25

(4) o) = -1
{5) z{-2n) =0 n =1, 2, 3, ...} ,
a B
(6) (1-2n) = - 22 (n=1,2,3, ...} ,
wobei die rationalen Zahlen B, = % B, = % die durch
o B
& k .k
(7 = 7 E¢ (1t < 2m
et-1 k2o X!

definierten Bernoullischen Zahlen sind. Die Werte der Zetafunktion an positi-
ven geraden ganzen Zahlen sind durch

{_1)n—1 »2n-1 .

2n _2n
n

(8) g(2n) = {n =1, 2, 3, ...)

(2n}?
gegeben.
Beweis: Wir gehen von der Integraldarstellung (3} aus. Seien die

Zahlen B, (k =0, 1, 2, ...} durch (7) definjert, d.h. wir ent-
wickeln

k

£ . t2 3 4

_ _ _t _ t
= 3 =1 -ty v ot - g5t ..

und definieren Bn als n! mal den Koeffizienten von tn auf der
rechten Seite; aus

t =t
- = =t
e -1 e b

folgt, daB abgesehen von B, = - % alle B, mit n ungerade Null
sind. Sei jetzt n > 0 fest und

B
- k "k k _ t 2 .2 _n.n
fn(t)—k£ CA M~ RS s T PP
(fir n » 1 ist (-1)° B, = B ). Dann ist fir o > I
o .t
r(sy-z(s) = [ S8~ ™" ¢87% at
0 et-1
- t _ _ o - _
t9) [ (X -—f(t))ettszdt+ff(t]ettszdt
t n I
O ‘e -1 O

IltS) + 12[5} ’

wobei wir mit I1 und I2 die beiden Integrale hezeichnen. Die Funk-
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Aufgaben

1. Man beweise elementar die Existenz unendlich vieler Primzahlen
der Gestalt 4n - 1 bzw. 4n + 1, indem man unter der Annahme,
es gibe nur endlich viele, die Zahlen

4 [T p-1 bzw. 4 Il p + 1
p=3(mod 4) p=1(mod 4)

bildet und einen Widerspruch ableitet. Fiir welche anderen arithme-
tischen Folgen gibt es einen analogen Beweis?

2; Man zeige, daB fiir jeden Dirichletschen Charakter Y

ray - 3, HEE s
n= n

ist, wobei u(n) die in §2 eingefiihrte M8biussche Funktion be-
zeichnet. Kann man aus dem Satz dieses Paragraphen schliefen, daB
die Reihe fiir s = 1 konvergiert?

§7 Werte von Dirichletschen Reihen, insbesondere von L-Reihen,
an negativen ganzen Stellen

In §4 haben wir gesehen, daB die Riemannsche Zetafunktion ¢¢(s) fir
alle geraden Argumente s > 1 und fiir alle ganzzahligen Argumente

s < 1 Werte annimmt, die man in geschlossener Gestalt angeben kann;
flir s < 1 sind diese Werte stets rational und in der H&élfte der
Fille gleich Null. Xhnliche Eigenschaften gelten fiir alle Dirichlet-
schen L-Reihen. Da diese Reihen Funktionalgleichungen erfiillen,
braucht man die Werte nur fiir s > 1 oder fiir s < O zu berechnen.
Uberraschenderweise stellt sich heraus, daB die Werte an den negati-
ven ganzzahligen Stellen trotz der Nichtkonvergenz der Reihen wesent-
lich einfacher auszurechnen sind als die an positiven ganzzahligen
Stellen. Dies liegt an folgendem Satz, welcher es erm&glicﬁt, unter
sehr allgemeinen Voraussetzungen Werte von Dirichtletschen Reihen fiir
ganzzahlige negative Argumente zu bestimmen.

o a

SATZ 1: Sei @(s) = | —T eine Dirichleteche Reihe, die fur mindestens einen
n=1 n ®

(komplexen) Wert von s konvergiert, und set f(t) = | a e ™t iie ent-

n=1 o
sprechende Exponentialreihe (welche fiir alle t > O konvergiert). Hat
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£(t) fiur t -» O die asymptotische Entwicklung

2
(1) f(t) ~ bO + blt + b2t ® coo (t » 0) ,

so LdBt sitch @(s) holomorph in die ganze komplexe Ebene fortsetzen und es gilt
(2) ®(-n) = (=1)" nt b (n=0,1,2, ...) .

Allgemeiner, wvenn f(t) fir t - O die asymptotische Entwicklung

b_, 2
(3) f(t) ~ — + bO + blt + b2t + .e.
b_1
besitat, so hat @(s) eine meromorphe Fortsetzung, die Funktion ¢(s) - =7 18t

ganz, und die Werte ¢(0), @(-1), ... werden nach wie vor durch die Formel (2)
gegeben.

Bemerkungen: 1. "Asymptotische Entwicklung" bedeutet, dag fir jede
natiirliche Zahl N die Abschdtzung

n N
(4) HOE nEN b, t%| < ct (0 <t <ty

gilt (kurz: f(t) = ) bntn + O(tN)). Insbesondere ist (1) erfiillt,
n<N
falls _ £(t) im Punkt t = O analytisch ist und die Taylor-Entwick-

lung Z bn tnhat; i.a. wird aber nicht verlangt, daB die Reihe

© n=0

2 bn t? konvergiert, noch, falls sie das tut, daB ihr Wert gleich
n=0

f(t) ist.
2. Wie aus dem Beweis ersichtlich sein wird, gilt der Satz auch fir
o a
allgemeine Dirichletsche Reihen ¢(s) = X —2 (falls sie fiir min-
= ln o -Ant
destens ein s absolut konvergieren), wenn man f£(t) = ] a e
n=

setzt.

Beweis des Satzes: Es ist klar, da8 die Reihe fiir f£f(t) fiir alle po-

sitiven Werte von t absolut konvergiert, da die a, héchstens poly-
nomial wachsen und die e "t exponentiell abfallen. Wegen Gleichung
(16) von §3 (bzw. Gleichung (18) von §3 im Falle von allgemeinen
Dirichletschen Reihen) gilt im Bereich der absoluten Konvergenz die
Formel

1

r(s)o(s) = [ £(0)t57" at .
)
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Wir zerlegen das Integral als Il(s) + I2(s) mit
[ s-1 i s-1
I(s) =] £(t)t at , I,(s) = [ f(t)t at .
(o} 1
Da f(t) fir t - « exponentiell abfdllt (ndmlich f(t) = O(e-t)
-\t
bzw. f(t) = O(e 0 )), konvergiert das zweite Integral fir alle s,

und zwar absolut und gleichméBig auf kompakten Mengen, es stellt also

eine ganze Funktion von s dar. Weiter gilt

1 n+s
J( 1 be") e ar = 1 on
O ‘'n<N n<N
also
;o ] b e
I.(s) = _ + (f(t) - b t
s n<N ) (0] n<N n

wobei das Integral wegen (4) filir alle s
und auf kompakten Mengen gleichmédBig konvergiert,

biet eine holomorphe Funktion darstellt. Die Funktion

hat also eine holomorphe Fortsetzung in die Halbebene
folgt, das
die bis auf (eventuelle)

Da N beliebig gro8 gewdhlt werden kann,
C hat,
1,

meromorphe Fortsetzung auf ganz
einfache Pole bei s = -n (n =--1, 0O,
holomorph ist. Da die Funktion 1/T(s)
s =-1, s =-2, ... verschwindet, ist ¢(s)
Pol bei mit dem Residuum b_
Residuen von T (s)o@(s) I'(s)
die Werte (2).

Als erstes Beispiel nehmen wir

2, ...)

s = 1 1

und

w(s) =

Hier ist a_ = 1, also

e—nt - J
1 e -1

f(t) =
n

he~28 B

mit der asymptotischen Entwicklung (hier sogar konvergent fir

B

1 = n+1 n
t* ! mrt

f(t) ~
t
n=0

und der Satz gibt sofort die holomorphe Fortsetzung von

ganz ist und fiir

] oD

= — o>1)
0 ne<N B*S

)ts-1 at (0>1)

mit Re(s) > -N absolut

also in diesem Ge-

Re(s) > =-N.
I'(s)p(s) eine
mit Residuum bn
s = 0,

bis auf einen einfachen
holomorph. Durch Vergleich der
(vgl. aufgabe 3, §3) erhilt man

z(s), die Riemannsche Zeta-

a1

z(s) - o3

r(s)eo(s) - }
n<N

t < 27)

r

’
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auf die ganze Ebene sowie die in §4 erhaltenen Werte
1

-3 (n =0) ,
2
B B
z(-n) = (-N" 1::3-= = 12;% (n > 1, n ungerade) ,
(0] (n > 2, n gerade) .

Wir betrachten jetzt einen Dirichletschen Charakter x (mod N)
und setzen a = x(n), ¢(s) = L(s,x) 4in Satz 1. Wegen der Periodizi-
tdt der Koeffizienten gilt dann

T -nt
£(t) = J x(n) e™®
n=1
N
_ z x (m) (e mt b e (m+N) t +e (m+2N)t +...)
m=1
N -mt
= 1 x(m) -'e——;Tﬁ;-
m=1 1-e
Die Funktion e ™% hat fir t - O die asymptotische Entwicklung
k
(—ﬁ) t* und die Funktion ——— hat die Entwicklung
k=0 X! 1-e"Nt
@ (-1)F By r-~1
———;T——-(Nt) , wobei die Br Bernoullische Zahlen sind (s.
r=0 :
(4.7)). Es gilt also
N ®© o k+r k _ r-1
- r+k-1
(o) ~ §oxm § o § S EE B sl
r! k!
m=1 k=0 r=0
d.h. eine asymptotische Entwicklung der Gestalt (3) mit
l§ ; (-1 )k+r B, o< Nl
(3) b = X (m) (n > =1) .
P om=1 k,T>0 3
k+r=n+1
Fir n = -1 reduziert sich diese Summe auf
1 N
b, =x Ll xtm ,

m=1

was filir yx # Xo verschwindet (§5, Satz 2); nach Satz 1 188t sich
also L(s,Xx) in diesem Fall zu einer flir alle s holomorphen Funk-
tion fortsetzen. Fiir x = Xo ist



APPENDIX. THE MELLIN TRANSFORM
AND RELATED ANALYTIC TECHNIQUES

D. ZAGIER

1. THE GENERALIZED MELLIN TRANSFORMATION

The Mellin transformation is a basic tool for analyzing the behavior of many important functions
in mathematics and mathematical physics, such as the zeta functions occurring in number theory
and in connection with various spectral problems. We describe it first in its simplest form and then
explain how this basic definition can be extended to a much wider class of functions, important
for many applications.

Let (t) be a function on the positive real axis ¢ > 0 which is reasonably smooth (actually,
continuous or even piecewise continuous would be enough) and decays rapidly at both 0 and oo,
i.e., the function t4¢(t) is bounded on R, for any A € R. Then the integral

B(s) = / () dt 1)

converges for any complex value of s and defines a holomorphic function of s called the Mellin
transform of ¢(s). The following small table, in which « denotes a complex number and X a
positive real number, shows how @(s) changes when ¢(t) is modified in various simple ways:

p(A)  to(t) e(t) et ¢'(t) 2)
ATR(s) B(s+a) AE(ATls) B(=s) (1-9)@(s—1)

We also mention, although we will not use it in the sequel, that the function () can be recovered
from its Mellin transform by the inverse Mellin transformation formula

1 C+1i00 ~
p(t) = i p(s)t*ds,
T JC—ioco

where C' is any real number. (That this is independent of C' follows from Cauchy’s formula.)

However, most functions which we encounter in practise are not very small at both zero and
infinity. If we assume that ¢(t) is of rapid decay at infinity but grows like =4 for some real number
A as t — 0, then the integral (1) converges and defines a holomorphic function only in the right
half-plane %(s) > A. Similarly, if ¢(¢) is of rapid decay at zero but grows like t~¥ at infinity
for some real number B, then ¢(s) makes sense and is holomorphic only in the left half-plane
R(s) < B, while if p(t) has polynomial growth at both ends, say like t=4 at 0 and like t =2 at oo
with A < B, then @¢(s) is holomorphic only in the strip A < R(s) < B. But it turns out that in
many cases the function ¢(¢) has a meromorphic extension to a larger half-plane or strip than the
one in which the original integral (1) converges, or even to the whole complex plane. Moreover,
this extended Mellin transform can sometimes be defined even in cases where A > B, in which
case the integral (1) does not converge for any value of s at all.

1



Let us start with the frequently occurring case where (¢) is of rapid decay at infinity and is
C™ at zero, i.e., it has an asymptotic expansion ¢(t) ~ > ja,t™ as t — 0. (Recall that this
means that the difference p(t) — ZnN;OI ant™ is O(tY) as t — 0 for any integer N > 0; it is not
required that the series ) a,t™ be convergent for any positive ¢.) Then for s with £(s) > 0 and
any positive integer N the integral (1) converges and can be decomposed as follows:

1 oo
?(s) /w(t)tS*ldtJr/ ottt at
0 1
1 N-1 N-1 a .
— o(t) — ant")tsldtJr " +/ ()t dt.

The first integral on the right converges in the larger half-plane R(s) > —N and the second for all
s € C, so we deduce that ¢(s) has a meromorphic continuation to R(s) > —N with simple poles

of residue a,, at s = —n (n =0,..., N —1) and no other singularities. Since this holds for every n,
it follows that the Mellin transform @(s) in fact has a meromorphic continuation to all of C with
simple poles of residue a,, at s = —n (n = 0,1,2,...) and no other poles. The same argument

shows that, more generally, if ¢(t) is of rapid decay at infinity and has an asymptotic expansion
o0
p(t) ~ Y a;t™ (t—0) (3)
j=1

as t tends to zero, where the o are real numbers tending to +oo as j — oo or complex num-
bers with real parts tending to infinity, then the function ¢(s) defined by the integral (1) for
R(s) > —min; N(a;) has a meromorphic extension to all of C with simple poles of residue a;
at s = —a; (j = 1,2,...) and no other poles. Yet more generally, we can allow terms of the
form t*(logt)™ with A € C and m € Zs¢ in the asymptotic expansion of ¢(t) at ¢ = 0 and
each such term contributes a pole with principal part (—1)"m!/(s + a)™*! at s = —a, because

ot Ylogty™ dt = (8/8a)™ [yt =V dt = (—=1)™m!/(a + s)™ " for R(s + a) > 0.

By exactly the same considerations, or by replacing o(t) by ¢(t71), we find that if ¢(¢) is of
rapid decay (faster than any power of t) as ¢ — 0 but has an asymptotic expansion of the form

ot) ~ S bth (15 o0) @)
k=1

at infinity, where now the exponents f; are complex numbers whose real parts tend to —oo, then
the function @(s), originally defined by (1) in a left half-plane R(s) < —maxy R(S;), extends
meromorphically to the whole complex s-plane with simple poles of residue —by at s = —f; and
no other poles. (More generally, again as before, we can allow terms byt”*(logt)™ in (3) which
then produce poles with principal parts (—1)™* T ng! by /(s + Br)™+! at s = —f4.)

Now we can use these ideas to define ¢(s) for functions which are not small either at 0 or at oo,
even when the integral (1) does not converge for any value of s. We simply assume that o(t) is
a smooth (or continuous) function on (0, 00) which has asymptotic expansions of the forms (3)
and (4) at zero and infinity, respectively. (Again, we could allow more general terms with powers
of logt in the expansions, as already explained, but the corresponding modifications are easy and
for simplicity of expression we will assume expansions purely in powers of ¢.) For convenience we
assume that the numbering s such that f(ay) < R(az) < --- and R(B1) > R(B2) > ---. Then, for

2



any T > 0 (formerly we took T'= 1, but the extra freedom of being able to choose any value of T'
will be very useful later) we define two “half-Mellin transforms” ¢<7(s) and ¢>7(s) by

o<r(s) /0 o) " dt (§R(s) > —R(m)),

Forle) = [eneta (RG) < ().

T
Just as before, we see that for each integer J > 1 the function p<r(s) extends by the formula

T J J
w

7] = t) — o | o hdt + Yy — LTt

P<r(s) /O <<P( ) ;_1% ) + st a

to the half-plane R(s) > —R(ay4+1) and hence, letting J — oo, that ¢<7(s) is a meromorphic
function of s with simple poles of residue a; at s = —a; (j = 1,2,...) and no other poles.
Similarly, ¢>7(s) extends to a meromorphic function whose only poles are simple ones of residue
—b, at s = —f. We now define

P(s) = p<r(s) + o>1(s). (43)
This is a meromorphic function of s and is independent of the choice of T, since the effect of

changing T to T" is simply to add the everywhere holomorphic function f; o)t~ dt to p<r(s)
and subtract the same function from @>7(s), not affecting the sum of their analytic continuations.

In summary, if p(¢) is a function of ¢ with asymptotic expansions as a sum of powers of ¢ (or of
powers of ¢ multiplied by integral powers of logt) at both zero and infinity, then we can define in a
canonical way a Mellin transform @(s) which is meromorphic in the entire s-plane and whose poles
reflect directly the coefficients in the asymptotic expansions of ¢(t). This definition is consistent
with and has the same properties (2) as the original definition (1). We end this section by giving
two simple examples, while Sections 2 and 3 will give further applications of the method.

Example 1. Let ¢(t) = t*, where « is a complex number. Then ¢ has an asymptotic expansion (3)
at 0 with a single term a3 = «, a1 = 1, and an asymptotic expansion (4) at co with a single term
1 = a, by = 1. We immediately find that g<r(s) = T°7*/(s + a) for R(s + a) > 0 and
o>r(s) = =T°7*/(s + a) for R(s + ) < 0, so that, although the original Mellin transform
integral (1) does not converge for any value of s, the function @(s) defined as the sum of the
meromorphic continuations of p<7(s) and ¢>7(s) makes sense, is independent of 7', and in fact is
identically zero. More generally, we find that ¢(s) = 0 whenever p(¢) is a finite linear combination
of functions of the form ¢*log™ ¢ with a € C, m € Z>. (These are exactly the functions whose
images p(t) = @(At) under the action of the multiplicative group R span a finite-dimensional
space.) In particular, we see that the generalized Mellin transformation is no longer injective.

Example 2. Let ¢(t) = e~t. Here the integral (1) converges for R(s) > 0 and defines Euler’s

gamma-function I'(s). From the fact that ¢(t) is of rapid decay at infinity and has the asymptotic
(here even convergent) expansion - ,(—t)"/n! at zero, we deduce that I'(s) = ¢(s) has a mero-
morphic continuation to all s with a simple pole of residue (—1)"/n! at s = —n (n = 0,1,...)
and no other poles. Of course, in this special case these well-known properties can also be de-
duced from the functional equation I'(s + 1) = sI'(s) (proved for R(s) > 0 by integration by
parts in the integral defining T'(s)), N applications of which gives the meromorphic extension
I'(s)=sYs+1)"t---(s+N—1)"T'(s+ N) of I'(s) to the half-plane R(s) > —N.

From the first of the properties listed in (2), we find the following formula, which we will use
many times:
p(t) = e = §ls) = T(s)A~° (A>0). (5)



2. DIRICHLET SERIES AND THEIR SPECIAL VALUES

In this section we look at functions ¢(t) for which the Mellin transform defined in Section 1 is
related to a Dirichlet series. The key formula is (5), because it allows us to convert Dirichlet series
into exponential series, which are much simpler.

Example 3. Define ¢(t) for t > 0 by ¢(t) = 1/(e’ —1). This function is of rapid decay at infinity
and has an asymptotic expansion (actually convergent for ¢t < 2)

oo

1 1 B,
= = =l 6
et —1 t+t2+t3+ TZ:OH (6)
2 6
with certain rational coefficients By = 1, By = —%, B; = %, ... called Bernoulli numbers. From

the results of Section 1 we know that the Mellin transform @(s), originally defined for R(s) > 1
by the integral (1), has a meromorphic continuation to all s with simple poles of residue B, /r!
at s=1—7r (r =0,1,2,...). On the other hand, since ¢’ > 1 for t > 0, we can expand ¢(t)
as a geometric series e! + e 2! + ¢73 ... 50 (5) gives (first in the region of convergence)

o(s) = T'(s)¢(s), where

o0
1
s) = > o (R(s) > 1) (7)
m=1
is the Riemann zeta function. Since I'(s), as we have seen is also meromorphic, with simple poles
of residue (—1)"/n! at non-positive integral arguments s = —n and no other poles, and since
I'(s) (as is well-known and easily proved) never vanishes, we deduce that {(s) has a meromorphic
continuation to all s with a unique simple pole of residue 1/T'(1) = 1 at s = 1 and that its values at
non-positive integral arguments are rational numbers expressible in terms of the Bernoulli numbers:

C(=n) = (=1)" f’: (n=0,1,2,...). (8)

Example 4. To approach ((s) in another way, we choose for ¢(t) the theta function

Ity = N e (t>0). (9)

n=—oo
(The factor 7 in the exponent has been included for later convenience.) We can write this out as
I(t) = 14+ 2e ™ 4 274 4 .o (10)

and since the generalized Mellin transform of the function 1 is identically 0 by Example 1, we
deduce from (5) that @(s) = 2(*(2s), where

¢"(s) = 72 T(s/2) C(s). (11)

To obtain the analytic properties of ((s) from the results of Section 1, we need the asymptotics of

¥(t) at zero and infinity. They follow immediately from the following famous result, due to Jacobi:
4



This time we find the expansions

2 2 2
fale) = S+ O L O, fie) = e - 2R g O(VEeT)

for e small, the non-exponentially small terms which depend on T again cancel, and taking T' = 1/
to make the error as small as possible we obtain (34). The details are left to the reader.

As a final comment, we mention that the constants C' and C’ occurring in (33) and (34) can
be evaluated rapidly by the same method as in B, with 9(¢)? instead of 9(t)29(\t), using the fact
that the Dirichlet series 4¢(s)L4(s) is the Mellin transform of ¥(¢)?. Their numeical values are

C 0.915965594177219015054603514932384110774149374281672134 - - - |
C' = 1.437745544887643506932003436389999650184840340379933997 - - - .

4. ASYMPTOTICS OF SUMS OF THE FORM Y f(nt)

In this section we describe an extremely useful, and not sufficiently well known, asymptotic
formula for functions given by expansions of the form

g(t) = f(&) + f(2t) + f(31) + -+, (37)

where f: (0,00) — C is a smooth function of sufficiently rapid decay to ensure the convergence
of the series (say f(t) = O(t~17¢) as t — 00) and having a known asymptotic expansion at ¢ = 0.
In the simplest situation, we assume that f has a power series expansion (which may be only
asymptotic rather than convergent, i.e. f need only be differentiable rather than analytic at the
origin)

F&) ~ Y bt (t —0). (38)
n=0
First, let us try to guess what the answer should be. On the one hand we can argue a la

Euler, simply substituting the expansion (38) into (37) and interchanging the order of summation,
without worrying about convergence problems. This gives

9(t) ~ D5 D7 ba (mt)" = 3 by <Zm> = 3 ba ()t (39)
m=1n=0 n=0 m=1 n=0

Of course this calculation is meaningless, since not only is the interchange of summation not per-
mitted, but each of the interior sums ) m™ is divergent. Nevertheless, we know from Section 2,
and Euler knew non-rigorously in 1749, that the numbers ((—n) do make sense and are certain
rational numbers given by equation (8), so that at least the final expression in (39) makes sense
as a formal power series. Alternatively, we can proceed & la Riemann and consider (37) for ¢ small
as 1/t times an approximation to the integral

o0
Iy = / f@)de. (40)
0
This suggests instead that the correct asymptotic expansion of g(t) near 0 should be given by
1
g(t) ~ L (=0, (41)

11



and indeed this formula is true, by the very definition of Riemann integrals as limits of sums, if
we interpret the symbol of asymptotic equality “~" in its weak sense, as saying simply that the
ratio of the expressions on its left and right tends to 1 as t — 0. However, we are using “~7” in
its strong sense, where g(t) ~ >_, axt* means that the difference between g(¢) and the finite sum
Saccaxt™ is O(t9) ast — 0 for any value of C, no matter how large. In this stronger sense,
neither (39) nor (41) gives the correct asymptotic development of g. Remarkably enough, however,

their sum does give the right answer:

Proposition 3. Let f be a C* function on the positive real line which has the asymptotic devel-
opment (38) at the origin and, rogether with all its derivatives, is of rapid decay at infinity. Then
the function g(t) defined by (37) has the asymptotic development

o

If Bn+1
) ~ =L b, —t)" 42
o0 ~ F+ 3o B ) (42)

as t — 0, where Iy is defined by equation (40).

Remark. The relationship of Proposition 3 to the discussion of the Mellin transform in §§1-3 is
very easy to describe. Suppose for simplicity that f(t) is of rapid decay as ¢ — oo. Then (38)
implies that the Mellin transform f(s), defined for R(s) > 0 as J5° f(t)ts~'dt, has a meromorphic
continuation to all s with simple poles of reside b, at s = —n (n = 0, 1, 2,...) and with no
other singularities. But the transformation rules (2) of the Mellin transform imply that the Mellin
transform §(s) of g(t) equals ¢(s) f(s), so it has (at most) simple poles of residue f(1) = Irats=1
and residue ((—n)b, at s=—-n (n =0, 1, 2,...). Since g(t) is small at infinity, it follows that, if
g(t) has an asymptotic expansion as ¢t — 0 of the form ) a;t* (or even } . a;t%/ (logt)™), then
this expansion is necessarily given by eq. (42).

Proof. We begin by describing the Euler-Maclaurin summation formula. To state it, we need
the Bernoulli polynomials B, (x), which can be described by the generating function (22), by
the explicit formula (23) in terms of Bernoulli numbers, or, most beautiful, by the property that
faaH B, (x)dz = a™ for every a. (It is easy to see that there is only one polynomial B,,(z) with
this property for each n.) From any of these definitions we can deduce without difficulty that
B! (r) = nB,_1(x) and that B, (z + 1) — B, (z) = nz""1.

Now let f be a smooth function on the positive reals. Integration by parts and the fact that
B (0) = 5 = =By (0) but B,11(1) = By41(0) = By for n > 2 gives

) nt1y . Brti(z) . 31£(0) + F(1)] ifn=0,
/f / f ) (n+1)! ot { {Ziﬁﬁ![f(")(l)—f(”)(o)] ifn>1

and hence, by induction on N,

N—

/f RO+ 50 ZT;;“W() F(0)] + (—1)N / £ @) 20D g
for every integer N > 1. Replacing f(z) by f(z+m —1) and summing over m = 1,2,..., M gives
M () — — (-)"B n+1 ) (g () (0
/Of<x>x—2+m2_lf<m> +n§ LB 0) — £(0)]

[ B (43)
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where By (x) = By (x — [2]). This is the Euler-Maclaurin summation formula.

Now assume that f and each of its derivatives is of rapid decay at infinity, so that fooo |fN)(2)| de
converges. Since By (z) is periodic and hence bounded, we can let M — oo in (43) to get

f /f dx—i—z "“ ™0 /f<N ()d.

Replacing f(z) by f(tx) and then = by =/t with ¢ > 0 changes this formula to

2 fomt) = 3 /f d“Z ”“f<"(>t" Nl/ F™ @ BN(x/t)da:.

m=1

The last integral is bounded as t — 0 with N fixed for the same reason as before, so the final term
is Oy (tV=1). Substituting (™ (0) = n!b,, from (38), we get the desired asymptotic formula (42).
O

Before giving examples of Proposition 3, we mention three extensions to more general sums.

1. First, instead of (37) we can look at shifted sums of the form g(t) = > ~_, f((m + a)t), where
a > 0. Here the “Riemann Ansatz” and the “Euler Ansatz” predict Iyt~! and Y7, b,((—n,a)t™
for the asymptotic expansion of g, and again the correct answer is the sum of these two:

if m+a ~ f+z 7L+1 (44)
m=0

(cf. equation (23)). The proof is similar to that of Proposition 3 and will be omitted. By taking
rational values of a in (44) and forming suitable linear combinations, we can use this formula to
give the asymptotic development of > _, x(m)f(mt) as t — 0 for any periodic function x(m),
such as a Dirichlet character. -

2. Next, we can allow non-integral exponents of ¢ in (38). If the expansion of f(t) at the
origin contains terms byt* with arbitrary real numbers A > —1 (or complex numbers with real
part greater than —1), then the formula for g need only be modified by adding the corresponding
terms by((—A)t*. Terms with A < —1 are not interesting since they can simply be subtracted
from f(t), since the sum ) b,,(mt)\ then converges absolutely. The limiting case A = —1 is of
interest because it occurs in various applications. Here the answer (proved most easily by taking
one function, like t~te~* which has a 1/t singularity at the origin and for which 3 f(mt) can be
computed exactly) is

A * A
DLV SUCURNEY (NEE S ) ) DU RISV ANt
A>—1 m=1 A>—1
where I7 = [(Z(f(t) —b_ye™"/t)dt.

3. Finally, we can also allow terms of the form t*(log?)"™ in the expansion of f(t), the corre-
sponding contribution to g(t) being simply the nth derivative with respect to A of ((—=A)t}, e.g. a

1 1
term ¢* log i in the expansion of f(t) at 0 leads to a term t*({(—\) log n +¢’(—A)) in the expansion
at 0 of g(t). In particular, using the known value ¢’(0) = — 1 log(27) we find

f(t) ~ blog% + > bat" = Y f(mit) ~ Itl - g 1og27” + > bal(=n)t". (46)
n=0

n=0 m=1
13



We end by giving four examples—two easy and two harder—to illustrate how these asymptotic
formulas work.

Example 1. Take f(t) = e * with A > 0. This function is smooth, small at infinity, and has

an expansion (38) at t = 0 with b, = (—=A)"/n!. The integral Iy equals 1/X. Hence (42) gives
S 1

g(t) ~ + Z . Tn j—+1l) (At)™ as the asymptotic expansion of g(t) = m2:31 f(mt) = S in

accordance Wlth the definition (6) of the Bernoulli numbers.

Example 2. Now take f(t) = e~ with A > 0. This function is again smooth and small at
infinity, and has an expansion (38) at ¢t = 0 with by, = (—X)"/n! and b, = 0 for n odd. Since all
Bernoulli numbers with odd indices > 1 vanish, the asymptotic expansion in (42) breaks off after
two terms, and we find g(t) = I¢/t —1/2 + O(tV) for all N, with I; = /7/4)\. In this case, of
course, we know much more, because g(t) is simply % (J(A\t?/7) — 1) with 9(t) as in eq. (9), and
therefore equation (12) gives the much more precise statement g(t) = Iy/t— 1/2+O(t_le_“2/)‘t2).
The same applies to any function f(¢) whose expansion at ¢ = 0 has only even powers of t. For such
a function, the expansion (42) collapses to g(t) ~ I/t — by/2, but this is always just a weakening
of the Poisson summation formula (13), because we can extend f(t) by f(t) = f(|t]) to a smooth
even function on the real line and use (14) to get the exact formula

29(t) + £(0) = Y f(nt) = %Z Fnt) = Tf

nez neg

:*\l\:)

ifnt

and the smoothness of f implies that the function f(y) decays at infinity more rapidly than any
negative power of y. The right way to think of Proposition 3 is therefore as a replacement for
the Poisson summation formula when one is confronted with a sum over only positive integers
rather than a sum over all of Z. Such sums are very much harder to study than sums over all
integers—just think of the special values of the Riemann zeta function, where the numbers ((2k)
can be obtained in closed form because they can be written as %Z/nGZ n~", while the numbers
¢(2k 4+ 1), which cannot be reduced to sums over all of Z in this way, are not known exactly.

Example 3. As our next example, we consider the function
oo
= Zak_l(n)q” (0<g<1),
n=1

where k is an integer greater than 1 and o;_1(n) denotes the sum of the (k — 1)st powers of the
divisors of a natural number n. In the theory of modular forms, it is shown that if &k is even and
larger than 2, then gj satisfies the functional equation

By, e—2mt (*1)k/2 By, e—2m/t
_ Tk Tty — . 4 k=4,6,8,...;t>0).
In particular, g (e~2"!) has the terminating asymptotic expansion
B B
ge(e7™) = —(=DFEE ¢ T oY) (YN >0) (47)

as t — 0 in these cases. Let us see how Proposition 3 permits us to recover this asymptotic formula
using without knowing the modularity, and at the same time tells us why (47) fails for k£ = 2 or
k odd and what replaces it in those cases.

14



We first note that

gk(q) = i(zm’”) Zm (g™ + ¢ im

n=1 m‘n =1

and hence that g, can be written after a change of variables in the form

tk:—l

w(e™) = g s ) = ey

The function f = fj, satisfies the hypotheses of Proposition 3, with integral

&) k—1 [e%e]
I :/O ! -t :/0 et e ) dt = (k—1)1¢(k)

et —

B
and with Taylor expansion f(t) = —rt“‘k_Z at zero. Proposition 3 therefore gives
r=0 T

k—1)1¢(k = By Brir-1 .
m (eft) ~ ( t,z C( ) + Z(_l)'r‘+k 7 . +;k_11 " 1 (t N 0) (48)
r=0

If £ is even and > 4, then all products B, B,yr_1 with r # 1 vanish, since r and r + k — 1 have
opposite parity and all odd-index Bernoulli numbers except By are zero. Thereofre only two terms
of (48) survive, and replacing ¢ by 27t and using the well-known formula for ((k) in terms of By,
we recover (47). If k = 2, then the argument is the same except that now the r = 0 term also gives
a non-zero contribution, so that we find

1 1 1
—27t N
= — — — + Ot VN > 0),
92(e") = i~ g t g T O ( )
instead of (47), in accordance with the known near-modularity property of go. Finally, if k is odd
then we still get an explicit asymptotic formula with rational coefficients, but it now no longer
terminates. Thus for £k = 3 we find the expansion

() 2¢3) 1 t t3 N t5 N t7 N
’ t3 12t 1440 181440 7257600 159667200

ast — 0, even though gi has no modularity properties in this case. We leave it as an exercise to the
reader to calculate the corresponding expansion when k = 1, where one has to use equation (45)
instead of equation (42).

Example 4. As our final example, consider the function

a 1
1
H1—qm (lgl < 1),

m=1

the generating power series of the partition function. To study the behavior of the partition
function, we need to know how P(q) blows up as ¢ approaches 1 from below (or, more generally,
any root of unity from within the unit circle). Here again the known modularity properties of the
function P(g) imply the non-trivial functional equation

I P(e) = Vi P (1> 0)
15



from which one immediately obtains the asymptotic expansion

™

log P(e ™) = 5

1
+ 5 logt — St + O(tY) (VN > 0). (49)
To obtain this formula without knowing anything about the modularity of P, we observe that
log P(e") has the form >~ , f(mt) with f(t) = —log(l — e~*). This function is small at
infinity, has integral I; = ((2) (as one sees by integrating by parts once and then calculating as in
Example 2), and has an asymptotic development

oo

1 B
t) ~ log= — n_gn
F(t) ~ log ;n.n! :

as one sees easily by differentiating once. Hence equation (47) applies and gives

B €2 1 t > B, Bni1
log Ple ) ~ 222 4+ Zlog — — —1)" .
8 (e ) t +20g27r Z( ) n-nln+1

n=1

Again all terms except for the first in the sum on the right vanish because n and n+1 have opposite
parity, and replacing t by 27t and using ((2) = 72/6 we recover (49). The same method using (44)
with rational values of a lets us compute the exact asymptotics of P(q) as ¢ approaches any root
of unity, recovering precisely the same result as that given by the modularity. Moreover, just as
in the case of Example 2 for k odd, the method applies even when modularity fails. For example,
if we define

= I gy <0,

a generating function that occurs in connection with the theory of plane partitions, then an analysis
like the one just given for P(q), but now with f(t) = —tlog(l — e™!), produces the complete
asymptotic expansion

(t—0)

2 4
Py(e™) = ct/12e£L@/ (1 i L7t )

T 92880 12902400

with ¢ = e¢' (=1 = 0.847536694 - - - , and using (46) one can get the expansion of Py(ae™t) for any
root of unity «. Furthermore, for reasons similar to those which applied to g; with k£ even, one
finds that the corresponding expansions for the logarithm of Ps(q) = [](1 — q”)’"2 when ¢ tends
to a root of unity are terminating, even though there are no modularity properties in this case.

Warning. Equations numbering have to be checked, e.g., two egs. (5), one now changed to (4%)
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