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1.3 Lerch sums 7

tends to 0 as Im(z) →∞, so f ≡ 0 by Liouville’s theorem.
(4) Replace x by −x in the integral.
(5) Let g(x) = 1

cosh πx . We first compute the Fourier transform Fg of g: Using Cauchy’s
formula we get (∫

R

−
∫
R+i

)
e2πizx

coshπx
dx = 2πi Res

x=i/2

e2πizx

coshπx
= 2e−πz,

but ∫
R+i

e2πizx

coshπx
dx =

∫
R

e2πiz(x+i)

coshπ(x+ i)
dx = −e−2πz

∫
R

e2πizx

coshπx
dx,

so we find

(Fg)(z) :=
∫
R

e2πizx

coshπx
dx =

2e−πz

1 + e−2πz
= g(z).

We see that g is its own Fourier transform! (Note the unusual plus sign in the definition
of the Fourier transform).

Let fτ (x) = eπiτx2
, τ ∈ H. The Fourier transform of fτ is given by

Ffτ =
1√
−iτ

f− 1
τ
.

We now see∫
R

eπiτx2+2πizx

coshπx
dx = F(fτ · g)(z) = (Ffτ ) ∗ (Fg)(z)

=
1√
−iτ

f− 1
τ
∗ g(z) =

1√
−iτ

∫
R

eπi−1
τ (z−x)2

coshπx
dx.

This identity holds for z ∈ R. Since both sides are analytic functions of z, the identity
holds for all z ∈ C. If we replace z by iz we get the desired result.

We may also prove the identity of part (5) by using (1) and (2) to show that
z 7→ 1√

−iτ
eπiz2/τh( z

τ ;− 1
τ ) also satisfies the two equations (1) and (2). By uniqueness

we get the equation.
(6) Using (1) and (2) we can show that the right hand side, considered as a function
of z, also satisfies (1) and (2). The equation now follows from (3). 2

1.3 Lerch sums

In this section we will study the function

∑
n∈Z

(−1)neπi(n2+n)τ+2πinv

1− e2πinτ+2πiu
(τ ∈ H, v ∈ C, u ∈ C \ (Zτ + Z)).
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This function was also studied by Lerch. The original paper [15] is in Czech and is
not very easy to obtain. See [14] for an abstract in German. We will prove elliptic
and modular transformation properties of this function in Proposition 1.4 and 1.5
respectively. These results are equivalent to the results found by Lerch.

It is more convenient to normalize the above sum by dividing by the classical Jacobi
theta function ϑ. (Lerch did this too.) We will first give, without proof, some standard
properties of ϑ. For the theory of ϑ-functions see [19].

Proposition 1.3 For z ∈ C and τ ∈ H define

ϑ(z) = ϑ(z; τ) :=
∑

ν∈ 1
2+Z

eπiν2τ+2πiν(z+ 1
2 ).

Then ϑ satisfies:

(1) ϑ(z + 1) = −ϑ(z).

(2) ϑ(z + τ) = −e−πiτ−2πizϑ(z).

(3) Up to a multiplicative constant, z 7→ ϑ(z) is the unique holomorphic function
satisfying (1) and (2).

(4) ϑ(−z) = −ϑ(z).

(5) The zeros of ϑ are the points z = nτ +m, with n,m ∈ Z. These are simple zeros.

(6) ϑ(z; τ + 1) = e
πi
4 ϑ(z; τ).

(7) ϑ( z
τ ;− 1

τ ) = −i
√
−iτeπiz2/τϑ(z; τ).

(8) ϑ(z; τ) = −iq 1
8 ζ−

1
2

∞∏
n=1

(1− qn)(1− ζqn−1)(1− ζ−1qn), with q = e2πiτ , ζ = e2πiz.

This is the Jacobi triple product identity.

(9) ϑ′(0; τ + 1) = e
πi
4 ϑ′(0; τ) and ϑ′(0;− 1

τ ) = (−iτ)3/2 ϑ′(0; τ).

(10) ϑ′(0; τ) = −2πη(τ)3, with η as in the introduction.

We now turn to the normalized version of Lerch’s function:

Proposition 1.4 For u, v ∈ C \ (Zτ + Z) and τ ∈ H, define

µ(u, v) = µ(u, v; τ) :=
eπiu

ϑ(v; τ)

∑
n∈Z

(−1)neπi(n2+n)τ+2πinv

1− e2πinτ+2πiu
.

Then µ satisfies:

(1) µ(u+ 1, v) = −µ(u, v),


