =#&$'R \U? U = ( a b

c d ) ∈ GL (2; Z) BH(.' 8@&[+;'
±1 = det U = ad − bc6 ;H =%;; 8/ "/ c *$. d 6"#&"! !"(. 3#$./ >O.#$#+?' .)('
=%;

3&45./'.4607$88,! A#$. c, d ∈ Z 6"#&"! !"(.; .%$$ '#16 "3 "#$" B%6!#C

U =

(

∗ ∗
c d

)

∈ SL (2; Z).



 !  !"#$%& '( )&&#"$#*,% -./0$#1/%/

 !"# !$% U &!$ '() "!*"* +!*,$$"!%!-"* .',%/# 0"# ./#1 ( 1 k
0 1

) 1!% k ∈ Z "!*0"(%!-
&"$%!11%2

3"4"!$2 "# c, d $%&'%()(%*+ ,&-+. /&0$ %, a, b ∈ Z *&$ ad−bc = 1. +1 21. U = ( a b
c d )

/%23($ 45 SL (2; Z)1 6,$ V ∈ SL (2; Z) %&-% 7%&$%(% 8#$(&9 *&$ V = ( ∗ ∗c d ). +#--
):'/$

V U−1 =

(

∗ ∗
c d

)(

d −b
−c a

)

=

(

∗ ∗
0 1

)

∈ SL (2; Z),

#',: -:$7%-+&/ V U−1 = ( 1 k
0 1 ) *&$ %&-%* k ∈ Z1 2

 !"!#$%&'!&( #; "#, <%&,=&%' U = 2E 4%&/$. +#,, *#- > &* ?%/%-,#$4 45
+%( #-#':/%- @&$5#$&:- A0%( %&-%* B3(=%( > +&% <%+&-/5-/ CU : Z2 → Z2 &,$
&-D%E$&FG -&2$ &- +%- IJ5&F#'%-4K@#$4 #5)-%2*%- E#--1
0; "#, L(/M-45-/,KN%**# %('#50$ +&% B:-,$(5E$&:- F:- 4#2'':,%- <%&,=&%'%-O
"&% 8#$(&4%-

(

3 1
2 1

)

,

(

2 3
3 5

)

,

(

3 10
2 7

)

,

(

89 144
144 233

)

,

(

514 229 832 040
832 040 1 346 269

)

/%23(%- 41 <1 45 SL (2; Z)1
; "&% L(/%0-&,,% +&%,%, P0,2-&$$, '#,,%- ,&2 5* /(#-: ,#'&, '%&2$ #5) n× n
8#$(&4%- A0%($(#/%-1 8#- F%(/'%&2% Q1 1 :+%( 81  !"$"% R S!T℄. V2#=1 6.
:+%( 81 &"'()* R SWX℄. V2#=1 661

)(  *+,+-.!""*( 5"! Ω "!* 6!%%"# !* C (*0 (ω1, ω2) "!*" 3'$!$ 7/* Ω2 .8#
ω′1, ω

′

2 ∈ C -!+% 0'**9
#; 6"*'( 0'** -":;#"* ω′1 (*0 ω′2 <( Ω= 4"** "$ "!* U ∈ Mat(2; Z) -!&% 1!%

(

ω′1
ω′2

)

= U

(

ω1

ω2

)

.Y ;

0; 6"*'( 0'** !$% (ω′1, ω
′

2) "!*" 3'$!$ 7/* Ω= 4"** 0!" >'%#!? U !* Y ; <(
GL (2; Z) -":;#%2

3"4"!$2 #; @&-+ ω′1, ω
′

2 0%'&%0&/% Z5-E$% F:- Ω. +#-- /&0$ %, a, b, c, d ∈ Z *&$

ω′1 = aω1 + bω2 , ω′2 = cω1 + dω2,

#',:
(

ω′1
ω′2

)

= U

(

ω1

ω2

)

*&$ U =

(

a b
c d

)

∈ Mat(2; Z).Y∗;

?&'$ 5*/%E%2($ Y∗;. ,: /%23(%- ω′1 5-+ ω′2 45 Ω1
0; 6,$ (ω′1, ω

′

2) %&-% <#,&, F:- Ω. +#-- /&0$ %, #52 %&-% 8#$(&9 V ∈ Mat(2; Z)

*&$ +%( L&/%-,2#)$
(

ω1

ω2

)

= V
(

ω′

1

ω′

2

)

1 L, ):'/$

(

ω1

ω2

)

= V U

(

ω1

ω2

)

5-+

(

ω′1
ω′2

)

= UV

(

ω′1
ω′2

)

.



 ! "#$%&'#( )(' *%++#$  !

"# #$%& (ω1, ω2) '() (ω′1, ω
′

2) *$%& R +,(%#& '(#$-.(/,/ 0,()1 -#2 3#( V U =
UV = E1 #+04 U ∈ GL (2; Z) (#- 67 89
:02 U ∈ GL (2; Z)1 )#(( 0,() (ω′1, ω

′

2) ,( 7∗8 ;'(.-02 +,(%#& '(#$-.(/,/ *$%& R9
<*& $%+,%$,/% ω′′1 , ω

′′

2 ∈ Ω /,$2 %0 #(#+4/ %,( W ∈ Mat(2; Z) 3,2
(

ω′′1
ω′′2

)

= W

(

ω1

ω2

)

, #+04

(

ω′′1
ω′′2

)

= WU−1

(

ω′1
ω′2

)

.

"#3,2 0,() ω′′1 , ω
′′

2 =%>%,+0 ?,(%#&@43$,(#2,4(%( A4( ω′1, ω
′

2 *$%& Z9 B+04 ,02 ω′1, ω
′

2

%,(% C#0,0 A4( Ω9 2
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.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

•

•ω′

1

•
ω′

2

•ω′

1
+ω′

2

•ω1

•ω2

.
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.
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.

.

B$$9 DE F&'()3#0-%(

•0

◦ω1

◦ω2

•
u

◦ω1 + ω2

◦
u + ω1

◦u + ω2

◦u + ω1 + ω2

3(ω1, ω2)

3(u; ω1, ω2)

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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B$$9 6E G%&,4)%(H#&#++%+4/&#33%

I0 0%, Ω %,( F,22%& ,( C '() (ω1, ω2) %,(% C#0,0 A4( Ω9 <*& u ∈ C )%J(,%&2 3#(
)#0  !"#$%!&'("())!)$*"(++ 7$%;*/+,- ω1, ω2 3,2 ,(-#-'.&/0 u8 )'&-

7K8 3(u; ω1, ω2) := {u + α1ω1 + α2ω2 ; 0 ≤ α1 < 1 , 0 ≤ α2 < 1}9

:3 <#++ u = 0 0-&%,$2 3#( #'-

7L8 3(ω1, ω2) := 3(0; ω1, ω2) = {α1ω1 + α2ω2 ; 0 ≤ α1 < 1 , 0 ≤ α2 < 1}

'() (%((2 3(ω1, ω2) #'- %,(% 1".&%+(-3! )%0 F,22%&09 M%)%0 G%&,4)%(H#&#+N
+%+4/&#33 P := 3(u; ω1, ω2) ,02 %,( 4.&%(+!&0()5!"!#3 A4( C $%;*/+,- Ω ,3
O4+/%()%( P,((%E

 !"#"$%&%"' () 6. 7!%!+ z ∈ C *#50 !- *!&(. !#& ω ∈ Ω +#0 z + ω ∈ P 8
1!39"!& #&-5!-$&%!"! z .&% z + ω , ω ∈ Ω: ;. P : %(&& *#)0 ω = 08

,!<!#-8 Q#( >.-+% ξ1, ξ2 ∈ R 3,2 z − u = ξ1ω1 + ξ2ω2 '() &%)';,%&% ξ1 '() ξ2

34)'+4 19 2

R#2*&+,- /,$2 %0 ;' =%)%3 F,22%& A,%+% G%&,4)%(H#&#++%+4/&#33%1 %0 /,+2 #$%&
),%



 ! "#$ %&'()*#*+$#, -./ 0#,,$1  !

 !"#! $%&' (! !%)$ *++" !%$! ,!"$.%!'!&/

01 2$ 3%0# !%&! 45$6&3 ,7& 8∗19 %& '!" A !%&! :%+37&+);+#"%< 6&' B $.%!=$>;;!#"%$. %$#/

?1 @+& 3!0! !<*)%A%# !%&! 0%.7)7;7"*.! B00%)'6&3 A %$.!& '!; 2%&.!%#$C"!%$ 6&' '!; 2%&D

.!%#$E6+'"+# {z ∈ C ; 0 < x, y < 1} %& C +&/

F1 G!% Ω = Ziλ + Zλ9 0 6= λ ∈ C !%& H6+'"+#3%##!"/ :+&& $%&' '%! I6))$#!))!& '!" ℘JK6&C#%7&

3!&+6 '%! L6&C#! '!" @!&3! 1+i

2
λ + Ω/ M!'! I6))$#!))! %$# ,7& '!" N"'&6&3 O/

P1 Q$# Ω !%& R%##!"9 $7 '+$$ '%!  !"!#$%#&$$$.! ℘DK6&C#%7& &6" '7**!)#! I6))$#!))!& .+#9

'+&& !<%$#%!"# !%& 0 6= λ ∈ C ;%# Ω = Ziλ + Zλ/

 !" #$% &'()*+$+,%$- ./0 1$--%2

"# $%&'&( )*+*,+*-&# '.// $%& 0123#,%,4&%5 $&+ !"!#$%#&$$'2&# ℘789#45%.#
9#$ $&+ '"$!($%!"(7:&%2&# Gk ;.( <%55&+ Ω 9#5&+'925 =&+$&#> ?*@9 '&%
Ω = Zω1 + Zω2 '5&5' &%# <%55&+ %# C>

 ! "#$#%&'()*) +', -./(/0&2/&3! A%5 Ω %'5 #*5B+/%2 *92 λΩ -B+ C&$&'
0 6= λ ∈ C &%# <%55&+ %# C> 09' D>EFDG 9#$ D>HFEG -./,5 '.-.+5

FEG ℘λΩ(λz) = λ−2 · ℘Ω(z) 9#$ Gk(λΩ) = λ−k ·Gk(Ω), k ≥ 3.

A%5 D>DFHGI D> F!G 9#$ D> FJG &+,%15 '%2 *92

g2(λΩ) = λ−4 · g2(Ω), g3(λΩ) = λ−6 · g3(Ω),

∆(λΩ) = λ−12 ·∆(Ω), j(λΩ) = j(Ω).
FHG

4.)5!  !" #$%%&" Ω '() Ω′ $( C *$() +,'$-./&(%0
F%G 1* 2$3% &$( 0 6= λ ∈ C 4$% Ω′ = λΩ5
F%%G j(Ω′) = j(Ω)>

6&7&$*5 F%G =⇒ F%%GK A*# ;&+,/&%2& FHG>
F%%G =⇒ F%GK L&% @9#32'5 j(Ω′) = j(Ω) 6= 0> ?*## ,%/5 g2(Ω) 6= 0 9#$ g2(Ω

′) 6= 0
#*2 D> FJG> 0/'. &M%'5%&+5 &%# 0 6= λ ∈ C (%5

g2(Ω
′) = λ−4 · g2(Ω) = g2(λΩ) .

A%5 FHG 9#$ D> F!G &+,%15 '%2

g3(Ω
′) = ±λ−6 · g3(Ω) = ±g3(λΩ) .

N+'&5@5 (*# ,,-> λ $9+2 iλI '. -./,5 g2(Ω
′) = g2(λΩ) 9#$ g3(Ω

′) = g3(λΩ)>
?*## &+23/5 (*# Ω′ = λΩ *9' O.+.//*+ D>D8> <%/5 j(Ω) = j(Ω′) = 0I '. -./,5
g2(Ω) = g2(Ω

′) = 0 9#$ g3(Ω) 6= 0 '.=%& g3(Ω
′) 6= 0 *9' O.+.//*+ D> P> ?*##

&+23/5 (*# $%& Q&2*9R59#, *#*/.,> 2

"'5 (ω1, ω2) &%#& Q*'%' ;.# Ω F;,/> E>DGI '. '2+&%15 (*# *92 F;,/> D>EFEGG



 !  !"#$%& '( )&&#"$#*,% -./0$#1/%/

"#$ ℘(z; ω1, ω2) := ℘Ω(z) %&' Gk(ω1, ω2) := Gk(Ω) ()* k ≥ 3+

,- -./* ℘ %&' '0/ Gk &%* 123 4055/* Ω %&' &075 12& '/* 8-79 /0&/* :-;0;
-.7<&=/&> /*=0.5 '-; :-;0;?@/33- A+B ;2(2*5

" $ ℘(z; ω′1, ω
′

2) = ℘(z; ω1, ω2) %&' Gk(ω
′

1, ω
′

2) = Gk(ω1, ω2) ()* k ≥ 3

%&'
(

ω′1
ω′2

)

= U

(

ω1

ω2

)

305 U =

(

a b
c d

)

∈ GL (2; Z),"C$

-9;2 ()*

"B$ ω′1 = aω1 + bω2 , ω′2 = cω1 + dω2 %&' a, b, c, d ∈ Z , ad− bc = ±1+

D)* 0 6= λ ∈ C 7-5 '-&& "A$ ()* k ≥ 3 -%7 '0/ D2*3

℘(λz; λω1, λω2) = λ−2 · ℘(z; ω1, ω2), Gk(λω1, λω2) = λ−k ·Gk(ω1, ω2) ."AE$

F9; :-;0; 12& Ω ;0&' ω1> ω2 )./* R 90&/-* %&-.7<&=0=> '+ 7+ τ := ω1/ω2 /∈ R+ ,-
305 (ω1, ω2) -%7 (−ω1, ω2) /0&/ :-;0; 12& Ω 0;5> '-*( 3-& 27&/ G0&;7*<&H%&=
Im τ > 0 -&&/73/&+ I-& ./-75/> '-;; '0/; =/&-% '-&& '/* D-99 0;5> J/&& '-;
,*/0/H (0, ω2, ω1) K2;0501 2*0/&50/*5 0;5+ F%; " $ %&' "AE$ (29=/*5 3-& '-7/*

"L$ ℘(z; ω1, ω2) = ω−2
2 · ℘(z/ω2; τ, 1) %&' Gk(ω1, ω2) = ω−k

2 ·Gk(τ, 1) ()* k ≥ 3+

M%* N&5/*;%7%&= 12& /990K50;7/& D%&H502&/& ./O)=907 Ω '-*( 3-& '-7/* 27&/
J/;/&5907/ G0&;7*<&H%&= ω2 = 1> -9;2

Ω = Zτ + Z 305 τ ∈ H

-&&/73/&+ ,-./0 0;5 '0/  !"#" $%&!"!"'" H '/P&0/*5 '%*7

H := {τ ∈ C ; Im τ > 0}+

8/=/&

τ ′ :=
ω′1
ω′2

=
aω1 + bω2

cω1 + dω2

=
aτ + b

cτ + d
%&' Im τ ′ =

ad− bc

|cτ + d|2 · Im τ"!$

'-*( 3-& '-&& -./* ./03 Q./*=-&= 12& '/* :-;0; (τ, 1) 12& Ω O%* :-;0; (τ ′, 1)
'/; 4055/*; 1

cτ+d
Ω 305 τ ′ ∈ H &%* &27 I-5*0O/& U = ( a b

c d ) -%; '/* ()"*+"&&"'
&+'"%#"' ,#-))" .!"# Z> -9;2 SL (2; Z) := {U ∈ GL (2; Z) ; det U = 1}> O%9-;;/&
"1=9+ A+C"R$$+ ,-305 H-&& " $ J/=/& "B$ %&' "AE$ 0& '/* D2*3

℘

(

z

cτ + d
;

aτ + b

cτ + d
, 1

)

= (cτ + d)2 · ℘(z; τ, 1)"S$

.OJ+

Gk

(

aτ + b

cτ + d
, 1

)

= (cτ + d)k ·Gk(τ, 1) ()* k ≥ 4"AT$


