Dirichlet Series and
Euler Products

11.1 Introduction

In 1737 Euler proved Euclid’s theorem on the existence of infinitely many
primes by showing that the series ) p~ !, extended over all primes, diverges.
He deduced this from the fact that the zeta function {(s), given by

2 1
1) =3 =
n=11
for real s > 1, tends to co as s — 1. In 1837 Dirichlet proved his celebrated
theorem on primes in arithmetical progressions by studying the series

@ Ls,p=3

n=1 ns

where y is a Dirichlet character and s > 1.
The series in (1) and (2) are examples of series of the form

)

« S
ngl n’
where f(n) is an arithmetical function. These are called Dirichlet series with
coefficients f(n). They constitute one of the most useful tools in analytic
number theory.

This chapter studies general properties of Dirichlet series. The next
chapter makes a more detailed study of the Riemann zeta function {(s) and
the Dirichlet L-functions L(s, y).
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11.2: The half-plane of absolute convergence of a Dirichlet series

Notation Following Riemann, we let s be a complex variable and write
s=0 +it,

where o and t are real. Then n® = e 18" = @+l logn — ,o,it logn Thig
shows that |n®| = n° since |e®| = 1 for real 6.

The set of points s = ¢ + it such that ¢ > a is called a half-plane. We will
show that for each Dirichlet series there is a half-plane ¢ > o, in which the
series converges, and another half-plane ¢ > o, in which it converges
absolutely. We will also show that in the half-plane of convergence the series
represents an analytic function of the complex variable s.

11.2 The half-plane of absolute convergence
of a Dirichlet series

First we note that if ¢ > a we have |n*| = n° > n° hence

10| _ 1Sl

n n

Therefore, if a Dirichlet series Y f(n)n~* converges absolutely for s = a + ib,
then by the comparison test it also converges absolutely for all s with ¢ > a.
This observation implies the following theorem.

Theorem 11.1 Suppose the series Y. | f(n)n~°| does not converge for all s or
diverge for all s. Then there exists a real number o, called the abscissa of
absolute convergence, such that the series Y. f(n)n™* converges absolutely
if 0 > o, but does not converge absolutely if 6 < a,.

PROOF. Let D be the set of all real o such that )_ | f(n)n~%| diverges. D is not
empty because the series does not converge for all s, and D is bounded above
because the series does not diverge for all s. Therefore D has a least upper
bound which we call 6,. If ¢ < o, then ¢ € D, otherwise ¢ would be an upper
bound for D smaller than the least upper bound. If ¢ > &, then o ¢ D since
6, is an upper bound for D. This proves the theorem. O

Note. If Z | f(n)n~°| converges everywhere we define 6, = —co. If the
series Y. | f(n)n~°| converges nowhere we define o, = + oo.

ExaMPLE 1 Riemann zeta function. The Dirichlet series ) s> ; n™* converges
absolutely for ¢ > 1. When s = 1 the series diverges, so g, = 1. The sum
of this series is denoted by {(s) and is called the Riemann zeta function.

ExampLE 2 If f is bounded, say | f(n)| < M for all n > 1, then ) f(n)n~*
converges absolutely for ¢ > 1, so g, < 1. In particular if y is a Dirichlet
character the L-series L(s, x) = Z Z(n)n~° converges absolutely for ¢ > 1.
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11: Dirichlet series and Euler products

ExaMPLE 3 The series ) n"n™* diverges for every s so 0, = + c0.

ExampLE 4 The series ). n~"n"* converges absolutely for every sso g, = — o0.

11.3 The function defined by a Dirichlet
series

Assume that ) f(n)n~* converges absolutely for ¢ > ¢, and let F(s) denote
the sum function

) F(s) = i % for o > a,.

This section derives some properties of F(s). First we prove the following
lemma.

LemmalIfN > land 6 > ¢ > o, we have

S S| < N9 3 | fm)n~.
n=N n=N

PRrROOF. We have

S flnn*
n=N

< §N|f(n)|n“’ = §N|f(n)|n_‘n‘("'0)

SN C9Y | f(n)n"" O
n=N
The next theorem describes the behavior of F(s) as ¢ — + oo.

Theorem 11.2 If F(s) is given by (4), then
lim F(o + it) = f(1)

g+
uniformly for —oo <t < + o0.
PrOOF. Since F(s) = f(1) + Y=, f(mn™* we need only prove that the

second term tendstoO0aso — + c0.Choosec > ¢,. Thenfor ¢ > cthe lemma
implies

S f(n e _ A
5 M0 <ome-0 3 | ppine = 2
n=2 n n=2 2
where A is independent of ¢ and t. Since 4/2° — 0 as ¢ — + oo this proves
the theorem. d

ExAaMPLES {(0 + it) > 1 and L(¢ + it,x) = 1 as 6 —» + 0.
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11.3: The function defined by a Dirichlet series

We prove next that all the coefficients are uniquely determined by the
sum function.

Theorem 11.3 Uniqueness theorem. Given two Dirichlet series

f(n)

n

F)= Y and G(s) = 3 90
n=1 n=1 N

both absolutely convergent for ¢ > a,. If F(s) = G(s) for each s in an infinite

sequence {s;} such that o, — + 00 as k — oo, then f(n) = g(n) for every n.

PROOF. Let h(n) = f(n) — g(n) and let H(s) = F(s) — G(s). Then H(s,) = 0
for each k. To prove that h(n) = 0 for all n we assume that h(n) # 0 for some n
and obtain a contradiction.

Let N be the smallest integer for which h(n) # 0. Then

L _ = h(n) h(N) h(n)
H(‘S)_,,;N n® - N® +n=:,£:+1 n’ '
Hence
WN) = N°HG) - N 3 70
n=N+1 N

Putting s = s, we have H(s,) = 0 hence

h(N) = — N i h(n)n =%,

n=N+1

Choose k so that o, > ¢ where ¢ > g,. Then Lemma 1 implies

0 N Ok
Ok, —(ok—¢) —-c —
|h(N)| < N°4N + 1) F%“th(n)ln <N n 1) A
where A is independent of k. Letting k - oo we find (N/(N + 1))°* - 0 so
h(N) = 0, a contradiction. O

The uniqueness theorem implies the existence of a half-plane in which
a Dirichlet series does not vanish (unless, of course, the series vanishes
identically).

Theorem 11.4 Let F(s) = ). f(n)n™* and assume that F(s) # 0 for some s with
0 > 0,. Then there is a half-plane 6 > ¢ > o, in which F(s) is never zero.

PrOOF. Assume no such half-plane exists. Then for every k = 1, 2, ... there
is a point s, with o, > k such that F(s;) = 0. Since 6, = + 00 as k — oo the
uniqueness theorem shows that f(n) = 0for all n, contradicting the hypothesis
that F(s) # O for some s.
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11: Dirichlet series and Euler products

11.4 Multiplication of Dirichlet series

The next theorem relates products of Dirichlet series with the Dirichlet
convolution of their coefficients.

Theorem 11.5 Given two functions F(s) and G(s) represented by Dirichlet series,

°°f()

and
_ v g
Gl )— Z ? fora>b.
n=1

Then in the half-plane where both series converge absolutely we have

©) FOGE) = 5 ",

n=1

where h = f % g, the Dirichlet convolution of fand g:

h(n) = Zfd)g< )

d|n

Conversely, if F(s)G(s) = Z o(n)n~*for all s in a sequence {s,} with a, > + o0
ask — oo thena = f *g.

PrOOF. For any s for which both series converge absolutely we have

F(s)G(s) = ) f(mn™= 3 glmm™ = Y % f(n)g(m)(mn)”*.
n=1 m=1 n=1m=1
Because of absolute convergence we can multiply these series together and
rearrange the terms in any way we please without altering the sum. Collect
together those terms for which mn is constant, say mn = k. The possible values
ofkarel,2,...,hence

F(5)G(s) z( 5 f(n)g(m)>k = 3 Ak

k=1\mn=k

where h(k) = Y =i f(n)g(m) = (f * g)(k). This proves the first assertion,
and the second follows from the uniqueness theorem. O

ExaMPLE 1 Both series Z n~ % and Z u(n)n~* converge absolutely for ¢ > 1.
Taking f(n) = 1 and g(n) = u(n) in (5) we find h(n) = [1/n], so

L
n
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11.4: Multiplication of Dirichlet series

In particular, this shows that C(s) # 0 for ¢ > 1 and that

wn) 1.
o @ ifo > 1.

||M

n

EXAMPLE 2 More generally, assume f(1) # 0 and let g = f !, the Dirichlet
inverse of f. Then in any half-plane where both series F(s) = ) f(n)n™* and
G(s) = Y. g(n)n~* converge absolutely we have F(s) # 0 and G(s) = 1/F(s).

ExaMPLE 3 Assume F(s) = Z f(n)n™* converges absolutely for ¢ > a,. If
f is completely multiplicative we have f ~(n) = u(n)f(n). Since | f ~'(n)| <
| f(n)] the series Z w(n)f(n)n~* also converges absolutely for ¢ > o, and we
have

§ e _ 1

P w = m g > 0,.
In particular for every Dirichlet character y we have
#(n)x n 1 .
ifo > 1.
g  L(s, )

ExaMpLE 4 Take f(n) = 1 and g(n) = ¢(n), Euler’s totient. Since ¢(n) < n
the series Y, ¢(n)n~* converges absolutely for o > 2. Also, h(n) = ) 4, @(d)
= nso (5) gives us

8

Tots—1) ifo>2

o on) _
s n®

n=1

Therefore

ifo > 2.

o @m) s —1)
; 0

ExaMpLE 5 Take f(n) = 1 and g(n) = n* Then h(n) = Z,”,, d* = o,(n), and
(5) gives us

a(n)

Ls)s — ) i if o > max{1, 1 + Re(a)}.

ExaMPLE 6 Take f(n) = 1 and g(n) = A(n), Liouville’s function. Then

=Y id)

1 if n = m? for some m,

i 0 otherwise,
so0 (5) gives us
e e) 1 o)
R M T A )
n=1 N m=1
n=square
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11: Dirichlet series and Euler products

Hence

ifo > 1.

i AMn) _ {(29)

n=1 ns _TS)

11.5 Euler products

The next theorem, discovered by Euler in 1737, is sometimes called the
analytic version of the fundamental theorem of arithmetic.

Theorem 11.6 Let f be a multiplicative arithmetical function such that the series
Y. f(n) is absolutely convergent. Then the sum of the series can be expressed
as an absolutely convergent infinite product,

©) iﬂm=ﬂﬂ+ﬂm+ﬂﬁ+~}

extended over all primes. If f is completely multiplicative, the product
simplifies and we have

d 1
(7) ";lf(n) = l;[Tj};—(B

Note. In each case the product is called the Euler product of the series.

Proor. Consider the finite product
Px) = [[{1+ @+ f@) + -}
P<x

extended over all primes p < x. Since this is the product of a finite number
of absolutely convergent series we can multiply the series and rearrange
the terms in any fashion without altering the sum. A typical term is of the
form

fe")f@2") - f,") = f(p1*p2**--- p,*)

since f is multiplicative. By the fundamental theorem of arithmetic we can

write
Px) = ) f(n)

neA
where A consists of those n having all their prime factors <x. Therefore

3 /0 = Pe) = T flo,

neB

where B is the set of n having at least one prime factor > x. Therefore

> )~ P)| < T170] < T1 1l

neB n>x

As x — oo the last sum on the right — O since ) | f(n)| is convergent. Hence
P(x) > Y, f(n)as x - oo.
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11.5: Euler products

Now an infinite product of the form [](1 + a,) converges absolutely
whenever the corresponding series ) a, converges absolutely. In this case
we have

S0+ 09+ TA@1+17691+ )5 L1700,

Since all the partial sums are bounded, the series of positive terms

LI+ f(p?) + -

converges, and this implies absolute convergence of the product in (6).
Finally, when f is completely multiplicative we have f(p") = f(p)" and
each series on the right of (6) is a convergent geometric series with sum

1= fe) " u

Applying Theorem 11.6 to absolutely convergent Dirichlet series we
immediately obtain:

Theorem 11.7 Assume Z f(n)n™° converges absolutely for ¢ > o,. If f is
multiplicative we have

(8) Z fnn) — l—[{ f(p) flflz):) + ”.} ifﬂ' > O'a,
n=1

and if f is completely mulnphcatwe we have

zf‘"—n

nln f(p -

It should be noted that the general term of the product in (8) is the Bell
series f,(x) of the function f with x = p~*. (See Section 2.16.)

ifo > o,.

ExampLEs Taking f(n) = 1, u(n), @(n), o,(n), A(n) and x(n), respectively, we
obtain the following Euler products:

s) = Z——H = ifo > 1.

Lo
ﬁ ”‘:f") %) ifo> 1.
Rt o) Hll—_‘—p”l—— ito > 2
Ls)ls — @) = ”; ;(n) l;l(l—p”)tl~p“‘5) if ¢ > max{1, 1 + Re(a)},
% = "i ’1'(":) -1 +1,,—s ifo>1,
Lis. x) = i xn) _ 1 ifo>1

231



