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Abstract. In 1944, Freeman Dyson initiated the study of ranks of integer
partitions. Here we solve the classical problem of obtaining formulas for
Ne(n) (resp. No(n)), the number of partitions of n with even (resp. odd)
rank. Thanks to Rademacher’s celebrated formula for the partition function,
this problem is equivalent to that of obtaining a formula for the coefficients
of the mock theta function f(q), a problem with its own long history dating
to Ramanujan’s last letter to Hardy. Little was known about this problem
until Dragonette in 1952 obtained asymptotic results. In 1966, G.E. An-
drews refined Dragonette’s results, and conjectured an exact formula for the
coefficients of f(q). By constructing a weak Maass-Poincaré series whose
“holomorphic part” is q−1 f(q24), we prove the Andrews-Dragonette con-
jecture, and as a consequence obtain the desired formulas for Ne(n) and
No(n).

1. Introduction and statement of results

A partition of a positive integer n is any non-increasing sequence of positive
integers whose sum is n. As usual, let p(n) denote the number of partitions
of n. The partition function p(n) has the well known generating function

∞∑

n=0

p(n)qn =
∞∏

n=1

1

1 − qn
,
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which is easily seen to coincide with q
1
24 /η(z), where

η(z) := q1/24
∞∏

n=1

(1 − qn)
(
q := e2πiz

)

is Dedekind’s eta-function, a weight 1/2 modular form. Rademacher fa-
mously employed this modularity to perfect the Hardy-Ramanujan asymp-
totic formula

p(n) ∼ 1

4n
√

3
· eπ

√
2n/3(1.1)

to obtain his exact formula for p(n) (for example, see Chap. 14 of [22]).
To state his formula, let Is(x) be the usual I -Bessel function of order s,

and let e(x) := e2πix . Furthermore, if k ≥ 1 and n are integers, then let

Ak(n) := 1

2

√
k

12

∑

x (mod 24k)
x2≡−24n+1 (mod 24k)

χ12(x) · e
( x

12k

)
,(1.2)

where the sum runs over the residue classes modulo 24k, and where

χ12(x) :=
(

12

x

)
.(1.3)

If n is a positive integer, then one version of Rademacher’s formula reads

p(n) = 2π(24n − 1)− 3
4

∞∑

k=1

Ak(n)

k
· I 3

2

(
π

√
24n − 1

6k

)
.(1.4)

In an effort to provide a combinatorial explanation of Ramanujan’s
congruences

p(5n + 4) ≡ 0 (mod 5),

p(7n + 5) ≡ 0 (mod 7),

p(11n + 6) ≡ 0 (mod 11),

Dyson introduced [17] the so-called “rank” of a partition, a delightfully
simple statistic. The rank of a partition is defined to be its largest part minus
the number of its parts. In this famous paper [17], Dyson conjectured that
ranks could be used to “explain” the congruences above with modulus 5
and 7. More precisely, he conjectured that the partitions of 5n + 4 (resp.
7n + 5) form 5 (resp. 7) groups of equal size when sorted by their ranks
modulo 5 (resp. 7)1. He further postulated the existence of another statistic,

1 A short calculation reveals that this phenomenon cannot hold modulo 11.
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the so-called “crank”2 , which allegedly would explain all three congruences.
In 1954, Atkin and Swinnerton-Dyer proved [9] Dyson’s rank conjectures,
consequently cementing the central role that ranks play in the theory of
partitions.

To study ranks, it is natural to investigate a generating function. If
N(m, n) denotes the number of partitions of n with rank m, then it is well
known that

1 +
∞∑

n=1

∞∑

m=−∞
N(m, n)zmqn = 1 +

∞∑

n=1

qn2

(zq; q)n(z−1q; q)n
,

where
(a; q)n := (1 − a)(1 − aq) · · · (1 − aqn−1

)
.

Therefore, if Ne(n) (resp. No(n)) denotes the number of partitions of n with
even (resp. odd) rank, then by letting z = −1 we obtain

1 +
∞∑

n=1

(Ne(n) − No(n))qn = 1 +
∞∑

n=1

qn2

(1 + q)2(1 + q2)2 · · · (1 + qn)2
.

(1.5)

We address the following classical problem: Determine exact formulas
for Ne(n) and No(n). In view of (1.4) and (1.5), since

p(n) = Ne(n) + No(n) ,

this question is equivalent to the problem of deriving exact formulas for the
coefficients α(n) of the series

f(q) = 1 +
∞∑

n=1

α(n)qn := 1+
∞∑

n=1

qn2

(1 + q)2(1 + q2)2 · · · (1 + qn)2

= 1+ q −2q2 +3q3−3q4+3q5−5q6 + · · · .

(1.6)

The series f(q) is one of the third order mock theta functions Ramanujan
defined in his last letter to Hardy dated January 1920 (see pp. 127–131
of [23]). Surprisingly, very little is known about mock theta functions in
general. For example, Ramanujan’s claims about their analytic properties
remain open. There is even debate concerning the rigorous definition of
a mock theta function, which, of course, precedes the formulation of one’s
order. Despite these seemingly problematic issues, Ramanujan’s mock theta
functions possess many striking properties, and they have been the subject
of an astonishing number of important works, (for example, see [2–5,7,

2 In 1988, Andrews and Garvan [8] found the crank, and they indeed confirmed Dyson’s
speculation that it “explains” the three Ramanujan congruences above. Recent work of
Mahlburg [21] establishes that the Andrews-Dyson-Garvan crank plays an even more central
role in the theory partition congruences. His work concerns partition congruences modulo
arbitrary powers of all primes ≥ 5.
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12–14,16,19,26,27] to name a few). This activity realizes G.N. Watson’s3

prophetic words:

“Ramanujan’s discovery of the mock theta functions makes it obvious that
his skill and ingenuity did not desert him at the oncoming of his untimely
end. As much as any of his earlier work, the mock theta functions are an
achievement sufficient to cause his name to be held in lasting remembrance.
To his students such discoveries will be a source of delight and wonder until
the time shall come when we too shall make our journey to that Garden of
Proserpine (a.k.a. Persephone)...”

Returning to f(q), the problem of estimating its coefficients α(n) has
a long history, one which even precedes Dyson’s definition of partition
ranks. Indeed, Ramanujan’s last letter to Hardy already includes the claim
that

α(n) = (−1)n−1
exp

(
π

√
n
6 − 1

144

)

2
√

n − 1
24

+ O

⎛
⎜⎝

exp
(

1
2π

√
n
6 − 1

144

)

√
n − 1

24

⎞
⎟⎠ .

Typical of his writings, Ramanujan offered no proof of this claim. Drag-
onette finally proved this claim in her 1951 Ph.D. thesis [16] written under
the direction of Rademacher. In his 1964 Ph.D. thesis, also written under
Rademacher, Andrews improved upon Dragonette’s work, and he proved4

that

α(n) = π(24n − 1)− 1
4

[√n ]∑

k=1

(−1)� k+1
2 � A2k

(
n − k(1+(−1)k)

4

)

k

· I 1
2

(
π

√
24n − 1

12k

)
+ O(nε).

(1.7)

This result falls short of the problem of obtaining an exact formula for
α(n), and as a consequence represents the obstruction to obtaining formulas
for Ne(n) and No(n). In his plenary address “Partitions: At the interface
of q-series and modular forms”, delivered at the Millenial Number Theory
Conference at the University of Illinois in 2000, Andrews highlighted this
classical problem by promoting his conjecture5 of 1966 (see p. 456 of [2],
and Sect. 5 of [4]) for the coefficients α(n).

3 This quote is taken from Watson’s 1936 Presidential Address to the London Mathemat-
ical Society entitled “The final problem: An account of the mock theta functions” (see p. 80
of [26]).

4 This is a reformulation of Theorem 5.1 of [2] using the identity I 1
2
(z) = ( 2

πz

) 1
2 ·sinh(z).

5 This conjecture is suggested as a speculation by Dragonette in [16].
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Conjecture (Andrews-Dragonette). If n is a positive integer, then

α(n) = π(24n − 1)− 1
4

∞∑

k=1

(−1)� k+1
2 � A2k

(
n − k(1+(−1)k)

4

)

k

· I 1
2

(
π

√
24n − 1

12k

)
.

(1.8)

The following theorem gives the first exact formulas for the coefficients of
a mock theta function.

Theorem 1.1. The Andrews-Dragonette Conjecture is true.

Remark. Since Ne(n) = (p(n) + α(n))/2 and No(n) = (p(n) − α(n))/2,
Theorem 1.1, combined with (1.4), provides the desired formulas for Ne(n)
and No(n).

To prove Theorem 1.1, we use recent work of Zwegers [27] which nicely
packages Watson’s transformation properties of f(q) in terms of real ana-
lytic vector valued modular forms. Loosely speaking, Zwegers “completes”
q−1/24 f(q) to obtain a three dimensional real analytic vector valued modular
form of weight 1/2. We recall his results in Sect. 2. To prove Theorem 1.1,
we realize the q-series, whose coefficients are given by the infinite series
expansions in (1.8), as the “holomorphic part” of a weak Maass form. This
form is defined in Sect. 3.1 as a specialization of a Poincaré series, and
in Sect. 3.2 we confirm that the coefficients of its holomorphic part are
indeed in agreement with the expansions in (1.8). To complete the proof
of Theorem 1.1, it then suffices to establish a suitable identity relating this
weak Maass form to Zwegers’ form. We achieve this in Sect. 5 by ana-
lyzing the image of these forms under the differential operator ξ 1

2
(defined

in Sect. 5). This task requires the Serre-Stark Basis Theorem for weight
1/2 holomorphic modular forms, and estimates on sums of the A2k-sums
derived in Sect. 4.

Acknowledgements. The authors thank George Andrews for helpful comments concerning
the historical background of the subject, and the authors thank John Friedlander, Sharon
Garthwaite and Karl Mahlburg for their helpful comments.

2. Modular transformation properties of q− 1
24 f(q)

Here we recall what is known about q−1/24 f(q) and its modular transform-
ation properties. An important first step was already achieved by G.N. Wat-
son in [26]. Although f(q) is not the Fourier expansion of a usual mero-
morphic modular form, in this classic paper Watson determined modular
transformation properties which strongly suggested that f(q) is a “piece”
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of a real analytic modular form, as opposed to a classical meromorphic
modular form.

Watson’s modular transformation formulas are very complicated, and are
difficult to grasp at first glance. In particular, the collection of these formulas
involve another third order mock theta function, as well as terms arising from
Mordell integrals. Recent work of Zwegers [27] nicely packages Watson’s
results in the modern language of real analytic vector valued modular forms.
We recall some of his results as they pertain to f(q).

We begin by fixing notation. Let ω(q) be the third order mock theta
function

ω(q) :=
∞∑

n=0

q2n2+2n

(q; q2)2
n+1

= 1

(1 − q)2
+ q4

(1 − q)2(1 − q3)2

+ q12

(1 − q)2(1 − q3)2(1 − q5)2
+ · · · .

(2.1)

If q := e2πiz , where z ∈ H, then define the vector valued function F(z) by

F(z) = (F0(z), F1(z), F2(z))
T

:= (q− 1
24 f(q), 2q

1
3 ω(q

1
2 ), 2q

1
3 ω(−q

1
2 ))T .

(2.2)

Similarly, let G(z) be the vector valued non-holomorphic function defined
by

G(z) = (G0(z), G1(z), G2(z))
T

:= 2i
√

3
∫ i∞

−z

(g1(τ), g0(τ), −g2(τ))
T

√−i(τ + z)
dτ,

(2.3)

where the gi(τ) are the cuspidal weight 3/2 theta functions

g0(τ) :=
∞∑

n=−∞
(−1)n

(
n + 1

3

)
e3πi(n+ 1

3)
2
τ ,

g1(τ) := −
∞∑

n=−∞

(
n + 1

6

)
e3πi(n+ 1

6)
2
τ ,

g2(τ) :=
∞∑

n=−∞

(
n + 1

3

)
e3πi(n+ 1

3)
2
τ .

(2.4)

Using these vector valued functions, Zwegers defines H(z) by

H(z) := F(z) − G(z).(2.5)

The following description of H(z) is the main result of [27].
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Theorem 2.1 (Zwegers). The function H(z) is a vector valued real analytic
modular form of weight 1/2 satisfying

H(z + 1) =
⎛

⎝
ζ−1

24 0 0
0 0 ζ3
0 ζ3 0

⎞

⎠ H(z),

H(−1/z) = √−iz ·
(

0 1 0
1 0 0
0 0 −1

)
H(z),

where ζn := e2πi/n. Furthermore, H(z) is an eigenfunction of the Casimir
operator Ω 1

2
:= −4y2 ∂2

∂z∂z + iy ∂
∂z + 3

16 with eigenvalue 3
16 , where z = x + iy,

∂
∂z = 1

2

(
∂
∂x − i ∂

∂y

)
, and ∂

∂z = 1
2

(
∂
∂x + i ∂

∂y

)
.

We give a consequence of Zwegers’ result in terms of weak Maass forms
of half-integral weight. To make this precise, suppose that k ∈ 1

2 + Z. If v
is odd, then define εv by

εv :=
{

1 if v ≡ 1 (mod 4),

i if v ≡ 3 (mod 4).
(2.6)

The weight k Casimir operator is defined by

Ωk := −4y2 ∂2

∂z∂ z̄
+ 2iky

∂

∂ z̄
+ 2k − k2

4
.(2.7)

Notice that the weight k hyperbolic Laplacian

∆k := −y2

(
∂2

∂x2
+ ∂2

∂y2

)
+ iky

(
∂

∂x
+ i

∂

∂y

)
(2.8)

is related to the Casimir operator Ωk by the simple identity

Ωk = ∆k + 2k − k2

4
,

where z = x + iy with x, y ∈ R.
Following Bruinier and Funke, we now recall the notion [11] of a weak

Maass form of half-integral weight.

Definition 2.2. Suppose that k ∈ 1
2 + Z, N is a positive integer, and that ψ

is a Dirichlet character with modulus 4N. A weak Maass form of weight k
on Γ0(4N) with Nebentypus character ψ is any smooth function f : H→ C

satisfying the following:
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(1) For all A = (
a b
c d

) ∈ Γ0(4N) and all z ∈ H, we have6

f(Az) = ψ(d)
( c

d

)2k
ε−2k

d (cz + d)k f(z).

(2) We have that ∆k f = 0.
(3) The function f(z) has at most linear exponential growth at all the cusps

of Γ0(4N).

Before we state a useful corollary to Theorem 2.1, we recall certain facts
about Dedekind sums and their role in describing the modular transform-
ation properties of Dedekind’s eta-function. If x ∈ R, then let

((x)) :=
{

x − �x� − 1
2 for x ∈ R \ Z,

0 if x ∈ Z.
For coprime integers c and d, let s(d, c) be the usual Dedekind sum

s(d, c) :=
∑

µ (mod c)

((µ

c

)) ((dµ

c

))
.

In terms of these sums, we define ωd,c by

ωd,c := eπis(d,c).(2.9)

Using this notation, if
(

a b
c d

) ∈ SL2(Z), with c > 0, then we have7

η

(
az + b

cz + d

)
= i−

1
2 · ω−d,c · exp

(
πi(a + d)

12c

)
· (cz + d)

1
2 · η(z).(2.10)

Remark. The exponential sums defined by (1.2) may also be described in
terms of Dedekind sums. In particular, if k ≥ 1 and n are integers, then
Ak(n) is also given by (see (120.5) on p. 272 of [22])

Ak(n) =
∑

x (mod k)∗
ω−x,k · e

(nx

k

)
,(2.11)

where the sum runs over the primitive residue classes x modulo k.

Theorem 2.1 implies the following convenient corollary.

Corollary 2.3. The function M(z) := F0(24z) − G0(24z) is a weak Maass
form of weight 1/2 on Γ0(144) with Nebentypus character χ12.

6 This transformation law agrees with Shimura’s notion of half-integral weight modular
forms [25].

7 This formula is easily derived from the formulas appearing in Chap. 9 of [22].
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Sketch of the proof. It is well known that η(24z) is a cusp form of weight 1/2
for the group Γ0(576) with Nebentypus χ12. For integers n, we obviously
have

M̃(z + n) = e(−n/24) · M̃(z),

where M̃(z) = F0(z) − G0(z). Therefore, to prove the claim it suffices
to compare the automorphy factors of M(z) with those appearing in (2.10)
when interpreted for η(24z). By Theorem 2.1 (see also Theorem8 2.2 of [2]),
if

(
a b
c d

) ∈ Γ0(2), with c > 0, then

M̃

(
az + b

cz + d

)
= i−

1
2 · ω−1

−d,c · (−1)
c+1+ad

2

· e

(
−a + d

24c
− a

4
+ 3dc

8

)
(cz + d)

1
2 · M̃(z).

In view of these formulas, it is then straightforward to verify that the
automorphy factors above agree with those for η(24z) when restricted to
Γ0(576). Consequently, it then follows that M(z) is also a weak Maass form
of weight 1/2 on Γ0(576) with Nebentypus χ12.

In order to verify that M(z) satisfies the desired transformation law under
Γ0(144), it suffices to check that its images under the representatives for
the non-trivial classes in Γ0(144)/Γ0(576) behave properly. For example,
if H(z) = (H0(z), H1(z), H2(z))T , then Theorem 2.1 gives

M

(
z

288z + 1

)
= H0

(
24z

12(24z) + 1

)

=
(

−i

(
12(24z) + 1

−24z

)) 1
2

· H1

(
12(24z) + 1

−24z

)

=
(

−i

(
12(24z) + 1

−24z

)) 1
2

· H1

(
− 1

24z

)

= (288z + 1)
1
2 · H0(24z) = (288z + 1)

1
2 · M(z).

This is the desired transformation law under z → 1
288z+1 . The analogous

computation for the remaining representatives completes the proof. ��
Remark. Let ψ (mod 6) be the Dirichlet character

ψ(n) :=
{

1 if n ≡ 1 (mod 6),
−1 if n ≡ 5 (mod 6).

The theta-function

ϑ(ψ; z) :=
∞∑

n=1

ψ(n) n qn2

8 There is a minor typo in the displayed formula which is easily found when reading the
proof.
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is well known to be a cusp form of weight 3/2 on Γ0(144) with Nebentypus
χ12 (for example, see [25]). One easily sees that

g1(24z) = −1

6
· ϑ(ψ; z).

In fact, one could also use this fact to deduce Corollary 2.3.

3. The Poincaré series Pk(s; z)

Here we construct a Poincaré series which has the property that the Fourier
coefficients of its “holomorphic part”, when s = 3/4 and k = 1/2, are given
by the infinite series expansions appearing in (1.8). In Sect. 3.1, we begin by
defining this series as a trace over Möbius transformations, and in Sect. 3.2
we compute its Fourier expansion. The main result of this calculation is the
reproduction of the infinite series formulas in (1.8) as coefficients of the
holomorphic part of a weak Maass form of weight 1/2 on Γ0(144) with
Nebentypus character χ12.

3.1. The construction. Suppose that k ∈ 1
2 + Z. We now define an im-

portant class of Poincaré series Pk(s; z). For matrices
(

a b
c d

) ∈ Γ0(2), with
c ≥ 0, define the character χ(·) by

χ
((a b

c d

))
:=

{
e
(− b

24

)
if c = 0,

i−1/2(−1)
1
2 (c+ad+1)e

(− a+d
24c − a

4 + 3dc
8

) · ω−1
−d,c if c > 0.

(3.1)

Remark. The character χ is defined to coincide with the automorphy factor
for the real analytic form F0(z) − G0(z) when restricted to Γ0(2).

Throughout, let z = x+iy, and for s ∈ C, k ∈ 1
2 +Z, and y ∈ R \ {0}, let

Ms(y) := |y|− k
2 M k

2 sgn(y), s− 1
2
(|y|),(3.2)

where Mν,µ(z) is the standard M-Whittaker function which is a solution to
the differential equation

∂2u

∂z2
+

(
−1

4
+ ν

z
+

1
4 − µ2

z2

)
u = 0.

Furthermore, let

ϕs,k(z) := Ms

(
−πy

6

)
e
(
− x

24

)
.
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Theorem 6.3 shows that µ̂(u, v; τ) is essentially a weight 1/2 non-holomorphic Jacobi
form. In analogy with the classical theory of Jacobi forms, one may then obtain harmonic
Maass forms by making suitable specializations for u and v by elements in Qτ + Q, and
by multiplying by appropriate powers of q. Without this result, it would be very difficult
to explicitly construct examples of weight 1/2 harmonic Maass forms.

Harmonic Maass forms of weight k are mapped to classical modular forms (see Lemma 7.4),
their so-called shadows, by the differential operator

ξk := 2iyk · ∂
∂τ
.

The following lemma makes it clear that the shadows of the real analytic forms arising
from µ̂ can be described in terms of weight 3/2 theta functions.

Lemma 6.4. [Lemma 1.8 of [219]] The function R is real analytic and satisfies

∂R

∂u
(u; τ) =

√
2y−

1
2 e−2πc2yϑ(u;−τ),

where c := Im(u)/Im(τ). Moreover, we have that

∂

∂τ
R(aτ − b; τ) = − i√

2y
e−2πa2y

∑
ν∈Z+ 1

2

(−1)ν− 1
2 (ν + a)e−πiν2τ−2πiν(aτ−b).

7. Harmonic Maass forms

For the remainder of the paper, we shall assume that the reader is familiar with the
classical theory of elliptic modular forms (for example, see [71, 84, 125, 134, 143, 155, 164,
177, 185, 193, 196]).

D. Niebur [160, 161] and D. Hejhal [117] constructed certain non-holomorphic Poincaré
series which turn out to be examples of harmonic Maass forms. Bruinier [61] made great
use of these Poincaré series in his early work on Borcherds lifts and Green’s functions.
He then realized the importance of developing a “theory of harmonic Maass forms” in
its own right. Later in joint work with Funke [63], he developed the fundamental results
of this theory, some of which we describe here. After making the necessary definitions,
we shall discuss Hecke operators and various differential operators. The interplay between
harmonic Maass forms and classical modular forms shall play an important role throughout
this paper.

7.1. Definitions. In 1949, H. Maass introduced the notion of a Maass form13 (see [149,
150]). He constructed these non-holomorphic automorphic forms using Hecke characters of
real quadratic fields, in analogy with Hecke’s theory [115] of modular forms with complex
multiplication (see [180] for a modern treatment).

To define these functions, let ∆ = ∆0 be the hyperbolic Laplacian

∆ := −y2

(
∂2

∂x2
+

∂2

∂y2

)
,

13In analogy with the eigenvalue problem for the vibrating membrane, Maass referred to these auto-
morphic forms as Wellenformen, or waveforms.
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where z = x + iy ∈ H with x, y ∈ R. It is a second-order differential operator which acts
on functions on H, and it is invariant under the action of SL2(R).

A Maass form for a subgroup Γ ⊂ SL2(Z) is a smooth function f : H → C satisfying:

(1) For every ( a b
c d ) ∈ Γ, we have

f

(
az + b

cz + d

)
= f(z).

(2) We have that f is an eigenfunction of ∆.
(3) There is some N > 0 such that

f(x+ iy) = O(yN)

as y → +∞.

Furthermore, we call f a Maass cusp form if∫ 1

0

f(z + x)dx = 0.

There is now a vast literature on Maass forms thanks to the works of many authors such
as Hejhal, Iwaniec, Maass, Roelcke, Selberg, Terras, Venkov, among many others (for
example, see [116, 117, 124, 126, 149, 150, 181, 191, 199, 200, 203]).

This paper concerns a generalization of this notion of Maass form. Following Bruinier
and Funke [63], we define the notion of a harmonic Maass form of weight k ∈ 1

2
Z as

follows. As before, we let z = x+ iy ∈ H with x, y ∈ R. We define the weight k hyperbolic
Laplacian ∆k by

(7.1) ∆k := −y2

(
∂2

∂x2
+

∂2

∂y2

)
+ iky

(
∂

∂x
+ i

∂

∂y

)
.

For odd integers d, define εd by

(7.2) εd :=

{
1 if d ≡ 1 (mod 4),

i if d ≡ 3 (mod 4).

Definition 7.1. If N is a positive integer (with 4 | N if k ∈ 1
2
Z \ Z), then a weight

k harmonic Maass form on Γ ∈ {Γ1(N),Γ0(N)} is any smooth function M : H → C
satisfying the following:

(1) For all A = ( a b
c d ) ∈ Γ and all z ∈ H, we have

M

(
az + b

cz + d

)
=

{
(cz + d)kM(z) if k ∈ Z,(

c
d

)2k
ε−2k
d (cz + d)k M(z) if k ∈ 1

2
Z \ Z.

Here
(

c
d

)
denotes the extended Legendre symbol, and

√
z is the principal branch

of the holomorphic square root.
(2) We have that ∆kM = 0.
(3) There is a polynomial PM =

∑
n≤0 c

+(n)qn ∈ C[q−1] such that

M(z)− PM(z) = O(e−εy)

as y → +∞ for some ε > 0. Analogous conditions are required at all cusps.
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Remark 9. Maass forms and classical modular forms are required to satisfy moderate
growth conditions at cusps, and it is for this reason that harmonic Maass forms are often
referred to as “harmonic weak Maass forms”. The term “weak” refers to the relaxed
condition Definition 7.1 (3) which gives rise to a rich theory. For convenience, we use the
terminology “harmonic Maass form” instead of “harmonic weak Maass form”.

Remark 10. We refer to the polynomial PM as the principal part of M(z) at ∞. Obviously,
if PM is non-constant, then M(z) has exponential growth at ∞. Similar remarks apply at
all cusps.

Remark 11. Bruinier and Funke [63] define two types of harmonic Maass forms based on
varying the growth conditions at cusps. For a group Γ, they refer to these spaces as Hk(Γ)
and H+

k (Γ). Definition 7.1 (3) corresponds to their H+
k (Γ) definition.

Remark 12. Since holomorphic functions on H are harmonic, it follows that weakly holo-
morphic modular forms are harmonic Maass forms.

Remark 13. Here we recall the congruence subgroups. If N is a positive integer, then
define the level N congruence subgroups Γ0(N), Γ1(N), and Γ(N) by

Γ0(N) :=

{(
a b
c d

)
∈ SL2(Z) : c ≡ 0 mod N

}
,

Γ1(N) :=

{(
a b
c d

)
∈ SL2(Z) : a ≡ d ≡ 1 mod N, and c ≡ 0 mod N

}
,

Γ(N) :=

{(
a b
c d

)
∈ SL2(Z) : a ≡ d ≡ 1 mod N, and b ≡ c ≡ 0 mod N

}
.

Remark 14. For k ∈ 1
2
Z \ Z, the transformation law in Definition 7.1 (1) coincides with

those in Shimura’s theory of half-integral weight modular forms [192].

Remark 15. Later we shall require the classical “slash” operator. For convenience, we recall
its definition here. Suppose that k ∈ 1

2
Z. For A = ( a b

c d ) ∈ SL2(Z) (Γ0(4) if k ∈ 1
2
Z \ Z),

define j(A, z) by

(7.3) j(A, z) :=

{√
cz + d if k ∈ Z,(

c
d

)
ε−1

d

√
cz + d if k ∈ 1

2
Z \ Z,

where εd is defined by (7.2), and where
√
z is the principal branch of the holomorphic

square root as before. For functions f : H → C, we define the action of the “slash”
operator by

(7.4) (f |k A)(z) := j(A, z)−2kf(Az) = j(A, z)−2kf

(
az + b

cz + d

)
.

Notice that Definition 7.1 (1) may be rephrased as

(M |k A) (z) = M(z).

Remark 16. We shall also consider level N weight k ∈ 1
2
Z forms with Nebentypus χ. To

define such forms, suppose that N is a positive integer (with 4 | N if k ∈ 1
2
Z \ Z), and
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let χ be a Dirichlet character modulo N . To define these forms, one merely requires14, for
every ( a b

c d ) ∈ Γ0(N), that

M

(
az + b

cz + d

)
=

{
χ(d)(cz + d)kM(z) if k ∈ Z,(

c
d

)2k
ε−2k
d χ(d)(cz + d)k M(z) if k ∈ 1

2
Z \ Z.

Throughout, we shall adopt the following notation. If Γ ⊂ SL2(Z) is a congruence
subgroup, then we let

Sk(Γ) := weight k cusp forms on Γ,

Mk(Γ) := weight k holomorphic modular forms on Γ,

M !
k(Γ) := weight k weakly holomorphic modular forms on Γ,

Hk(Γ) := weight k harmonic Maass forms on Γ.

Furthermore, if χ is a Dirichlet character modulo N , then we let

Sk(N,χ) := level N weight k cusp forms with Nebentypus χ,

Mk(N,χ) := level N weight k holomorphic modular forms with Nebentypus χ,

M !
k(N,χ) := level N weight k weakly holomorphic modular forms with Nebentypus χ,

Hk(N,χ) := level N weight k harmonic Maass forms with Nebentypus χ.

When the Nebentypus character is trivial, we shall suppress χ from the notation.
The real analytic forms in Theorem 6.1 provide non-trivial examples of weight 1/2

harmonic Maass forms. More generally, the work of Zwegers [218, 219], shows how to
complete all of Ramanujan’s mock theta functions to obtain weight 1/2 harmonic Maass
forms. In Section 8, we shall present further examples of harmonic Maass forms.

7.2. Fourier expansions. In this paper we consider harmonic Maass forms with weight
2− k ∈ 1

2
Z with k > 1. Therefore, throughout we assume that 1 < k ∈ 1

2
Z.

Harmonic Maass forms have distinguished Fourier expansions which are described in
terms of the incomplete Gamma-function Γ(α;x)

(7.5) Γ(α;x) :=

∫ ∞

x

e−ttα−1 dt,

and the usual parameter q := e2πiz. The following characterization is straightforward (for
example, see Section 3 of [63]).

Lemma 7.2. Assume the notation and hypotheses above, and suppose that N is a positive
integer. If f(z) ∈ H2−k(Γ1(N)), then its Fourier expansion is of the form

(7.6) f(z) =
∑

n�−∞

c+f (n)qn +
∑
n<0

c−f (n)Γ(k − 1, 4π|n|y)qn,

where z = x+ iy ∈ H, with x, y ∈ R.

As Lemma 7.2 reveals, f(z) naturally decomposes into two summands. In view of this
fact, we make the following definition.

14This replaces (1) in Definition 7.1.
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Definition 7.3. Assuming the notation and hypotheses in Lemma 7.2, we refer to

f+(z) :=
∑

n�−∞

c+f (n)qn

as the holomorphic part of f(z), and we refer to

f−(z) :=
∑
n<0

c−f (n)Γ(k − 1, 4π|n|y)qn

as the non-holomorphic part of f(z).

Remark 17. A harmonic Maass form with trivial non-holomorphic part is a weakly holo-
morphic modular form. We shall make use of this fact as follows. If f1, f2 ∈ H2−k(Γ) are
two harmonic Maass forms with equal non-holomorphic parts, then f1 − f2 ∈M !

2−k(Γ).

7.3. The ξ-operator and period integrals of cusp forms. Harmonic Maass forms are
related to classical modular forms thanks to the properties of differential operators. The
first nontrivial relationship depends on the differential operator

(7.7) ξw := 2iyw · ∂
∂z
.

The following lemma15, which is a straightforward refinement of a proposition of Bruinier
and Funke (see Proposition 3.2 of [63]), shall play a central role throughout this paper.

Lemma 7.4. If f ∈ H2−k(N,χ), then

ξ2−k : H2−k(N,χ) −→ Sk(N,χ)

is a surjective map. Moreover, assuming the notation in Definition 7.3, we have that

ξ2−k(f) = −(4π)k−1

∞∑
n=1

c−f (−n)nk−1qn.

Thanks to Lemma 7.4, we are in a position to relate the non-holomorphic parts of
harmonic Maass forms, the expansions

f−(z) :=
∑
n<0

c−f (n)Γ(k − 1, 4π|n|y)qn,

with “period integrals” of modular forms. This observation was critical in Zwegers’s work
on Ramanujan’s mock theta functions.

To make this connection, we must relate the Fourier expansion of the cusp form ξ2−k(f)
with f−(z). This connection is made by applying the simple integral identity

(7.8)

∫ i∞

−z

e2πinτ

(−i(τ + z))2−k
dτ = i(2πn)1−k · Γ(k − 1, 4πny)q−n.

This identity follows by the direct calculation∫ i∞

−z

e2πinτ

(−i(τ + z))2−k
dτ =

∫ i∞

2iy

e2πin(τ−z)

(−iτ)2−k
dτ = i(2πn)1−k · Γ(k − 1, 4πny) q−n.

15The formula for ξ2−k(f) corrects a typographical error in [63].
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Hence the number of covariants of degree s and order q of the binary
quantic of order n is the coefficient of pQ+1a^ in (1), or the coefficient of
p^1 in (2).

We may obtain by this method a proof of the formula for the canonical
form of an invariant matrix of a matrix with repeated characteristic roots*,
without the use of Aitken's method of chains f.

Let A be the matrix ^' . Denote by [ri]^ the matrix of order n2 with

p in each position in the leading diagonal, unity in each position in the
diagonal next above, and zero elsewhere, so that A = [2]M.

Clearly, confining our attention to the canonical form, we have

Then, if

we have [n+ l]Jj,] = X kPQ[p—q+ !]„»,

and

and the above generating function is applicable. The proof now follows
the lines of the preceding paper*.

University College,
Swansea.

THE FINAL PROBLEM : AN ACCOUNT OF THE
MOCK THETA FUNCTIONS

G. N. WATSON J.

It is not unnatural in one who has held office in this Society for sixteen
years that his mode of approach to the preparation of his valedictory
Address should have taken the form of an investigation into the procedure
of his similarly situated predecessors.

Of the thirty-five previous Presidents, all but three have delivered
Addresses on resigning office. Two of the exceptions were the first two
Presidents, de Morgan and Sylvester; de Morgan, however, had had his

* D. E. Littlewood, Proc. London Math. Soc. (2), 40 (1936), 370-381.
t A. C. Aitken, Proc. London Math. Soc. (2), 38 (1935), 354-376.
t Presidential Address delivered at the meeting of 14 November, 1935.
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say in an inaugural speech at the first meeting of the Society. The third
exception was Henrici, who confined himself to thanking the members for
"the kind indulgence they had shown him", a sentiment which I would
wish to echo to-day.

It had occurred to me that the survival of the Society for seventy years
might make an historical topic appropriate for my Address; and, in fact,
that a President at a loss for a subject might do far worse than give some
account of the Addresses of his remoter predecessors. I was, however,
deterred from this course by the examples of those two Presidents, Prof.
Love and Prof. Hardy, who, like me, had held the office of Secretary for a
lengthy period*; after making two statements on the progress of the
Society, I shall follow them by confining myself to a mathematical topic.

In 1928 Prof. Hardy was able to report that the membership had grown
to 410 and the annual output to 1,280 pages; the number of members is
now 440 and the annual output is 1,440 pages. Each increase in our rate
of publication in the last sixteen years has been followed by an increase in
the number of papers received, until at last the inelasticity of our financial
resources has led the Council reluctantly to announce the adoption of
measures tending to limit the amount which we accept for publication.

The topic which I have selected, though unfortunately not too well
adapted for oral exposition, will, I hope, be considered to be as character-
istic of its author as the choices of most of my predecessors have been.
I make no apologies for my subject being what is now regarded as old-
fashioned, because, as a friend remarked to me a few months ago, I am an
old-fashioned mathematician. Practically everything that I have to say
to-night would be immediately comprehensible to Gauss or Jacobi; on
the other hand, Euler, though he might enjoy listening, would probably
encounter difficulties both of form and substance.

Early in 1920, three months before his death, Ramanujan wrote his last
letter to Hardy. In the course of it he said: " I discovered very interesting
functions recently which I call 'Mock' ^-functions. Unlike the 'False'
^-functions (studied partially by Prof. Rogers in his interesting paperf)
they enter into mathematics as beautifully as the ordinary ^-functions.
I am sending you with this letter some examples ".

The study of some of the five foolscap pages of notes which accompanied
the letter is the subject which I have chosen for my Address; I doubt

* With the exception cif Prof. Burnside (Secretary 1902, 1903; President 1906, 1907)
no other person has held both offices.

t L. J. Rogers, Proc. London Math. Soc. (2), 16 (1917), 315-336. A " false ^-function "
is a function such as 1—5+ff2—S5+27— •••» which differs from an ordinary theta function
in the signs of alternate terms.
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whether a more suitable title could be found for it than the title used by
John H. Watson, M.D., for what he imagined to be his final memoir on
Sherlpck Holmes.

The first three pages in which Ramanujan explained what he meant by
a "mock ^-function" are very obscure. They will be made clearer if I
preface them by Hardy's comment that a mock ^-function is a function
defined by a g-series convergent when \q\ < 1, for which we can calculate
asymptotic formulae, when q tends t o a " rational point" e2rH/s of the unit
circle, of the same degree of precision as those furnished for the ordinary
^-functions by the theory of linear transformation.

The three pages of explanation (with a few modifications of the formulae
to simplify the type-setting) are as follows:

"If we consider a ^-function in the transformed Eulerian form, e.g.

(l-q)2(l-q2)2

and determine the nature of the singularities at the points

q=l, q*=\, qs=l, q* = 1, g 5 = l , ...,

we know how beautifully the asymptotic form of the function can be
expressed in a very neat and closed exponential form. For instance, when
q = e~l and

and similar results at other singularities.

* It is not necessary that there should be only one term like this. There may be many
terms but the number of terms must be finite.

f Also o(l) may turn out to be 0(1). That is all. For instance, when g->l, the
function {(1—?)(1—32)(1 — q3) ...}~a2° is equivalent to the sum of five terms like (*) together
-with 0(1) instead of o(l).
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If we take a number of functions like (A) and (B), it is only in a limited
number of cases the terms close as above; but in the majority of cases they
never close as above. For instance, when q = e~l and t->0,

where ax = l/8-\/5, and so on. The function (C) is a simple example of a
function behaving in an unclosed form at the singularities ".

At this point I interpose a few explanatory remarks.
The "Eulerian form " of a function apparently refers to the character

of the denominators of the terms in the series. The phrase is probably
suggested by Euler's formulae

As regards the illustrative functions, (A) is immediately derivable from
Heine's formula for basic hypergeometric series,

o, b; cj_ « r(l-cg*/a)(l-cg»/6)-]
L 1 L J

by making a -» oo, b -> oo, and c -» q. It is thus seen that (A) is the partition,
function

(l—g»+i)-i.
71=0

The function (B) is G(q), one of the two functions, G(q) and H(q), which
occur in the Rogers-Ramanujan identities. These identities and the

• The coefficient \/t (sic) in the index of e happens to be 7r2/5 in this particular case.
I t may be some other transcendental numbers in other cases.

f The coefficients of t, t*, ... happen to be 1/8\/5, ... in this case. In other cases
they may turn out to be some other algebraic numbers.
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definitions of the functions are contained in the assertions t h a t

= s <r\

The asymptotic formulae for the functions are derivable from known
properties of #-functions, the formula for H(q), which corresponds to the
formula already quoted for G(q), being

The function (C) is more remarkable. It is easy to obtain a first approxi-
mation to the value of the function when t is small by the method of esti-
mating the sum of the terms in the neighbourhood of the greatest term of
the series* ; but the term t/8-\/5, still more the following terms, cannot be
determined very satisfactorily in this manner. The only simple procedure
which I have devised depends upon making a preliminary transformation
of the function.

It is easy to see that

y l ( )

= II (l—ar+1)~1 £ (I—

— TT C\__nr+1\-1 V V

- , = < / q ] •^on=o( i

We sum this double series by diagonals. The sum of the terms for which
m-\-n has a given odd value, say 2p+1, is zero; the sum of the terms for
which m-\-n has a given even value, say 2p, is

* Perhaps this method played a larger part in Ramanujan's work on mock ^-functions
than my own studies of the subject would suggest.
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We thus find that the function (C) is equal to

r = 0

where G^(q) denotes the function

which occurs in Ramanujan's proof of his identities. Now, for integral
values of fx, it can easily be shown that

^{q)-y5\ 2 J e X p Ll5« + 20

from a consideration of the difference equation

combined with the asymptotic values of G0(q) = G(q) and G1(q) = H(q).
If we make the plausible assumption that the formula is valid for any fixed
[x, whether an integer or not, we can obtain Ramanujan's asymptotic
formula for his function (C) by taking [x = h

I now revert to Ramanujan's notes; they continue thus:

"Now a very interesting question arises. Is the converse of the
statements concerning the forms (A) and (B) true ? That is to say: Suppose
there is a function in the Eulerian form and suppose that all or an infinity
of points are exponential singularities, and also suppose that at these
points the asymptotic form of the function closes as neatly as in the cases
of (A) and (B). The question is: Is the function taken the sum of two
functions one of which is an ordinary ^-function and the other a (trivial)
function which is 0(1) at all the points e2wjri/n? The answer is it is not
necessarily so. When it is not so, I call the function a Mock ^-function.
I have not proved rigorously that it is not necessarily so. But I hav.e con-
structed a number of examples in which it is inconceivable to construct a
^•-function to cut out the singularities of the original function. Also I have
shown that if it is necessarily so then it leads to the following assertion:—
viz. it is possible to construct two power series in x, namely 1ianx

n and
l,bnx

n, both of which have essential singularities on the unit circle, are
convergent when | x | < 1, and tend to finite limits at every point x = e2riri/t, and
that at the same time the limit of Zanx

n at the point x = e2rni/t is equal to the
limit of T,bnx

n at the point x = er-ni's.
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This assertion seems to be untrue. Anyhow, we shall go to the examples
and see how far our assertions are true.

I have proved that, if

then

-2tf+...) = 0(1)

at all the points q = — 1, g3 = — 1, # 5 = — 1, <?7 = — 1, ...; and at the same
time

at all the points q2——l, q*— — 1, ^ = — 1 , Also, obviously,
f(q) = 0(1) at all the points q=l, q*=l, q5=l, ... • And so f(q) is a.
Mock ^-function.

When # = — e~l and t->0,

The coefficient of qn in /(#) is

It is inconceivable that a single ^-function could be found to cut out the
singularities of f(q)".

This completes Ramanujan's general description of mock ^-functions.
His remarks about lack of rigorous proof indicate that he was not com-
pletely convinced that the functions which he had constructed actually
cannot be expressed in terms of ^-functions and "trivial" functions. It
would therefore seem that his work on the transformation theory of mock
^-functions did not lead him to the precise formulae (such as I shall
describe presently) for transformations of mock ^-functions of the third
order. The precise forms of the transformation formulae make it clear
that the behaviour of mock ^-functions near the unit circle is of a more
complex character than that of ordinary ^-functions.

The subsequent results about f(q) which I have quoted are all immediate
consequences of my transformation formulae, except for the approximation.
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for the general coefficient of the expansion of f(q) in power series. I have
not troubled to verify this approximation; it is presumably derivable from
the transformation formulae in the manner in which Hardy and Rama-
nujan* obtained the corresponding formula for p(n), the number of
partitions of n.

The last two pages of Ramanujan's notes consist of lists of definitions of
four sets of mock ^-functions with statements of relations connecting
members of each of the first three sets; for fairly obvious reasons the func-
tions in the various sets are described as being of orders 3, 5, 5, and 7 respec-
tively. These lists and statements have already been pubhshedf.

On this occasion I propose to restrict myself to the consideration of
functions of order 3. In addition to the function f(q) defined above, Rama-
nujan has discovered three such functions. Rather strangelyJ he seems
to have overlooked the existence of the set of functions which I call u)(q),

The definitions of the complete set of functions are as follows:

(q)

x(q)

w{q)

»{q)

p(q)

— 2 *

oo /y'^"

nr0(i+22)(i+g4)...(i+^i)J

oo an-

'n'lii-qHi-q^-ii-q2'1-1)'

• 0 0 ^ 7 * , -

«r0 (i-?+32)(i-?2+24)... (i-j»+ffto)f

oo q2n(n+l)

Mr0 (1—g)2(l—g3)2(l—g5)2... (1—02"*1)2'

» ^n(n+l)

oo /v2n(n+l)

* Proc. London Math. Soc. (2), 17 (1918), 75-115.
f Collected papers of S. Ramanujan (1927), 354r-355.
% Particularly in view of his having discovered both sets of functions of order 5.
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These several functions are connected by the following relations:

00

q) = #4(0, q) II

), g3) n (1—3T1,

2p(q)+to(q) =
r = l

r = l

r = l

Whether Ramanujan's proofs of the relations involving f(q), <f>(q), and
are the same as mine must remain unknown.

The first stage in my discussion of the functions consists in obtaining
new definitions of the functions by transforming the series by which they
are defined into series more amenable to manipulation. For this purpose
I use a limiting case of a general formula connecting basic hypergeometric
series which I discovered some years ago* in the course of the construction
of the seventh proof of the Rogers-Ramanujan identities.

If we write

where r is the number of the symbols a,fi,y, ..., and s is the number of the
symbols S, e, ..., the general formula is

8 7L Va> ~Va> aqlc> aqld> Wle, aq/f, aq/g; cdefgj

l
J

o raq/(cd), e, f, g; "I
4 3L efg/a, aqjc, aq/d; qJ'

provided that e,f, or g is of the form q~N, where N is a positive integer.

* G. N. Watson, Journal London Math. Soc, 4 (1929), 4-9.
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Make a-»l, e->oo, /->oo, g-*oo; and let

we find that*

, , y ( - ) n ( l+g n ) (2-2
l2qncosn - i l-2qncosd-\-q2n

= n ( l -
r = l n = l II (1—2qmco8d+q2m)

m = l

This is the general relation which is fundamental in the construction of
the new definitions of the mock ^-functions. In this relation take
successively

and we get immediately

00 00 /

f(q) n (l-f)=l+4 S ^
r=l n = l

r=l n = l

These are the formulae which will henceforth be adopted as the defini-
tions off(q), <f>(q), and x(g). They render obvious the connection between
x(q) and/(g); for, by combining like terms of the series on the right, we have

(l-f) = 3 1+4 S ( g I
r= l I- n = l

and the required relation follows from the formula f

(_\n /rin(»+l)
1 + 4

* This formula may also be obtained by expressing the series on the right (qua
function of cos 0) as a sum of partial fractions.

t This simple formula (well known to Ramanujan) apparently is not given explicitly
by Tannery and Molk; to obtain it, take z = £*• in the expression for l/bx(z, Jq) as a sum
of partial fractions. Cf. J. Tannery et J. Molk, Theorie des fonctions elliptiques, 3 (1898), 136.
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The new definition ofifj(q) is not such a direct consequence of my formula.
To transform ifi(q), take exp id = qi and then replace q by g4; we thus have

that is to say

1+ U-)«q*MSn+l) j ^ ^ +

= n
r=i

r = l

- i

LI

(m = 2n or

Hence we have

n (i—(
r = l

\n/v2n(3n+l)
in+l al-8nal-8n \

)

( —
=

We accordingly adopt the formula

oo / \n fj6n(n+l)+l

- j * ) = s ( g

r = l _ 4n+1

as the modified definition of
JOUB. 41.
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We next take another limiting case of the formula connecting basic
hypergeometric series. Make e->oo, /->oo, g-*co, and let a — q and
cd = q, writing

On reduction we find that

oo / \n(\ (j2n+l\ Q%n(n+1) oo oo
/ j . i i— • I I I Ĵ  ^y I ^j i ..

In this relation take successively

and at the same time replace q by q2 in the first and third of the results
which are obtained.

We get immediately

r=l «=0

r=l n=0

oo oo i /v4n+2
TT (I o

2r) = S I )na3n(n+l) x tf
i J - V x i / - " V /a I I -.2714-1 I «4n4-2*

These are the formulae which will be adopted as the definitions of
tt)(q), v(q), and p(q). They render obvious the connection between p(q)
and oj(q); for, by combining like terms of the series on the right, we have

[2p(q)-co(q)] fi (l-ff») = 3 S ( - )
r= l n = 0

and the required relation follows from the formula*

n=o

J '

• This formula is immediately derivable from the expression for l/5t(z) as a sum of
partial fractions. Cf. J. Tannery et J. Molk, Thdorie des fonctions elliptiques, 3 (1898), 136.
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Now that the new definitions of the mock ^-functions have been
constructed, it is a fairly easy matter to establish the relations which
connect the functions.

Apart from the relations connecting ^(g) with/(gf) and p(q) with a)(q)
which have been obtained already, these relations are special cases of an
expansion of the reciprocal of the product of three ^-functions. Easy
though this expansion is to establish, I do not remember having encountered
it previously. It may be stated as follows:

Let r be any integer {positive, zero, or negative) and let a, j8, y be any
constants such that

Then the function
g(2r— l)iz

is expressible as the sum of partial fractions

A oo 7?
m I y JJm

2 ( )m+r Qm(.3m+l)+2mr g2mi(2a-|3-y)+<2r+l)ia
A = — —

with corresponding values for Bm and Cm. The expansion is valid for all
values of z except the poles of the function under consideration.

First observe that, if q = e"iT, it is easy enough to verify that

«—y)

is equal to the value of Am given above.

We now proceed to establish the expansion by obtaining it as a limiting
case of a similar expansion in which the functions concerned are algebraic.
Write

n = l n = l

so that
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is the quotient of two polynomials in e2fe. The elementary theory of partial
fractions then shows that, when 3N-{-r-\-l ^ 0, we have

S_I_/Y2WI g2l'a

where

00

n=N-m+l

00

x n

2'*+

with corresponding values for Bm. ^ and Cm. N.

We now make N^-co. The observation that

is a bounded function of m and JV which, for any fixed m, tends to unity as
IV-^oo, combined with the obvious remark that the series

y
m=-<x>

is absolutely convergent, justifies an appeal to Tannery's theorem; we
thus have

N A oo A
v - " m : JV v »*

T̂—>-oo m=
/,2i3_j_«2m/,2ia /,2is_i_/Y2mp2ia3

= —AT e n^y e «i = — oo e T^y ^

and the other details of the passage to the limit present no difficulties. We
have therefore established the expansion

e(2r-l)fe

/m(2a-/3-y)+<2r+l)ia

In this expansion take
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we get

n f \m «

~ - ll
m = — oo

Now it is easy to verify that

= 2 cos dm—1)TT— 2q2m

and hence we have

Further,

g f 1+g I g

so that we have

n
n = l

whence Ramanujan's relation connecting <j>{—q) with f(q) follows
immediately.

Again, in the partial fraction formula take

r=l, z = 0, a = 0, jB = £7>T, y^l^r;
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we get

q) I" « (_)mg3m(m+|) «

n-g2 m + l J

g) « ( _ ) * ( + ) g t ( + ) ^
3

(n—2m or 2m+l)

Now evidently

i(frr, g) n n

n=lL (1-g2-1)2 J

= n
n = l

Hence we have
in (i g

n = l

n = l

We have therefore obtained the two results

n = l
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and from them the formula

follows at once.
Next, in the partial fraction formula take

T=l, Z = 0 , a=\TT-\-\TTT, j8=^7TT5 J = IT

we get

fr"-.g) y (~)mg3m(m+1)

) l ^ m + i

, g) S ( - ) g ,
g X

n— —oo

(n=2m or 2m+l)

" (i-g2r)+WVg) 5 (i-j»-).
r-=l r = l

Now evidently

4̂(0. g) ft (k^\ - ff r(i-g2n-1)2i f{ r i-g2re

Hence we have

_ ft r(i-g2»-i)(l-g2")-l
~ nil L i-gw J •

(i-g 2 " ) 2

ft r a-g2n)2a-g2

= n [(i+gn)3

n = l

n = l
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Since the expression on the right is a one-valued function of q, we
immediately deduce the pair of formulae

=^r^2(0, q) 5 (l+q2n).
n = l

Lastly, in the partial fraction formula take

r=l, z=0, a = \iTJf\'nr, J8=|TT, y = §7T+7rr;

we get

€-jrrj ^ / (Q) ^ (frr

so that, replacing m by n or w— 1, we have

q2'1 l—iq2n

/

(n—2m or 2m+l)

\ GO 00

• io(q) II (1 — q2r)-\-[f(qB)-\-2q3ai(—g4)] II (1—q8 r).
I r = i r = i

When we reduce this in the usual manner, we find that

CO

•f/qB\A-2,qa}(q)-\-2q^ct){—q^) = $3(0, Q O $ 3 2 ( 0 , q^) II (1—q*n)~^}
n = l

and hence, by changing the sign of q,
00

n = l

Any other relations of this kind connecting mock ^-functions of order 3
would appear to be derivable from the relations now obtained.
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It is now feasible to construct the linear transformations of the mock
^-functions. Since any substitution of the modular group can be resolved
into a number of substitutions of the forms

it is sufficient to construct the transformations which express the fourteen
functions* f(±q), ... in terms of similar functions of qlt (or powers of qj,
where q and qx are connected by the relations f

q = e~a, aj8 = 772, qx — e~B.

The general similarity between the series involved in the new definitions
of the mock ^-functions and the series which are generating functions of
class-numbers of binary quadratic forms suggests that it may be possible
to construct the required transformations by means of functional equations
such as have been used by Mordell J in connection with class-numbers.
Since, however, I lacked the ingenuity necessary for the construction of the
functional equations (if indeed they exist), I decided to use the more prosaic
methods of contour integration by which a writer subsequent to Mordell
has treated the generating functions of class-numbers§.

It is unnecessary to work out all the fourteen transformation formulae
by contour integration; when the transformation formulae for f(q) and
<j>(q) have been constructed, the remainder can be deduced immediately
from the relations connecting the various mock ^-functions.

First consider f(q). We have, by Cauchy's theorem,

r=i * ' 2?rt lj17 * ' 2?rt l j f c J + f c ) SUITTZ cosh^az

where cis a positive number so small that the zeros of sin7rz are the only
poles of the integrand between the lines forming the contour. On the
higher of these two lines we write

* Actually I do not trouble to deal with the functions x ( i? ) a n cl p( ±9) which are less
interesting than the rest.

f The numbers o and 0, which are positive when q is positive, are slightly easier to work
with than the complex T.

t L. J. Mordell, Quart. J. of Math., 48 (1920), 329-342.
§ G. N. Watson, Compositio Math., 1 (1934), 39-68.
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so that

* _ exp(-faz2) dz
dz

2TTI J QO+lc sin TTZ cosh \az

i 2 }
Y oo Too+ic

4~<> n = 0 J—co+ic

1 oo foo+ic

ATrl n = o J-oo+i

say. We calculate these integrals in the following manner. The poles of
Fn(z) are (at most) simple poles at the points

(2m+l)7rt . i A i i \

zm = ^—-— (ra= — oo, ..., —1, 0, 1, ..., +00),

and the residue at zm is

j£ (-)m exp{(2n+1)mzm-*azj] . (2 coshazm-\) = An>,„,

say. Now, by Cauchy's theorem,
I ( Too+xc roo+z» 1

27rt I J . o o + i c J-aa+zj n ' i < 0 " ' 1 >l>n~ " >l'n'

where P denotes the " principal value " of the integral. Next, by
rearrangement of repeated series,

n = l

— ^ ( |An l j W+An i + 1 .m+Am + 2 m+. . . )
?n=0

m=0

where m = 3p+ l , the terms for which m ^ 3 | ) - f l vanishing.
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Further, we have

i00+Z,,
Fn(z)dz

-0C+Zn

FH{zH+x)dx

(2n+l)«7r» 3aa») cos
(-)^sinhfa*

This simplification in the integral under consideration is due to the modified
contour having been chosen to pass through the stationary point of the
function

exp {(2n+l)Trt'z—faz2},

which occurs in the integrand, in the manner of the "method of steepest
descents ".

The integral along the lower line can be evaluated at once by changing
the sign of i throughout the previous work. On combining the results we
get

00
 4-TT °° C00

n (i-<r) = ^"tei2 ) n (l-ffl+wfa&») e-
r=i a r=i Jo

By Jacobi's imaginary transformation this reduces to

which is the transformation for f(q). We shall consider the integral on the
right presently.

We now turn to <f>(q). We have, by Cauchy's theorem,

<f>(q) n (I-?) = f-.\\ + - ^ - -^f^ exp (-Jo2«)«fe,

r=i 2^* U-w-fc Joo+ic J sinTrz coshaz l v 2 ;

and, as before, we get

! r-oo+ic cosh^az , , , . , 1 • f°°+tc _ . . ,
2^Joo+iC sinTrz coshaz ^ v 2 7 2w»nB30 J-«+cc

where
/T» / \ o • r/o i i\ • q 2i coshiaz{2 cosh2az— 1}0)n(z) = 2m exp {(2n+1)««-»««} J o s h 3 a Z •̂
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The poles of O1t(z) are (at most) simple poles at the points

(4m— l)7rt , i n i ^ A
y) — i '-— (m= — oo, . . . . — 1 , 0, 1, . . . , oo),

and the residues at £m and rjm are

^ exp {(2n+1) -ni ^Hl—§a£m
2}. cosh \at,m{2 cosh 2a£,rt— 1} = ixtl>m,

— ̂  exp {(2?i+1) 7rt 7̂ ^— ̂ a ^ 2 } . cosh -^^{2 cosh 2ar)tn— 1} = vlu m,

say. Now, by Cauchy's theorem,

and, as before, by rearrangement of repeated series,

» = 0

??t=0 ?w=l

= S
L—expZ7ri4OT m = 1 1—exj

0 gi(4?H+l)(4??l+3)/24 ( 4 m + l ) 7 T f (4m+l)7T ^

"* 2 _|_^(4/n+l)/3 22 I 3 )

QTJ. °° flUm—l)(4m+5)/24 ^ 4 W 1 \ IT ( 4-tn —
2 cos —

_ TT-y/2 , r * ( —)ng2—)ng2«(3n+5H-l

(m = 3 T I + 2 ; m =
Further, we have

(oo+z» r00

O)n(z)d!z= ®Jzn+x)dx
-ao+Zu J-co

_ . f00

= 27ri
( ( W + ) T 2 3oa;2)

exp] — v — - ^ 5 -r I 6a 2 j

cosh faz+cosh %az—cosh ̂ az
—cosh3a£

o • f9»4-î /e (2n+l)7r f . , cosh 4aa;+cosh ^aa; ,
= 27rtg(

1
2n+1> ' 8 cos ' ' e->ax- ^—r-z — ax*x 6 J.oo cosh3aa;
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The integral along the lower line can be evaluated by changing the sign
of* throughout the previous work. On combining the results we get.

4(q) n (i-f)
r = l

2?r\/2 i 1/ x £ /, Ar, , Q ,-, gv f° 3 _« cosh £a#4-cosh Aa#,

This reduces to

6 a \ ("" 2nr-> coshfaa;+coshiaa; ,
y ) , C" cosh 3a* * <**•

which is the transformation for <f>(q).
We next consider the integrals on the right of the transformation

formulae. Let

f s-e-8 cosh fa^-f cosh iax dx =
Jo cosh 3az

then it is easy to see that

= JL . /lW\ f e - ^ 2 fcoshiffi/cosfVr | cosh Py cos TV] .
3a V \7 r / Jo 1 cosh fiy+cos |TT cosh jSy+cos £TT J y

cosh spy

so that J(a)= <\/(£) J(P).

Next let f e-3^2 4 ^ ^ . ^ = j (a)j
Jo sinh^cuc 1V '

and it is found in a similar manner that

i_ T io\ f° ŝr- coshfla;
where J(^) = e--**- —T-̂ TT

=
Jo

It is easy to obtain asymptotic expansions for J(a), Jx(a), and t^01)1

proceeding in ascending powers of a and valid when |a is small and the real.
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part of a is positive; the first few terms of the expansions are

( l ) [1-Jfa+ffffa*-...],

It can be proved that these expansions possess the property that (for
•a complex) the error due to stopping at any term never exceeds in absolute
value the first term neglected; in addition, for a positive, the error is of the
same sign as that term*.

I now revert to the construction of the set of transformation formulae;
there is no difficulty in verifying that

J(a) =

The transformation formula for a>(—g') is a little more troublesome; we
need the two relations

,2") 3 (I-?4-2)-2,
n = l

0}^) g (l-^"2)"2.

* This property is established by the method given by G. N. Watson, Compositio
Math., 1 (1934), 39-68 (64-65). It is the fact that these expansions are asymptotic (and
not terminating series) which shows that mock ^-functions are of a more complex character
•than ordinary ^-functions.
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From these relations we have

n = l

^ 9s«-(-«1)+A/IT
Hence, replacing qx by #*, we get, as the last of the required trans-

formations,

where

dx
f00 3 „„ cosh Aaw , r
Jo cosh|a?/ Jo cosh|a?/ Jo sinh3cuc

o ̂ . (coshiax sinh2aaj) ,
smh3cuc)

T / \ f ^T2 sinhcuci.e. J3(a) = e~3ax

av y J o sinh3cuc

It is easy to prove that

and that J3(a) possesses the asymptotic expansion

for small values of a, this expansion having the same general properties as
the asymptotic expansions previously obtained.

Now that I have no more to say about the functions of order 3,1 conclude
with a brief mention of the functions of orders 5 and 7. The basic hyper-
geometric series which has been used hitherto is of no avail for these func-
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tions, and other means must be sought to establish Ramanujan's relations
which connect functions of order 5. After spending a fortnight on fruitless
attempts, I proceeded to attack the problem by the most elementary
methods available, namely applications of Euler's formulae mingled with
rearrangements of repeated series; and within the day I had proved not
only the five relations set out by Ramanujan but also five other relations
whose existence he had merely stated. My proofs of these relations are
all so long that I took the trouble to analyse one of the longest in the hope
of being able to say that it involved " thirty-nine steps " ; it was, however,
disappointing to a student of John Buchan to find that a moderately liberal
count revealed only twenty-four.

The functions of order 7 seem to possess fewer features of interest, though
a study of their behaviour near the unit circle by the process of estimating
the sum of those terms of the series by which they are defined which are in
the neighbourhood of the greatest terms has raised one question for which
it was fascinating to seek the answer.

The study of Ramanujan's work and of the problems to which it gives
rise inevitably recalls to mind Lame's remark that, when reading Hermite's
papers on modular functions, " on a la chair de poule ". I would express
my own attitude with more prolixity by saying that such a formula as

fe-3
Jo

dx =

gives me a thrill which is indistinguishable from the thrill which I feel when
I enter the Sagrestia Nuova of the Capelle Medicee and see before me the
austere beauty of the four statues representing "Day", "Night",
"Evening", and "Dawn" which Michelangelo has set over the tombs of
Giuliano de' Medici and Lorenzo de' Medici.

Ramanujan's discovery of the mock theta functions makes it obvious
that his skill and ingenuity did not desert him at the oncoming of his
untimely end. As much as any of his earlier work, the mock theta func-
tions are an achievement sufficient to cause his name to be held in lasting
remembrance. To his students such discoveries will be a source of delight
and wonder until the time shall come when we too shall make our journey
to that Garden of Proserpine where

"Pale, beyond porch and portal,
Crowned with calm leaves, she stands

Who gathers all things mortal
With cold immortal hands".



MOCK ϑ-FUNCTIONS AND REAL ANALYTIC MODULAR
FORMS

S.P. ZWEGERS

Abstract. In this paper we examine three examples of Ramanujan’s third
order mock ϑ-functions and relate them to Rogers’ false ϑ-series and to a
real-analytic modular form of weight 1/2.

1. Introduction

Mock ϑ-functions were introduced by S. Ramanujan in the last letter he wrote to
G.H. Hardy, dated January, 1920. For a photocopy of the mathematical part of this
letter see [Ra, pp. 127–131] (also reproduced in [A2]). In this letter he provided a
list of 17 mock ϑ-functions (4 of “order three”, 10 of “order five” and 3 of “order
seven”), together with identities they satisfy.

In [AH] we find a definition of the concept of a mock ϑ-function. Slightly
rephrased it reads: a mock ϑ-function is a function f of the complex variable q,
defined by a q-series of a particular type (Ramanujan calls this the Eulerian form),
which converges for |q| < 1 and satisfies the following conditions:

(1) infinitely many roots of unity are exponential singularities,
(2) for every root of unity ξ there is a ϑ-function ϑξ(q) such that the difference

f(q)− ϑξ(q) is bounded as q → ξ radially,
(3) there is no ϑ-function that works for all ξ, i.e. f is not the sum of two

functions, one of which is a ϑ-function and the other a function which is
bounded in all roots of unity.

(When Ramanujan refers to ϑ-functions, he means sums, products, and quotients
of series of the form

∑
n∈Z εnqan2+bn with a, b ∈ Q and ε = −1, 1).

The 17 functions given by Ramanujan indeed satisfy condition (1) and (2) (see
[W1], [W2] and [S]). However no proof has ever been given that they also satisfy
condition (3). Watson (see [W1]) proved a very weak form of condition (3) for the
“third order” mock ϑ-functions, namely, that they are not equal to ϑ-functions.

In section 3 we will see that condition (3) is not satisfied if we weaken it slightly.
Indeed, we shall discuss a vector-valued third order mock ϑ-function F for which
there is a real analytic modular form H such that F −H is bounded in all roots of
unity.

Before that, we discuss in the next section a connection between mock ϑ-functions
and Rogers’ false ϑ-series. Again we look at the behaviour of a mock theta function
when q approaches a root of unity radially. But now we extend the function across
the unit circle.

2000 Mathematics Subject Classification. Primary 11F37; Secondary 11F27.
Key words and phrases. q-series, mock ϑ-functions, modular forms.
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2. False ϑ-series

We will consider the mock ϑ-function ν, which is not mentioned in Ramanu-
jan’s letter, but which was found by Watson in [W1], and can also be found in
Ramanujan’s “lost” notebook [Ra]:

ν(q) =
∞∑

n=0

qn2+n

(−q; q2)n+1

=
1

1 + q
+

q2

(1 + q)(1 + q3)
+

q6

(1 + q)(1 + q3)(1 + q5)
+ . . .

(2.1)

We can easily see that the defining sum for ν converges not only for |q| < 1, but
also for |q| > 1. We will now study the function that is defined by the sum outside
the unit disk. In order to do so, we replace q by q−1 in the sum, take |q| < 1 and
call this new function ν−. We get

ν−(q) =
∞∑

n=0

qn+1

(−q; q2)n+1

=
q

1 + q
+

q2

(1 + q)(1 + q3)
+

q3

(1 + q)(1 + q3)(1 + q5)
+ . . .

(2.2)

In Ramanujan’s “lost” notebook [Ra] we find the following identity for |q| < 1
(which was proved by Andrews in [A1]):

ν−(q) =
∞∑

n=0

(−1)nq6n2+4n+1(1 + q4n+2)(2.3)

=

( ∞∑
n=0

−
−1∑

n=−∞

)
(−1)nq6n2+4n+1 = q

1
3

∞∑
n=0

(−1)n+1

(
−3
n

)
q

2
3 n2

(2.4)

From these identities we see that ν− has a very simple power series expansion. This
expansion looks very much like a ϑ-function, only the signs are somewhat different.
Rogers uses the term false ϑ-series for this type of functions (see [Ro, pp. 328]).

The following proposition (see [LZ]) shows that for every root of unity ξ the
function ν− is bounded as q → ξ radially. We can even compute the complete
asymptotic expansion.

Proposition 2.1. Let C : Z→ C be a periodic function with mean value 0. Then
the associated L-series L(s, C) =

∑∞
n=1 C(n)n−s (Re(s) > 1) extends holomorphi-

cally to C. The two functions
∑∞

n=1 C(n)e−nt and
∑∞

n=1 C(n)e−n2t (t > 0) have
the asymptotic expansions

∞∑
n=1

C(n)e−nt ∼
∞∑

r=0

L(−r, C)
(−t)r

r!
∞∑

n=1

C(n)e−n2t ∼
∞∑

r=0

L(−2r, C)
(−t)r

r!

(2.5)

as t ↘ 0. The numbers L(−r, C) are given explicitly by

(2.6) L(−r, C) = − Mr

r + 1

M∑
n=1

C(n)Br+1

( n

M

)
(r = 0, 1, . . .)
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where Bk(x) denotes the kth Bernoulli polynomial and M is any period of the
function C.

In order to get the asymptotic expansion of ν− as q → ξ radially, with ξ a
root of unity, we write q = ξe−t. Thus we have to find the asymptotic expansion of∑∞

n=0(−1)n+1
(−3

n

)
ξ

2
3 n2

e−
2
3 tn2

as t ↘ 0. We can now use the proposition provided
we check that C(n) := (−1)n+1

(−3
n

)
ξ

2
3 n2

is a periodic function with mean value 0.
Indeed, if K is the order of ξ then 6K is a period for C, while C(6K−n) = −C(n).
Hence the mean value of C is zero.

The behaviour of ν outside the unit circle is thus completely known. A question
that now arises is whether the behaviour of ν outside the unit circle is related to the
behaviour of ν inside the unit circle. Numerical computations in this and related
examples led me to the following:

Conjecture 2.2. If ξ is a root of unity where ν is bounded (as q → ξ radially inside
the unit circle), for example ξ = 1, then ν is C∞ over the line radially through ξ.

If ξ is a root of unity where ν is not bounded, for example ξ = −1, then the
asymptotic expansion of the bounded term in condition (2) in the introduction is
the same as the asymptotic expansion of ν as q → ξ radially outside the unit circle.

Let us proceed a bit, assuming this conjecture. Let ν̃ be a function which is
defined in- and outside the unit circle and also at all roots of unity, such that
(a) ν̃ is holomorphic in- and outside the unit circle, (b) ν̃ is C∞ over all radial lines
through roots of unity and (c) ν̃ = ν outside the unit circle. If we can find such a
function ν̃, then ν − ν̃ is zero outside the unit circle, it has asymptotic expansion
zero for q → ξ if ξ is a root of unity where ν is bounded, and the bounded term in
condition (2) for mock ϑ- functions also has asymptotic expansion zero for q → ξ.
Because of this one might expect ν − ν̃ to be modular. If indeed this is the case we
have written ν as the sum of two functions ν− ν̃ and ν̃, one of which is a ϑ-function
and the other a function which is bounded in all roots of unity. This contradicts
condition (3) in the definition of a mock ϑ-function.

Ramanujan probably had this idea in mind when he wrote in his letter to Hardy:
“. . . I have constructed a number of examples in which it is inconceivable to con-
struct a ϑ-function to cut out the singulartities of the original function. Also I have
shown that if it is necessarily so then it leads to the following assertion—viz. it is
possible to construct two power series in x, namely

∑
anxn and

∑
bnxn, both of

which have essential singularities on the unit circle, are convergent when |x| < 1,
and tend to finite limits at every point x = e2iπr/s, and that at the same time the
limit of

∑
anxn at the point x = e2iπr/s is equal to the limit of

∑
bnxn at the point

x = e−2iπr/s.”
Although it’s possible to construct two such power series (see [A2, pp. 284]), it

might not be possible to construct a function ν̃ that satisfies the conditions (a), (b)
and (c).
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3. Mock ϑ-Functions and Real Analytic Modular Forms

In this section we will consider the following third order mock ϑ-functions:

f(q) =
∞∑

n=0

qn2

(−q; q)2n

= 1 +
q

(1 + q)2
+

q4

(1 + q)2(1 + q2)2
+ . . .

ω(q) =
∞∑

n=0

q2n2+2n

(q; q2)2n+1

=
1

(1− q)2
+

q4

(1− q)2(1− q3)2
+

q12

(1− q)2(1− q3)2(1− q5)2
+ . . .

(3.1)

Ramanujan mentioned f in his letter, and ω can be found in [W1] and [Ra].

Definition 3.1. Define F = (f0, f1, f2)T by:

f0(τ) = q−
1
24 f(q)

f1(τ) = 2q
1
3 ω(q

1
2 )

f2(τ) = 2q
1
3 ω(−q

1
2 ),

(3.2)

with q = e2πiτ , τ ∈ H.

In [W1] Watson gave the modular transformation properties of f and ω. If we
rewrite them in terms of F we get

Lemma 3.2. For τ ∈ H we have

(3.3) F (τ + 1) =

ζ−1
24 0 0
0 0 ζ3

0 ζ3 0

F (τ)

and

(3.4)
1√
−iτ

F (−1/τ) =

0 1 0
1 0 0
0 0 −1

F (τ) + R(τ),

with ζn = e2πi/n, R(τ) = 4
√

3
√
−iτ(j2(τ),−j1(τ), j3(τ))T , where

j1(τ) =
∫ ∞

0

e3πiτx2 sin 2πτx

sin 3πτx
dx

j2(τ) =
∫ ∞

0

e3πiτx2 cos πτx

cos 3πτx
dx

j3(τ) =
∫ ∞

0

e3πiτx2 sinπτx

sin 3πτx
dx.

(3.5)

Proof. The transformation formula for τ → τ + 1 is trivial.
If we take the first formula from the set of transformation formulae on p. 78 in

[W1], with α = −2πiτ , and multiply both sides by −1, we get

(3.6)
1√
−iτ

f1(−1/τ)− f0(τ) = − 4
√

3√
−iτ

J1(−2πiτ) = − 4
√

3√
−iτ

j1(τ),
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which is the second component of equation (3.4).
If we take the last formula from the set of transformation formulae on p. 78 in

[W1], with α = −πiτ , and multiply both sides by −2, we get

(3.7)
1√
−iτ

f0(−1/τ)− f1(τ) =
2
√

3√
−iτ

J2(−
πiτ

2
) =

4
√

3√
−iτ

j2(τ),

where we have replaced x by 2x in the integral. This equation is the first component
of equation (3.4).

If we take the formula on the middle of p. 79 in [W1], with α = −πiτ , and
multiply both sides by 2, we get

(3.8)
1√
−iτ

f2(−1/τ) + f2(τ) =
4
√

3√
−iτ

J3(−πiτ) =
4
√

3√
−iτ

j3(τ),

which is the third component of equation (3.4). �

In a moment we will define a (nonholomorphic) function G that satisfies the
same modular transformation properties as F . Before that, we rewrite R in terms
of period integrals of the following theta functions of weight 3/2:

g0(z) =
∑
n∈Z

(−1)n(n + 1/3)e3πi(n+ 1
3 )2z

g1(z) = −
∑
n∈Z

(n + 1/6)e3πi(n+ 1
6 )2z

g2(z) =
∑
n∈Z

(n + 1/3)e3πi(n+ 1
3 )2z.

(3.9)

These theta functions have the following modular transformation properties, which
can be verified using standard methods:

(3.10)

g0(z + 1)
g1(z + 1)
g2(z + 1)

 =

 0 0 ζ6

0 ζ24 0
ζ6 0 0

g0(z)
g1(z)
g2(z)


and

(3.11)

g0(−1/z)
g1(−1/z)
g2(−1/z)

 = −(−iz)3/2

0 1 0
1 0 0
0 0 −1

g0(z)
g1(z)
g2(z)

 .

From these transformation properties and the Fourier expansions, we see that the
gj ’s are cusp forms.

Lemma 3.3. For τ ∈ H we have

(3.12) R(τ) = −2i
√

3
∫ i∞

0

g(z)√
−i(z + τ)

dz,

where g is the vector (g0, g1, g2)T , and we have to integrate each component of the
vector.

Proof. (sketch)
If we replace τ by −1/τ in equation (3.4), multiply both sides by 1√

−iτ

(
0 1 0
1 0 0
0 0 −1

)
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and subtract equation (3.4), then we see that

(3.13) R(τ) =
−1√
−iτ

0 1 0
1 0 0
0 0 −1

R(−1/τ).

If we now take τ = it with t ∈ R, t > 0, we have

(3.14) R(it) =
−1√

t

0 1 0
1 0 0
0 0 −1

R(i/t) =
4
√

3
t

 j1(i/t)
−j2(i/t)
j3(i/t)

 .

We now consider the first component:
(3.15)

4
√

3
t

j1(i/t) =
4
√

3
t

∫ ∞

0

e−3πx2/t sinh 2πx/t

sinh 3πx/t
dx = 4

√
3
∫ ∞

0

e−3πty2 sinh 2πy

sinh 3πy
dy,

where we have substituted x = ty in the integral.
From the theory of partial fraction decompositions (see [WW, pp. 134–136]) we

get

(3.16)
sinh 2πy

sinh 3πy
= − i

√
3

6π

∑
n∈Z

(−1)n

y − i(n + 1
3 )
− i
√

3
6π

∑
n∈Z

(−1)n

−y − i(n + 1
3 )

.

Using this we see

4
√

3
t

j1(i/t)

= −2i

π

∫ ∞

0

e−3πty2

(∑
n∈Z

(−1)n

y − i(n + 1
3 )

+
∑
n∈Z

(−1)n

−y − i(n + 1
3 )

)
dy

= −2i

π

∫ ∞

−∞
e−3πty2

(∑
n∈Z

(−1)n

y − i(n + 1
3 )

)
dy

= −2i

π

∑
n∈Z

(−1)n

∫ ∞

−∞

e−3πty2

y − i(n + 1
3 )

dy.

(3.17)

It’s not immediately clear that interchanging the order of integration and summa-
tion in the last equation is justified. However, it can be proven rigorously if we con-
sider

∫∞
−∞ e−3πty2

(∑
n∈Z(−1)n

(
1

y−i(n+ 1
3 )

+ 1
i(n+ 1

3 )

))
dy (here we can interchange

the order of integration and summation because of absolute convergence).
We have for r ∈ R, r 6= 0

(3.18)
∫ ∞

−∞

e−πty2

y − ir
dy = πir

∫ ∞

0

e−πr2u

√
u + t

du,

(both sides are solutions of (− ∂
∂t + πr2)f(t) = πir√

t
and have the same limit 0 if

t → ∞, and hence are equal). If we use this with r = (n + 1/3) and t replaced by
3t, we obtain
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4
√

3
t

j1(i/t) = 2
∑
n∈Z

(−1)n(n + 1/3)
∫ ∞

0

e−π(n+1/3)2u

√
u + 3t

du

= 2
∫ ∞

0

∑
n∈Z(−1)n(n + 1/3)e−π(n+ 1

3 )2u

√
u + 3t

du.

(3.19)

Again it’s not immediately clear that interchanging the order of integration and
summation in the last step is justified. It can be proven rigorously by first using
partial integration on the integral
(3.20)∫ ∞

0

e−π(n+1/3)2u

√
u + 3t

du =
1

π(n + 1/3)2
1√
3t
− 1

2π(n + 1/3)2

∫ ∞

0

e−π(n+1/3)2u

(u + 3t)3/2
du,

then interchanging the order of integration and summation, which is justified by
absolute convergence, and finally using partial integration again. By partial inte-
gration we introduce some “boundary terms”. To get rid of them we have to use
Abel’s theorem on continuity up to the circle of convergence, see [WW, pp. 57–58].

If we now substitute u = −3iz in the integral we get

(3.21)
4
√

3
t

j1(i/t) = −2i
√

3
∫ i∞

0

g0(z)√
−i(z + it)

dz,

so we have proven the first component of equation (3.12) for τ = it. Since both
sides are analytic on H, the identity holds for all τ ∈ H.

The second and third component of equation (3.12) can be proven along the
same lines. Here we have to use

coshπy

cosh 3πy
= − i

√
3

6π

∑∗

n∈Z

1
y − i(n + 1

6 )
− i
√

3
6π

∑∗

n∈Z

1
−y − i(n + 1

6 )

sinhπy

sinh 3πy
= − i

√
3

6π

∑∗

n∈Z

1
y − i(n + 1

3 )
− i
√

3
6π

∑∗

n∈Z

1
−y − i(n + 1

3 )
,

(3.22)

where
∑∗

n∈Z

means lim
m→∞

m∑
n=−m

. �

Definition 3.4. For τ ∈ H ∪Q we define

(3.23) G(τ) := 2i
√

3
∫ i∞

−τ

(g1(z), g0(z),−g2(z))T√
−i(z + τ)

dz.

The integrals converge, even if τ ∈ Q, because the gj ’s are cusp forms.
The function G satisfies the same modular transformation properties as F :

Lemma 3.5. For τ ∈ H we have

(3.24) G(τ + 1) =

ζ−1
24 0 0
0 0 ζ3

0 ζ3 0

G(τ)

and

(3.25)
1√
−iτ

G(−1/τ) =

0 1 0
1 0 0
0 0 −1

G(τ) + R(τ).
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Proof. The first equation follows from equation (3.10) if we replace z by z − 1 in
the integral.

We have

1√
−iτ

G(−1/τ) =
2i
√

3√
−iτ

∫ i∞

1/τ

(g1(z), g0(z),−g2(z))T√
−i(z − 1/τ)

dz

= 2i
√

3
∫ −τ

0

(g1(−1/z), g0(−1/z),−g2(−1/z))T√
1 + τ/z

dz

(−iz)2
,

(3.26)

where we have replaced z by −1/z in the integral. If we now use equation (3.11)
we get

(3.27)
1√
−iτ

G(−1/τ) = −2i
√

3
∫ −τ

0

g(z)√
−i(z + τ)

dz;

hence we get

1√
−iτ

G(−1/τ)−

0 1 0
1 0 0
0 0 −1

G(τ)

= −2i
√

3
∫ −τ

0

g(z)√
−i(z + τ)

dz − 2i
√

3
∫ i∞

−τ

g(z)√
−i(z + τ)

dz

= −2i
√

3
∫ i∞

0

g(z)√
−i(z + τ)

dz = R(τ),

(3.28)

by Lemma 3.3. �

Theorem 3.6. The function H definied by

(3.29) H(τ) = F (τ)−G(τ),

is a (vector-valued) real-analytic modular form of weight 1/2, satisfying

H(τ + 1) =

ζ−1
24 0 0
0 0 ζ3

0 ζ3 0

H(τ),

1√
−iτ

H(−1/τ) =

0 1 0
1 0 0
0 0 −1

H(τ),

(3.30)

and His an eigenfunction of the Casimir operator Ω1/2 = −4y2 ∂2

∂τ∂τ + iy ∂
∂τ + 3

16

with eigenvalue 3
16 , where τ = x + iy, ∂

∂τ = 1
2

(
∂
∂x − i ∂

∂y

)
and ∂

∂τ = 1
2

(
∂
∂x + i ∂

∂y

)
.

Proof. The modular transformation properties of H are a direct consequence of the
transformation properties of F and G given in Lemma 3.2 and Lemma 3.5.

Since F is a holomorphic function of τ , we have ∂
∂τ F (τ) = 0; hence

∂

∂τ
H(τ) = − ∂

∂τ
G(τ) = −2i

√
3
(g1(−τ), g0(−τ),−g2(−τ))T√

−i(τ − τ)

= − i
√

6
√

y
(g1(−τ), g0(−τ),−g2(−τ))T .

(3.31)
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We see that
√

y ∂
∂τ H(τ) is anti-holomorphic, so

(3.32)
∂

∂τ

√
y

∂

∂τ
H(τ) = 0.

We can write the operator Ω1/2 = −4y2 ∂2

∂τ∂τ + iy ∂
∂τ + 3

16 as

(3.33) Ω1/2 =
3
16
− 4y3/2 ∂

∂τ

√
y

∂

∂τ
.

Hence

(3.34) Ω1/2H =
3
16

H.

�

If we now write F as H + G, we get the following:

Corollary 3.7. The vector-valued third order mock ϑ-function F can be written as
the sum of a real analytic modular form H and a function G that is bounded in all
rational points.

4. Other mock ϑ-functions

In the previous section we have only dealt with the third order mock ϑ-functions
f and ω. However, I have found similar results for most other mock ϑ-functions,
and I expect that it can be done for all known ones. I hope to present these results,
and the details omitted in the previous section, in my Ph.D.-thesis, which should
appear somewhere near the end of 2002.
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