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Definition 7.3. Assuming the notation and hypotheses in Lemma 7.2, we refer to

f+(z) :=
∑

n≫−∞

c+
f (n)q

n

as the holomorphic part of f(z), and we refer to

f−(z) :=
∑

n<0

c−f (n)Γ(k − 1, 4π|n|y)qn

as the non-holomorphic part of f(z).

Remark 17. A harmonic Maass form with trivial non-holomorphic part is a weakly holo-
morphic modular form. We shall make use of this fact as follows. If f1, f2 ∈ H2−k(Γ) are
two harmonic Maass forms with equal non-holomorphic parts, then f1 − f2 ∈M !

2−k(Γ).

7.3. The ξ-operator and period integrals of cusp forms. Harmonic Maass forms are
related to classical modular forms thanks to the properties of differential operators. The
first nontrivial relationship depends on the differential operator

(7.7) ξw := 2iyw ·
∂

∂z
.

The following lemma15, which is a straightforward refinement of a proposition of Bruinier
and Funke (see Proposition 3.2 of [63]), shall play a central role throughout this paper.

Lemma 7.4. If f ∈ H2−k(N, χ), then

ξ2−k : H2−k(N, χ) −→ Sk(N, χ)

is a surjective map. Moreover, assuming the notation in Definition 7.3, we have that

ξ2−k(f) = −(4π)
k−1

∞
∑

n=1

c−f (−n)nk−1qn.

Thanks to Lemma 7.4, we are in a position to relate the non-holomorphic parts of
harmonic Maass forms, the expansions

f−(z) :=
∑

n<0

c−f (n)Γ(k − 1, 4π|n|y)qn,

with “period integrals” of modular forms. This observation was critical in Zwegers’s work
on Ramanujan’s mock theta functions.
To make this connection, we must relate the Fourier expansion of the cusp form ξ2−k(f)

with f−(z). This connection is made by applying the simple integral identity

(7.8)

∫ i∞

−z

e2πinτ

(−i(τ + z))2−k
dτ = i(2πn)1−k · Γ(k − 1, 4πny)q−n.

This identity follows by the direct calculation
∫ i∞

−z

e2πinτ

(−i(τ + z))2−k
dτ =

∫ i∞

2iy

e2πin(τ−z)

(−iτ)2−k
dτ = i(2πn)1−k · Γ(k − 1, 4πny) q−n.

15The formula for ξ2−k(f) corrects a typographical error in [63].
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In this way, we may think of the non-holomorphic parts of weight 2− k harmonic Maass
forms as period integrals of weight k cusp forms, where one applies (7.8) to

∫ i∞

−z

∑

∞

n=1 a(n)e2πinτ

(−i(τ + z))2−k
dτ,

where
∑

∞

n=1 a(n)qn is a weight k cusp form. In short, f−(z) is the period integral of the
cusp form ξ2−k(f).
In addition to this important observation, we require the following fact concerning the

nontriviality of certain principal parts of harmonic Maass forms.

Lemma 7.5. If f ∈ H2−k(Γ) has the property that ξ2−k(f) 6= 0, then the principal part of
f is nonconstant for at least one cusp.

Sketch of the proof. This lemma follows from the work of Bruinier and Funke [63]. Using
their pairing {•, •}, one finds that {ξ2−kf, f} 6= 0 thanks to its interpretation in terms of
Petersson norms. On the other hand, Proposition 3.5 of [63] expresses this quantity in
terms of the principal part of f and the coefficients of the cusp form ξ2−k(f). An inspection
of this formula reveals that at least one principal part of f must be nonconstant. �

7.4. The D-operator. In addition to the differential operator ξ2−k, which defines the
surjective map

ξ2−k : H2−k(N, χ) −→ Sk(N, χ),

we consider the differential operator

(7.9) D :=
1

2πi
·

d

dz
.

We have the following theorem for integer weights.

Theorem 7.6. Suppose that 2 ≤ k ∈ Z and f ∈ H2−k(N), then

Dk−1(f) ∈M !
k(N).

Moreover, assuming the notation in (7.6), we have

Dk−1f = Dk−1f+ =
∑

n≫−∞

c+
f (n)n

k−1qn.

To prove this theorem, we must first recall some further differential operators, the Maass
raising and lowering operators (for example, see [63, 71]) Rk and Lk. They are defined by

Rk = 2i
∂

∂z
+ ky−1 = i

(

∂

∂x
− i

∂

∂y

)

+ ky−1,

Lk = −2iy
2 ∂

∂z̄
= −iy2

(

∂

∂x
+ i

∂

∂y

)

.

With respect to the Petersson slash operator (7.4), these operators satisfy the intertwining
properties

Rk(f |k γ) = (Rkf) |k+2 γ,

Lk(f |k γ) = (Lkf) |k−2 γ,










