
 ! "#$ %&'()*#*+$#, -./ 0#,,$1  !

 !"#$  !"  !#$%!&!'(')" ∆(τ) *"#!)+) "!'"  !"#$%#,-').!$01'2 3"% 45%&

"#$ ∆(τ) = (2π)12 ·
∞
∑

m=1

τ(m) · e2πimτ , τ ∈ H%

&!) 65"7+!"')"' τ(m) ∈ Z 1'3 τ(1) = 18  !"  !#$%!&!'(')" ∆ : H → C !#)
"!'" 9505&5%:9" 41'$)!5' &!) ∆(τ) 6= 0 ;<% (00" τ ∈ H 1'3

∆

(

aτ + b

cτ + d

)

= (cτ + d)12 ·∆(τ) ;<% (00"
(

a b
c d

)

∈ SL (2;Z)." $

&'( )(*(',-.-/ 0(1 23(4*'(-5(- '- "#$ 6'5 τ(m) '75 ('-( 8190'5'3-% 0'( :('0(-
τ ;7 73<<5(- ,'(1 =('- >-<977 *.1 23-?.7'3- 7('-@

="."!#8 A'5 0(- >:=B1*.-/(-

A :=
∞
∑

m=1

σ3(m) · e2πimτ , B :=
∞
∑

m=1

σ5(m) · e2πimτ %

,95 69- -9, "C$ .-0 "!$

∆(τ) =
(2π)12

1728
· ((1 + 240A)3 − (1− 504B)2) = (2π)12 · (e2πiτ + . . .)"∗$

.-0 1(,57 75(,5 ('-( D35(-*1(',( '- q = e2πiτ @ E.6 F9,G('7% 0977 ,'(1 0'(
23(4*'(-5(- '- Z <'(/(-% ,95 69- *.-H,75 d3 ≡ d5 (mod 12) ?B1 d ∈ Z .-0
?3</<', σ3(m) ≡ σ5(m)(mod 12) ?B1 m ∈ N@ )(*'(,5 69- 0'( 23-/1.(-* 9<73 9.?
0'( 23(4*'(-5(-% 73 /'<5 A ≡ B (mod 12)@ I(5*5 1(,-(5 69- 630.<3 1728 = 123

.-0 :(=3665

(1 + 240A)3 − (1− 504B)2 ≡ 122(5A+ 7B) ≡ 0(mod 123)@

&(1 F(--(1 '- "∗$ =B1*5 7', 9<73 '- 9<<(- 23(4*'(-5(- ,(19.7@

A'5 g2 .-0 g3 "J/<@ K95* C$ '75 9., ∆ ,3<3631L,@ A9- (1,H<5 ∆(τ) 6= 0 9.7
2313<<91 !@#M@ &'( )(*'(,.-/ " $ ?3</5 0'1(=5 9.7 C" $ .-0 "N$@ 2

"O$

m τ(m)  !"#$%&'(!)*!+*,-.,
/ / /
0 −24 1 23 2
2 030 22 32 4
5 −1 472 1 26 02
3 4 830 0 2 3 4 02
6 −6 048 1 25 33 4
4 −16 744 1 23 4 /2 02
7 84 480 29 2 3 //
8 −113 643 1 34 02 6/
/9 −115 920 1 24 32 3 4 02

%$ &'( !)*+,-"( ./0!1'!/"($ F(:(- 0(1 &'7=1'6'-9-5( ∆ 7L'(<5 0'( 9:73<.5(
P-J91'9-5( j /(6HQ !@#"R$ ('-( G',5'/( S3<<(T



 !  !"#$%& '( )&&#"$#*,% -./0$#1/%/

"#$ j(τ) := (12g2(τ))
3/∆(τ) , τ ∈ H%

&'( )*',-*. /'00 j(τ) 1*2*( 3'-4 5 678 '99* τ ∈ C :;- Im τ > 0 *8<9=8- ;0-%
g2 >(/ ∆ 0;(/ (', 5"?$ >(/ 5"!$ />8,  !"#$%#@A*;,*( ;( τ /'80-*99)'8. '90B
CB-*(48*;,*( ;( q := e2πiτ % D>8 E*89*;->(2 *;(*8 *(-0F8*,*(/*( A*;,* 678 j
)*(G-;2- :'( /;*

 !"#"$%&%"'(  !"# f $"# g %&' |q| < 1 ()"*+',+"-+ .)-+"/'+!0+"1

f(q) =
∑

n≥0

anq
n , g(q) =

∑

n≥0

bnqn , an , bn ∈ Z,

2!- b0 = 1 $"# g(q) 6= 0 %&' |q| < 11 3) !3- 4$0 f/g +!"+ %&' |q| < 1 ()"*+',+"-+
.)-+"/'+!0+ 2!- 6)+7/!+"-+" 4$3 Z8

9+:+!38 D>(=,0- 0;(/ f >(/ g. '90B '>, f/g 678 |q| < 1 ,B9B:B8F,. '90B /B8-
;( *;(* CB-*(48*;,* *(-1;<*9)'8. /*8*( HB*I4;*(-*( 1;8 :;- cn )*4*;,(*(% J>0

(

∑

n≥0

cnq
n

)

·
(

∑

n≥0

bnqn

)

=
∑

n≥0

anqn

0B1;* b0 = 1 6B92- /;* A*<>80;B(06B8:*9

c0 = a0 , cm = am −
m−1
∑

n=0

cnbm−n , m ≥ 1.

J90B 0;(/ '99* cm 2'(4* D',9*(% 2

K':;- *8,'9-*( 1;8 /*(

)*&+ ,( ;!+ 4<3)=$-+ >"*4'!4"-+ j : H → C !3- 0)=)2)'?0 $"# <+3!-/- +!"+
 !"#$%#@A"-:!(=$", #+' B)'2

j(τ) = e−2πiτ +
∑

m≥0

jm · e2πimτ = e−2πiτ + 744 + 196884 · e2πiτ + . . ."?$

2!- jm ∈ Z %&' 4==+ m ≥ 08 A3 ,!=-

j

(

aτ + b

cτ + d

)

= j(τ) %&' 4==+
(

a b
c d

)

∈ SL(2;Z) ."5$

9+:+!38 K;* EB9B:B8F,;* 6B92- :;- "#$ '>0 3'-4 ? >(/ 3'-4 5% 3F'9-*- :'( *;(*(
L'<-B8 q '>0 ∆ '). 0B <'(( :'( /;* C8BFB0;-;B( '(1*(/*( >(/ *8,=9- "?$ '>0
5"?$ >(/ 5"!$% 3,9;*M9;, ;0- "5$ *;(* HB(0*N>*(4 OB( ?" $ >(/ 5" $% 2

&'( 1;8/ 0F=-*8 "3'-4 P%P$ 0*,*(. /'00 /;* HB*I4;*(-*( jm 0B2'8 '99* FB0;-;O
0;(/% K>8, "5$ 1;8/ 29*;,4*;-;2 /*8 Q':* R')0B9>-* S(O'8;'(-*T :B-;O;*8-% U0
2;9- ')*8 '>, /;* V:<*,8>(2 OB( "5$W



 ! "#$ %&'()*#*+$#, -./ 0#,,$1   

 !"# $%  !"# τ, τ ′ ∈ H $"# %!&' j(τ ′) = j(τ)( #)"" %!*' +, +!"+ -)'.!/ ( a b
c d ) ∈

SL (2;Z) 0!'

τ ′ =
aτ + b

cτ + d
.

1+2+!,3 !"$ %&'"())*+,(-. ./0+ j(Zτ ′ + Z) = j(Zτ + Z)1 2) 3&0.+ Zτ ′ + Z =
Zλτ + Zλ 34' */- 0 6= λ ∈ C "() 5"+, 61 7"-- )/-8 "0)& (τ ′, 1) (-8 (λτ, λ) ,9*/
:")*- */-*) ;/++*')1 !"$ 8*< :")/)=>*<<" 61? ./@+ *) 8"$*' M = ( a b

c d ) ∈
GL (2;Z) </+ τ ′ = aλτ + bλ, 1 = cλτ + dλA "0)& τ ′ = aτ+b

cτ+d
1 7" "@*' τ (-8 τ ′ /-

H 0/*.*-A 3&0.+ detM = 1 "() 6BCD1 2

2/-* )EF+*' /- G&'&00"' HHH1 1IJ /- )$F'3*'*' K&'< ,( @*9*/)*-8* J())".* -&=
+/*'*- 9/' @*'*/+) L*+,+ "0)

 !"# &% 4$ 5+#+0 c ∈ C %!*' +, +!" τ ∈ H 0!' j(τ) = c3

1+2+!,3 M/' -*$<*- "-A 8")) j(τ) 6= c 34' "00* τ ∈ H ./0+1 7"-- /)+

F (τ) =
j′(τ)

j(τ)− c

$&0&<&'E$ "(3 H1 M/' @*+'"$+*- 8") H-+*=
.'"0
∫

γ

F (τ)dτ , γ = γ1 + γ2 + γ3 + γ4 + γ5 ,

</+ 8*< M*. γ = ∂G "() -*@*-)+*$*-8*'
J@@/08(-.1 J() BND 3&0.+

F (τ + 1) = F (τ) , F (−1/τ) = τ 2 · F (τ) .
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.

.

G
γ1

γ2

γ3

γ4 γ5

.........................................................................................................................................................................................................................................................................................................................
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.
.
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.
.
.

−1
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.
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.
..

J@@1 6OP H-+*.'"+/&-)9*.

7"'"() *'./@+ )/$
∫

γ1

F (τ)dτ +

∫

γ3

F (τ)dτ =

∫

γ4

F (τ)dτ +

∫

γ5

F (τ)dτ = 0.

!"$ 8*' Q'&E&)/+/&- (-8 BID @*)/+,+ F (τ) */-*  !"#$%#=2-+9/R0(-. 8*'
K&'<

F (τ) =
∑

m≥0

ame2πimτ , a0 = −2πi .

7"</+ *'$F0+ <"-
∫

γ2
F (τ)dτ = 2πi1 S/+ 8*< T*)/8(*-)"+, 3&0.+ -(-

2πi ·
∑

τ∈G

ordτ (j − c) =

∫

γ

F (τ)dτ = 2πi .



 !  !"#$%& '( )&&#"$#*,% -./0$#1/%/

"#$ %$& '%()%*'+$,+-/0 12$3 '4%$&%'+& '%( τ ∈ H 5%& j(τ) = c0 2

6'&+#/&'& 5#( $/'%(7#+ #228'5'%('+ #( 9&'22' :3( j(τ); *0 /0 #( 9&'22' '%('$
<%&&'+$ *'+ =3+5 Zτ +Z , τ ∈ H; *%' #7$32-&' >(:#+%#(&' j(Ω) ?@+ '%( 7'2%'7%8'$
<%&&'+ Ω :3( C 8'5AB C0DEFG; $3 H'%8& 9#&H I

j(Ω) = j (ω1/ω2) , ?#22$ Im (ω1/ω2) > 0.EDG

"%' 6'*'-&-(8 *'$ 9#&H'$ 1 ?@+ '22%,&%$/' =-(J&%3('( 2%'8& (-( %( *'5

 !"!##$"%  !"# c2, c3 ∈ C $!% c3
2 − 27c2

3 6= 0& #'"" (!)% *+ (*"', *!" -!%%*. Ω
!" C $!%

c2 = g2(Ω) ,"# c3 = g3(Ω).

/*0*!+1 K#/ 9#&H L 8%7& '$ '%( <%&&'+ Ω 5%&

j(Ω) =
(12c2)

3

c3
2 − 27c2

3

.

#G c2 = 0M "#(( %$& j(Ω) = 0; #2$3 g2(Ω) = 0 , g3(Ω) 6= 00 N#( OA/2& (-( '%(
0 6= λ ∈ C 5%& g3(Ω) = λ6c30 )'8'( IEPG ?328&

g3(λΩ) = λ−6 · g3(Ω) = c3 -(* g2(λΩ) = λ−4 · g2(Ω) = 0 = c2.

7G c2 6= 0M "#(( %$& j(Ω) 6= 0; #2$3 g2(Ω) 6= 00 N#( OA/2& (-( '%( 0 6= λ ∈ C

5%& g2(Ω) = λ4c20 Q$ ?328& g2(λΩ) = c2 -(* #-$ j(λΩ) = j(Ω) '+/A2& 5#(
c2
3 = g2

3(λΩ)0 "%' Q4%$&'(H '+8%7& $%/; %(*'5 5#( 88?0 λ *-+/ iλ '+$'&H&0

"%' Q%(*'-&%8J'%& '+8%7& $%/ %( 7'%*'( =A22'( #-$ R3+322#+ C0C=0 2

&'('")*+,% 1-?8+-(* *'$ R3+322#+$; *#$ #-/ #2$ 2"3*.+!4"+5 '%6 7'H'%/('&
O%+*; J#(( 5#( 5%& *'+ H-8'/S+%8'(  !"!#$%#&$$$/'( ℘T=-(J&%3(; *%' %(
Q0P 8'(#((&'( "%U'+'(&%#282'%/-(8'( -(* >(&'8+#&%3($,+372'5' 2S$'(0

-% &'"'/+*+, 0'1  !"#!#$23+4',"$#1% )%+ O'(*'( (-( *%' Q+8'7(%$$'
#(; -5 *#$ %( Q0CEIG 7'$/+%'7'(' '&()&)*T>(&'8+#2 H- 7'+'/('(0 "#H- $'%

Γ(s) :=

∞
∫

0

ts−1e−tdt, s ∈ C, Re(s) > 0,EIG

*%' -'$$'57,"8%!4" E:820 V0 +!,,!#% WIXX ℄; P0C0PG0

5"!6!1747!+% 9+ (!:%

∞
∫

1

1√
4x3 − 4x

dx =

1
∫

0

1√
1− t4

dt =
Γ(1/4)2

4
√
2π

.


