
11 Dirichlet Series and 
Euler Products 

11.1 Introduction 

In 1737 Euler proved Euclid's theorem on the existence of infinitely many 
primes by showing that the series L P - 1, extended over all primes, diverges. 
He deduced this from the fact that the zeta function (s), given by 

(1) 
00 1 

(s) = L s 
n= 1 n 

for real s > 1, tends to 00 as s -+ 1. In 1837 Dirichlet proved his celebrated 
theorem on primes in arithmetical progressions by studying the series 

(2) 
00 x(n) 

L(s, X) = L -. 
n= 1 n 

where X is a Dirichlet character and s > 1. 
The series in (1) and (2) are examples of series of the form 

(3) I f(~) 
n= 1 n 

where f(n) is an arithmetical function. These are called Dirichlet series with 
coefficients f(n). They constitute one of the most useful tools in analytic 
number theory. 

This chapter studies general ptoperties of Dirichlet series. The next 
chapter makes a more detailed study of the Riemann zeta function (s) and 
the Dirichlet L-functions L(s, X). 
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11.2: The half-plane of absolute convergence of a Dirichlet series 

Notation Following Riemann, we let s be a complex variable and write 

s = (J + it, 
where (J and t are real. Then nS = eS logn = e(u+it) logn = nUe it logn. This 
shows that I nS I = nU since I ei9 1 = 1 for real (). 

The set ofpoints s = (J + it such that (J > ais called a half-plane. We will 
show that for each Dirichlet series there is a half-plane (J > (Je in which the 
series converges, and another half-plane (J > (Ja in which it converges 
absolutely. We will also show that in the half-plane of convergence the series 
represents an analytic function of the complex variable s. 

11.2 The half-plane of absolute convergence 
of a Dirichlet series 

First we note that if (J ~ a we have I nS I = nU ~ na hence 

Therefore, if a Dirichlet series L f(n)n- S converges absolutely for s = a + ib, 
then by the comparison test it also converges absolutely for all s with (J ~ a. 
This observation implies the following theorem. 

Theorem 11.1 Suppose the series L If(n)n-SI does not convergefor all s or 
diverge for aU s. Then there exists areal number (Ja' ca lied the abscissa of 
absolute convergence, such that the series L f(n)n- S converges absolutely 
if (J > (Ja but does not converge absolutely if (J < (Ja. 

PROOF. Let D be the set of all real (J such that L I f(n)n-SI diverges. D is not 
empty because the series does not converge for all s, and D is bounded above 
because the series does not diverge for all s. Therefore D has aleast upper 
bound which we call (Ja. If (J < (Ja then (J E D, otherwise (J would be an upper 
bound for D smaller than the least upper bound. If (J > (Ja then (J Ij D since 
(Ja is an upper bound for D. This proves the theorem. 0 

Note. If L If(n)n-SI converges everywhere we define (Ja = - 00. If the 
series LI f(n)n-SI converges nowhere we define (Ja = + 00. 

EXAMPLE 1 Riemann zeta function. The Dirichlet series L:'= 1 n- s converges 
absolutely for (J > 1. When s = 1 the series diverges, so (Ja = 1. The sum 
of this series is denoted by '(s) and is called the Riemann zeta function. 

EXAMPLE 2 If fis bounded, say If(n) I ~ M for all n ~ 1, then L f(n)n- S 
converges absolutely for (J > 1, so (Ja ~ 1. In particular if X is a Dirichlet 
character the L-series L(s, X) = L x(n)n- S converges absolutely for (J > 1. 
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11: Dirichlet series and Euler products 

EXAMPLE 3 The series L nnn- s diverges for every s so (Ja = + 00. 

EXAMPLE4 The series L n-nn- s converges absolutelyfor every s so (Ja = - 00. 

11.3 The function defined by a Dirichlet 
senes 

Assurne that L J(n)n- S converges absolutely for (J > (Ja and let F(s) denote 
the sum function 

(4) 
00 J(n) 

F(s) = L -S for (J > (Ja· 
n=l n 

This section derives some properties of F(s). First we prove the following 
lemma. 

Lemma 1 1f N ~ 1 and (J ~ C > (Ja we have 

I n~Nf(n)n-S I :;; N-(U-C)n~) f(n)ln- c. 

PRooF. We have 

00 

:;; N-(u-c) L l!(n)ln- c• D 
n=N 

The next theorem describes the behavior of F(s) as (J ---+ + 00. 

Theorem 11.2 1f F(s) is given by (4), then 

lim F«(J + it) = J(I) 
t1-+ + 00 

uniformly Jor - 00 < t < + 00. 

PRooF. Since F(s) = J(I) + 2::'=2 J(n)n- S we need only prove that the 
second term tends to 0 as (J ---+ + 00. Choose C > (Ja. Then for (J ~ c the lemma 
implies 

j f J(~) j :;; 2-(u-C) f If(n)ln- C = ~ 
n=2 n n=2 2 

where A is independent of (J and t. Since AI2u ---+ 0 as (J ---+ + 00 this proves 
the theorem. D 

EXAMPLES C«(J + it) ---+ 1 and L«(J + it, X) ---+ 1 as (J ---+ + 00. 

226 



11.3: The function defined by a Dirichlet series 

We prove next that all the coefficients are uniquely determined by the 
sum function. 

Theorem 11.3 Uniqueness theorem. Given two Dirichlet series 

F(s) = f f(:) 
n= 1 n 

00 g(n) 
and G(s) = L -s ' 

n= 1 n 

both absolutely convergent for (J > (Ja. If F(s) = G(s)for each s in an infinite 
sequence {Sk} such that (Jk -+ + 00 as k -+ 00, then f(n) = g(n)for every n. 

PROOF. Let h(n) = f(n) - g(n) and let H(s) = F(s) - G(s). Then H(Sk) = 0 
for each k. To prove that h(n) = 0 for all n we assume that h(n) =F 0 für some n 
and obtain a contradiction. 

Let N be the smallest integer for which h(n) =F 0. Then 

H(s) = f h(~) = h(~) + f h(~) . 
n=N n N n=N+l n 

Hence 

h(N) = NSH(s) - N S f h(~) . 
n=N+l n 

Putting s = Sk we have H(Sk) = 0 hence 
00 

h(N) = _NSk L h(n)n- Sk. 
n=N+l 

Chüose k so that (J k > c where c > (Ja. Then Lemma 1 implies 

where A is independent of k. Letting k -+ 00 we find (Nj(N + 1Wk -+ 0 so 
h(N) = 0, a contradiction. 0 

The uniqueness theorem implies the existence of a half-plane in which 
a Dirichlet series does not vanish (unless, of course, the series vanishes 
identically). 

Theorem 11.4 Let F(s) = L f(n)n- S and assume that F(s) =F Ofor some s with 
(J > (Ja. T hen there is a half-plane (J > C ~ (Ja in which F(s) is never zero. 

PROOF. Assume no such half-plane exists. Then for every k = 1,2, ... there 
is a point Sk with (Jk > k such that F(Sk) = O. Since (Jk -+ + 00 as k -+ 00 the 
uniqueness theorem shows thatf(n) = 0 for all n, contradicting the hypothesis 
that F(s) =F 0 for some s. 0 
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11: Dirichlet series and Euler products 

11.4 M ultiplication of Dirichlet series 

The next theorem relates products of Dirichlet series with the Dirichlet 
convolution of their coefficients. 

Theorem 11.5 Given two Junctions F(s) and G(s) represented by Dirichlet series, 

F(s) = f J(~) Jor (J > a, 
n= 1 n 

and 

00 g(n) 
G(s) = I -s Jor (J > b. 

n= 1 n 

Then in the half-plane where both series converge absolutely we have 

(5) 
00 h(n) 

F(s)G(s) = L -s ' 
n= 1 n 

where h = f * g, the Dirichlet convolution off and g: 

h(n) = I J(d)g(S)· 
dln 

Conversely,ijF(s)G(s) = IIX(n)n-Sforalisinasequence{sk}with(Jk -+ +00 

as k -+ 00 then IX = J * g. 

!>ROOF. For any s for which both series converge absolutely we have 
00 00 00 00 

F(s)G(s) = L J(n)n- S I g(m)m- S = I L J(n)g(m)(mn)-S. 
n=1 m=l n=1 m=l 

Because of absolute convergence we can multiply these series together and 
rearrange the terms in any way we please without altering the sumo Collect 
together those terms for which mn is constant, say mn = k. The possible values 
of kare 1, 2, ... , hence 

F(s)G(s) = Jl C~/(n)g(m))k-s = k~l h(k)k- S 

where h(k) = Imn=k f(n)g(m) = (f * g)(k). This proves the first assertion, 
and the second follows from the uniqueness theorem. 0 

EXAMPLE 1 Both series I n-S and I J1(n)n- S converge absolutely for (J > 1. 
TakingJ(n) = 1 and g(n) = J1(n) in (5) we find h(n) = [l/n], so 

(s) f J1(7) = 1 if (J > 1. 
n= 1 n 
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11.4: Multiplication of Dirichlet series 

In particular, this shows that ((s) #- 0 for (J > 1 and that 

OC! J.l(n) 1 . 
L -S = r(.) If(J> l. 

n= 1 n s s 

EXAMPLE 2 More generally, assumef(1) #- 0 and let g = f- 1, the Dirichlet 
inverse off Then in any half-plane where both series F(s) = L f(n)n- S and 
G(s) = L g(n)n- S converge absolutely we have F(s) #- 0 and G(s) = 1jF(s). 

EXAMPLE 3 Assume F(s) = L f(n)n- S converges absolutely for (J> (Ja. If 
f is completely multiplicative we have f - l(n) = J.l(n)f(n). Since ! f - l(n)! ~ 
!f(n)! the series L J.l(n)f(n)n- S also converges absolutely for (J > (Ja and we 
have 

~ J.l(n)f(n) __ 1_ .f 
L.. - () 1 (J > (Ja· 

n=1 nS Fs 

In particular for every Dirichlet character X we have 

f J.l(n)x(n) = _1_ if (J > l. 
n= 1 nS L(s, X) 

EXAMPLE 4 Take f(n) = 1 and g(n) = <p(n), Euler's totient. Since <p(n) ~ n 
the series L <p(n)n- S converges absoluteiy for (J > 2. Also, h(n) = Lln <p(d) 
= n so (5) gives us 

00 <p(n) 00 n 
((s) L -S = L s = ((s - 1) if (J > 2. 

n=1 n n=l n 

Therefore 

f <p(n) = ((s - 1) if(J> 2. 
n= 1 nS ((s) 

EXA,MPLE 5 Take f(n) = 1 and g(n) = na. Then h(n) = Ldln da = (Jin), and 
(5) gives us 

((s)((s - IX) = f (Ja~n) if (J > max{l, 1 + Re(IX)}. 
n= 1 n 

EXAMPLE 6 Takef(n) = 1 and g(n) = A(n), Liouville's function. Then 

so (5) gives us 

{
I if n = m2 for some m, 

h(n) = L A(d) = 0 
dln otherwise, 

((s) f A(7) = 
n= 1 n 

00 

L 
1 00 1 
s = L 2S = ((2s). 
n m=l m n= 1 

n=square 
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11: Dirichlet series and Euler products 

Hence 

~ ,l.(n) = (2s) 
L., if a > 1. 

n=1 nS (s) 

11.5 Euler products 

The next theorem, discovered by Euler in 1737, is sometimes called the 
analytic version of the fundamental theorem of arithmetic. 

Theorem 11.6 Letfbe a multiplicative arithmeticalfunction such that the series 
L f(n) is absolutely convergent. Then the sum ofthe series can be expressed 
as an absolutely convergent infinite product, 

00 

(6) L f(n) = TI {I + f(p) + f(P2) + ... } 
n=1 p 

extended over all primes. 1f f is completely multiplicative, the product 
simplijies and we have 

(7) 

Note. In each case the product is called the Euler product ofthe series. 

PROOF. Consider the finite product 

P(x) = TI {I + f(P) + f(P2) + ... } 

extended over all primes p ::; x. Since this is the product of a finite number 
of absolutely convergent series we can muItiply the series and rearrange 
the terms in any fashion without altering the sumo A typical term is of the 
form 

f(PIQ')f(P2 Q2 ) ... f(p,ar) = f(PIQ'P2 Q2 ... p,ar) 

since f is multiplicative. By the fundamental theorem of arithmetic we can 
write 

P(x) = L f(n) 
neA 

where A consists of those n having all their prime factors ::; x. Therefore 
00 

L f(n) - P(x) = L f(n), 
n=1 neB 

where B is the set of n having at least one prime factor > x. Therefore 

I n~/(n) - P(x) I ::; n~BIf(n)1 ::; n~xl f(n)l· 

As x --+ 00 the last sum on the right --+ 0 since L 1 f(n) 1 is convergent. Hence 
P(x) --+ L f(n) as x --+ 00. 
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11.5: Euler products 

Now an infinite produet of the form n (1 + an) eonverges absolutely 
whenever the eorresponding series L an eonverges absolutely. In this ease 
we have 

00 

I If(P) + f(P2) + ···1 ~ L (lf(P)1 + If(p2)1 + ... ) ~ Ilf(n)l. 
p,;;x p~x n=2 

Sinee all the partial sums are bounded, the series of positive terms 

I If(P) + f(p2) + · .. 1 

p 

eonverges, and this implies absolute eonvergenee of the produet in (6). 
Finally, when f is eompletely multiplieative we have f(pn) = f(P)" and 

eaeh series on the right of (6) is a convergent geometrie series with sum 
(1 - f(P»-l. D 

Applying Theorem 11.6 to absolutely eonvergent Diriehlet series we 
immediately obtain: 

Theorem 11.7 Assurne I f(n)n- S converges absolutely for (J> (Ja' If fis 
multiplicative we have 

(8) ~ f(n) = n {I + f(p) + f(P2) + ... } if (J > (Ja' 
L., nS pS p2s n=l p 

and if fis completely multiplicative we have 

00 f(n) 1 
n~l 7 = ry 1 - f(P)p-S if(J> (Ja' 

It should be noted that the general term of the produet in (8) is the Bell 
seriesfix) ofthe funetionfwith x = p-s. (See Seetion 2.16.) 

EXAMPLES Taking f(n) = 1, Jl(n), «J(n), (J,,(n), A(n) and x(n), respectively, we 
obtain the following Euler produets: 

00 1 1 
(s) = I s = n S if (J > 1. 

n=ln pl-p 

_1 = f Jl(n) = n (1 - p-S) if (J > 1. 
(s) n= 1 nS p 

(s - 1) = f «J(n) = n 1 - p-s if (J > 2. 
(s) n=l nS p 1 - p1-S 

00 (Jin) 1 
(s)(s - cx) = n~l 7 = ry (1 _ p-S)(1 _ p" S) if (J > max{l, 1 + Re(cx)}, 

(2s) = f A(n) = n 1 
(s) n=l nS p l+p 

if (J > 1, 

00 x(n) 1 
L(s. X) = I -s = n 1 (P) S if (} > 1. 

n=l n p - X P 
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