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and this proves the lemma.
We have now completed the calculation of (T,,T%)s in all cases. Before
stating the final result, we rewrite (59) in a form similar to (50):

(TuTe=3% Y @y, (d)+dy,(N/A)I,(MN/®) if v,(N)Sv,(M). (61)

dl(M, N)

To see that this holds, write N=p'N,, M =p* M, with p} N,. Then
Y, di,( ), (MN/d*)= Y doy,(do) 1, (p** Mo No/dj),

d|(M, N) do|(Mo, No)
Y. dy,(NJL(MN/d)= Y dop 1,(No/do)1,(MNy/d3).
d|(M,N) do{(Mo, No)

These expressions differ only by a factor y,(N,), since clearly I, (pzvn)=p”1p(n)
for any n. Thus if x,(Ny)=1, (61) reduces to (59), while if y,(Ny)= —1 both sides
of (61) are zero (the left-hand side because N is not a norm).

Summing up, we have proved:

Theorem 4. Let M, N be positive integers, v,(N)<v,(M). Then the~ intersection
number of the homology classes Ty and Ty on the compact surface X is given by

TuTi=% Y, (dy,(d)+dy,(N/d)(H,(MN/d*)+I,(MN/d*),

d|(M, N)

where H,, and I, are the functions defined in Equations (3) and (4) of the Introduction.

Chapter 2: Modular Forms Whose Fourier Coefficients Involve Class Numbers

Notation. We again fix a real quadratic field K. The discriminant of K is denoted D;
the other notations concerning K (0, x', x > 0, N(x), Tr(x)) are the same as in
Chapter 1. As before, $ denotes the upper half-plane; R, and R_ denote the
sets of real numbers 20 and <0, respectively, N the set of integers =0. For
zeC, neZ, we write e(z) for e2*2 and z"/2 for |z|"? ¢'"*#@/2 with —n<arg(z)<m.

For k>0 even, M, (I,(D), xp) denotes the vector space of modular forms of
weight k, level D and “Nebentypus” y,, i.e. of functions f: §—C satisfying

1) —n@eratra (s (4 5)enm) )

and which are holomorphic on $ and at the cusps of I;(D). The (infinite-
dimensional) vector space of functions f: © — € satisfying (1), with no holo-
morphy conditions, is denoted M;¥(I; (D), xp); such functions will be called “non-
analytic modular forms” (of weight k, level D and Nebentypus).
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2.1. The Modular Form @p(z)
Let D be the discriminant of a real quadratic field. For NelN, set

¢(N)=Hp(N)+Ip(N),

where
4N —¢t?
HyN)= Y H( )
teZ D
124N
t2= 4N (mod D)

(H(n) being the class number function defined in 1.2) and

p(N)= min(4, 1').

I/ AE(D }.>

We saw in Chapter 1 that, at least if D is prime, ¢(N) (N >0) represents the
intersection number T; 7§ on an appropriate compactification of the Hilbert
modular surface $%/SL,(0), H,(N) being the actual intersection number of the
curves T; and Ty on this surface and I,(N) the contribution from the cusps.
For N=0, ¢(N)= —1/12 is half the volume of the curve T;. The main result
of this chapter is that the numbers c(N) are the Fourier coefficients of a modular
form in M, (I3 (D), xp)-

Theorem 1. The function

e 9]

ep(2)= ), c(N)e*™™*  (ze9)

NZ0
is a modular form of weight 2 and Nebentypus y,, for I (D).

This theorem is similar to various classical class number identities of
Kronecker, Hurwitz and others (see bibliography) in which various expressions
involving class numbers are shown to be equal to Fourier coefficients of modular
forms. One such result, for example, due to Hurwitz [17], says that the expression
¢(N) in the case D=1, i.e. the number

H (N)+ Z min(4,, 4,),
A= (A1, A2)eZx Z
A1, A2>0
AMAz=N
is equal to 20,(N) if N >0, where ¢;(N) as usual denotes the sum of the positive
divisors of N; thus ¢,(z) is —15 times the normalized Eisenstein series

Ey(2)=1-24Y o,(N) ez,
N=1

(This is of course not a special case of Theorem 1.) We now describe briefly
some other related results and generalizations of Theorem 1.
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For any positive even integer k, we set

AN—£\ 1 o .
)= Z e N H (S5 ) 47 Y minga, 2,

where the summations are the same as in the definition of ¢(N) and p,(t, N) is
the polynomial defined by

plt, N)=(p = p" Wp,—p ), pr=30xY*—4N).

Then the function ¢p (2)=) ¢, (N)e***"* is a modular form of weight k for
the group I (D) and character y, and in fact a cusp form for k>2. If k>2 and
D=1, then the Selberg-Eichler trace formula [32] tells us that

e (N)=—2Tr(T(N), $,(SL, Z)),

where T(N) is a Hecke operator on the space of cusp forms of weight k for the
full modular group, so the function ¢, ;(z) is —2 times the sum of all normalized
Hecke eigenfunctions in this space. The proofs of these results, as well as new
proofs of the results of Cohen mentioned below and various generalizations,
will be given in [36].

The other result related to Theorem 1 which we would like to discuss is due
to Cohen [23]. Let r be an odd positive integer, and define an arithmetical
function H(r, N) (NeN) by H(r,0)={(1—-2r), H(r, N)=0 for N=1 or 2 (mod 4),
and

H(r,N)=L(1—r,x) Y, d* ' [[(1=x4@) p™")
alf pld
for N>0, N=0 or 3 (mod4), where 4<0 is the discriminant of Q(}/ —N)
and f is defined by —N=4f2 This function generalizes the class number
function H(N)=H (1, N) (cf. Eq. (15) and Proposition 1 of 1.2). We set

Hy(r, N)=ZH(r,4N——£2—>,

the summation being the same as before. Then Cohen shows that, for r>1, the

function Y Hp(r, N)e*"*™* belongs to M, ;(I3(D), yp). Thus for r>1 no cor-
N=0

rective term like our ) min(4, A') is needed. As with the case r=1, there is a

2

generalization in which the terms H (r, ) in the sum above are weighted

with a certain homogeneous polynomial in t and N, leading to modular forms
(in fact cusp forms) of higher weight. Unfortunately, Cohen’s proof does not
work for r=1, although the starting point for both proofs, as we shall see, is the
same.

The basic idea is to express the numbers H(N) as Fourier coefficients of a
modular form of half-integral weight. This suggestion was already made by
Hecke [20] as a way of explaining the classical class number relations like the
above-mentioned theorem of Hurwitz concerning H,(N). Hecke pointed out
that, by the formula of Gauss and Hermite, the number r;(N) of representations
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of N as a sum of three squares can be expressed in terms of class numbers:

12H(N) if N=1 or 2 (mod4),
24H(4N) if N=3 (mod3),

if N=7 (mod38),
3(N/4) if N=0 (mod4).

r(N)=

On the other hand, r;(N) is the N-th Fourier coefficient of 0(z)3, where

0@=2q" (g=¢""")

teZ

is a modular form of weight one-half; thus one should expect that the function

#@= Y HN " @e9)

is a modular form of weight 3/2, and then the number H,(N) would be the 4 N-th
Fourier coefficient of the modular form #(z) 8(z) of weight 2.

At the time of appearance of Hecke’s paper, no satisfactory theory of modular
forms of half-integral weight was known; such a theory has now been provided
by Shimura ([33, 34]). However, one still cannot carry out Hecke’s suggestion
directly because, as we shall see, the function 5#(z) does not in fact transform
like a modular form of weight 3/2. For r>1 odd, on the other hand, Cohen

proves that the function Y H(r, N)q" is a modular form of weight r+3 (for

N=0
I;(4)) in the sense of Shimura, namely equal to the linear combination

1-2
e (1 =D Er 2@ =B 12 (2)

of the two Eisenstein series

AYEin
E p(@=3% X é%)?(gr)l/—z,

m=1 p=_— 0
modd (n,m)=1

-1
E+1/2(z)=2-r—1/2Er+1/2 (‘Zz“) )

whose Fourier coefficients were calculated by Shimura in the papers cited.
For r=1 we should like to apply the same idea and show that #(z) is equal
to the linear combination

F(2)=— {(1 E3/2(Z)_1F3/2(Z)} )

of the two Eisenstein series of weight 3/2. However, the series defining E, , ;;,(2)
diverges for r=1. To overcome this difficulty, we use the well-known device
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of Hecke [25]: we introduce the series

n\ (— 1\
ooy )

e (mz+n)Y? imz+n)?
(m,2n)=1

(ze®, se), 2)

which converges absolutely for Re(s)>2 and transforms by

az+b c\ [—1\V/?
e R

_1 1/2
for (j 2)613(4) (for the definitions of (5), (7) etc. cf. [33])-Thi5 function

is analytic in s, and by analytic continuation we obtain a function
E;;,(2)=E;); ¢(z) which is possibly not holomorphic in z but a least satisfies
the transformation equation of a modular form of weight 3/2. We proceed
similarly for F;,,(z) and then define #(z) by (1). The function #(z) is periodic
of period 1 and hence has a Fourier expansion Y fy e**"?, the coefficients fy
possibly being functions of y=1Im(z). We will calculate these Fourier coefficients
in the next section, finding that the N-th coefficient is equal to H(N) (independent
of y) for N positive and to 0 for N negative except for N= —u?, ueZ. Thus F(2)
is the sum of #°(z) and a certain non-analytic expression involving the powers
g *. In Section 2.3 we construct a theta series of weight 2 which will cancel
the contribution from this non-analytic piece and create the term ) min(4, A')
in the formula for ¢(N). The proof of Theorem 1 will be completed in Section 2.4.

2.2. The Eisenstein Series of Weight 3

At the end of the last section we defined a function %(z) which transforms under
I;(4) like a modular form of weight 3, and explained a reason for expecting a
relationship between #(z) and the function #(z)=) H(N)q". In this section
we will prove the following result.

Theorem 2. For ze 9, we have

FO=HD+y " Y Blnf2)q ",

f=-x
where y=1m(z), g =¢(z) and B(x) is defined by

px)=1— ju““ e~ **du  (x20).

Before proving this, we mention two corollaries. The first is a description
of the way #(z) transforms under I, (4).



92 F. Hirzebruch and D. Zagier
a b
Corollary. For (c d) ely(4), c*0,

c\ /=112 az+b 14i ' 8()dt
(=L 432 ( ) LR G
(d) ( d ) (cz+dy™# z+d @) 167 4, (t+2)*%

where 0(t)=) e(f?t) and the integral is taken along a vertical path in the upper
half-plane. f<Z

Indeed, by the theorem,

1 ® 1 ; foo

F(@)—H(2)=——y " [u=¥0Qiuy—2) du=-1! {z+v)"¥*0(v) dv,
16n H 16m 7,

the integral being taken along the vertical path v=2iuy—z, 1 Su<oo. Denote

t._
the latter integral by ¥ (z); then, substituting v=a—ct~%, we find

az+b\ Y az+b at—b \"¥* [ at-b dt
e R e I e frr
cz+d] ;\cz+d —ct+d —ct+d/ (ct—d)

= (._d—c) <:d1—)_1/2(cz+d)3/2_}:(z +1)7*20(1)dt,

where in the second line we have used our knowledge of the behaviour of 0(t)
under [} (4). Thus

c\ [—1\"V2 az+b i d
) Y d)-32 ( > =_ )= 32 dt
@) () oy () o= T+
The expression on the left, with iy replaced by & is zero because # transforms
under [;,(4) like a modular form of weight 3/2. The Corollary now follows from
1+i
th t =
e identity &F — # = 16nw
We should mention that one result concerning the behaviour of # under

modular transformations was already known, namely the identity

@y (1) e opr= 0]/ Tetern 08D ey

found by Eichler [21].

The other consequence of Theorem 2 was pointed out to us by H. Cohen,
namely, a “modular” proof of the Gauss-Hermite formula quoted in Section 2.1.
To see that r;(8 N +3)=24 H(8 N + 3), for example, we observe that

YHEN+3)¢"=% ¥ e(-3r/8)9f(2;r )_8 T e(=3r/8)F (Z;”),
r(mod 8) r(mod 8)

the terms involving ¢~/ all dropping out because —f? is never congruent to

3 modulo 8. Therefore the function Y’ H(8N +3)¢" is a (holomorphic) modular

form of weight 3/2 for some congruence group (in fact for I;(2)), and since
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222 . 13(8N+3)g" is also such a form, one can prove the equality of the two
functions by comparing finitely many of their coefficients. A similar argument
works for coefficients belonging to the sequence 4N-+2 or 4N+3 or to any
other arithmetical progression not containing the negatives of any squares.

We now give the proof of Theorem 2. Set

F(2)=—gs{(1— NEs;, (2)—iF3, ((2)} (Re(s)>3),
where E;;, ((z) is the function defined by Eq.(2) of 2.1 and
F3,,@)=2" 32 |Zl~2sE3/z,s(‘ 1/4z).

Then %,(z) has an analytic continuation to the whole s-plane with %,(z)= #(z),
and on the other hand & is periodic in z with period 1 and therefore has a Fourier
development of the form

Z@= 3 fsyd"

N= -
with fy(s, y) analytic in s. Theorem 2 will follow if we show
H(N) if N>0,
1 4 1
(O, y)=1 12 8n

2y"'2B(nf?y) if N=—f2, f>0,
0 if N<0, —N =square.

y~ Y2 if N=0,

We begin by finding the Fourier expansion of E;;, ((z). Write

Esp,s(2)= i (:r;l)l/zmﬁ/z—zs ¥ (E)Z (Z+%+h)_ 312

m=1 n{mod m) heZ
modd

~2s

n
z+—+h
m

By the Poisson summation formula,

o

2+ z4h" = Y ay(s,y)e(Nz)  (z€9)
heZ N= -
with
iy+ oo
ay(s, )= [ z73%|z|"*e(~Nz)dz
iy— oo
=y Y2=2s 2Ny [ (p+i)" 32 (2 +1)"*e(—Nyv)dv
(the last formula is obtained by the substitution z=(v+1i) y), and inserting this
into the formula for E,,, ; we find

E;), ()= Z m=1=2%s Z Ym(—N) oy (s, y) e(N z)

m=1 N= -
modd

= 3 EH1+29)ay(s ) et

N= —w
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where 7,,(— N) denotes the Gauss sum

ym(—N)=(_71)1/2m‘”2 5 (ﬁ)e(nN/m) (m odd)

n(mod m)

and E°%(s) the Dirichlet series

EXR ()= X tm(=N)m™*.
m=1
modd

A similar calculation for Fy, (z) gives

Fyp (@)=2%72i+(1410) Y E“P(142s)ay(s, y) > =
N=—-w
with
EXR )= 2 vm(=N)(m/2)~",

m=1
meven

the Gauss sum y,,(— N) now being defined by

Ym(—N)=m=12 Y (m)i"/ze(Nn/Zm) (meven).

n(mod 2m)

(The constant term 22°*%i comes from the term m=1, n=0 in (2).) Thus the
Fourier expansion of #(z) is

2s 1—] &
F(2)= _TZ—_]?N}_: wE_N(l +25) ay(s, y) g~
with
E_n(s)=3(ER(s)+ EVR ().

The Gauss sums y,(—N) and the Dirichlet series E°%§, E®'$" and E_y are
evaluated in [15], §4, Theorems 2 and 3. It turns out that E_ y(s)=0 identically
if N is congruent to 1 or 2 (mod 4), while if N30 is congruent to 0 or 3 (mod 4),
then

E_n@©)=(2s) ' Lis, 1) Y #@ pal@) e > 1a ", 3

a,c>0

acls

where d is the discriminant of Q()/ — N), x, the associated character, and f the
number defined by — N =df2. Finally, for N=0 we have

Eo(s)={(2s—1)/0(25).
We are interested in finding the value of the Fourier coefficients

~22512  if N=0

1—i
(s, )= ~—=E_5(1+25) ay(s, .V)+{0 if N+0

48
at s=0.
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The integral defining ay(s, y) can be evaluated easily at s=0:

4n(1+i)NY?2  if N>0,

w(09)= { if N<0

If N is positive, formula (3) shows that E_y(s) is holomorphic at s=1 with

6
E_y1)=—3L0.x) Ellf#(a) xl@yac

6
=—N- YV2LO, 2 Y k[T (1 = xa(0)/p)

klf  plk

N-Y2H(N)

(we have used the functional equation of L(s, x,)), so fy(0, y)=H(N) as claimed.
If N is negative but — N is not a square, then the number d in (3) is the discriminant
of a real quadratic field and so L(s, x,) and hence E_(s) are holomorphic at
s=1; this, together with oy (0, y)=0, implies that fy(0, y)=0. It remains to treat
the case N= —f2,

First, if N=—f2, f>0, then

E_n()=029) 1) Y pl@) e~ 2+ 1ag s

aclf

has a pole of residue {(2)"! at s=1, so

In(0,y)=

where

s o0,

an (0, J’)"‘_ an(s, y)

s= 0

=—y V2™ [ (v+i)" ¥ log(v? + 1) e(—Nyv)dv
1/2+io0
=—QRiy™"* | u ¥ log{du(l—u)} du

1/2—iw

(the last equation is obtained by substituting v=2iu—i). We deform the path
of integration in the last integral to a path in the cut plane € —[1, o) which
circles the cut clockwise from i g+ oo to 4 to ie— 00. Across the cut, log {4u(1 —u)}
jumps by 2ni and the other terms in the integrand are continuous. Therefore
(0, y)=—=2mi(2iy)~ 2 [u=32 e 4"Whugy= —16n>(1+i) y~ 2 B(4n|N|y)
1

and hence

IO, y)=2y=Y2B@nf?y) (N=-f*<0)
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as claimed. Finally, for N =0 we have

1 1= 11 2,
Jo©, )= 12 32 ao(0, y)= _1—2_—8—))
because E,(s)={{(2s—1)/{(25) has a pole of residue 3/n? at s=1. This completes
the proof of Theorem 2.

2.3. A Theta-Series Attached to an Indefinite Quadratic Form

If F is a positive definite quadratic form in 2k variables, and L<IR?** some
lattice on which F takes integral values, then the associated theta-series

Y e*™=FW (ze$) is a modular form of weight k (of some level and for some
AeLl
quadratic character depending on F and L); similarly, the series ) p(4) e2"=F ),

where p(4) is a homogeneous polynomial of degree m which is spherical with
respect to F, is a modular form of weight k+m (for precise statements and
proofs see [30] or [24]). If, on the other hand, F is an indefinite form, then these
series diverge because |e?"*“F Y| grows exponentially in |1%] in the cone F(1)<O0.
To obtain a convergent series, we can either allow the coefficient p(A) to be a
non-analytic (or piecewise analytic) homogeneous function of A which is identi-
cally zero for F(1)<0, or allow p(4)=p,(1) to depend on z in such a way that
p,(A) is much smaller than e~ 2"?F® a5 |1|— co. If the function p,(A) is chosen
in such a way that the Fourier transform (with respect to ) of p,(4) 2™ zF®
equals z="p_,,,(A) e~ *""F Y for some r, then the same proof as in the classical
case (namely, by application of the Poisson summation formula) shows that
Y p.(A) e*"=F® is a modular form of weight r. In this section we shall construct
such a modular form, of weight 2, associated to the norm form of the quadratic
field K, i.e. F will be the indefinite form F(4,,4,)=4, 4, on R? and L will be
the lattice 0, embedded in R? by x +(x, x). Our coefficient function p,(4,, 4,)
will be

{ Lmin(|A,,|4,])  if 2,4,>0,

1fﬂ(n Y= 4%~ if 4,1,<0,

where
B(x)= ju“w e *du (Rex=0)

is the function defined in Theorem 2.
We will need some properties of the function f(x) and of the related function

fla,x)=1{ e‘“z”"i“"d—;— (aeC, xeC-R_).

X
These functions are related to the standard “complementary error function”

erfc(x)= ~du  (xeC)

Vil
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by the formulas

1
B(x)=—8—n(e“"——]/nx erfc(]/})) 4)
(which also gives the analytic continuation of f(x) to C—R_) and

af(a’ X)=i7t3/2 _n2g2
da

e erfc(x+ima).

The properties we need are summarized in the following lemma.

Lemma 1. The functions B, f and erfc satisfy the identities
l—e- n2x2/c

2 E

a) j‘ ﬂ(c t2) eantx dt:_l_én_ 5/2 C1/2 .

- ®
—ax?
w0 | _ g—ax

b) | — 2™ dx = 1612 o} B(n? t?/ar),

¢) erfc(x)+erfc(—x)=2,
d) f(—a, —x)—f(a,x)=inerfc(na) (xe$H).

Proof. a) is obtained easily by substituting the definition of f§ into the integral
and inverting the order of integration, and b) by differentiating both sides of
the identity with respect to «; alternatively, b) can be considered as the inverse
Fourier transform formula to a). Formula c) is standard and easy: one sees by
differentiating the left-hand side that it is a constant, and the constant is found
by setting x=0. Finally, the function f(—a, —x)—f(a, x) is defined for aeC,
xeC—R=9Hu—9, and its derivative with respect to x is identically zero, so
for fixed a this function has a constant value ¢, (a) for x in the upper half-plane
and a constant value ¢_(a) for x in the lower half-plane. Differentiating with
respect to a, we find

d .
%(pi(a)= —2in

—q2g2
3/Ze nla ,
0

¢ la)=inerfc(na)+c,

for some complex constants ¢, and c_. Interchanging the roles of (4, x) and
(—a, —x) in the definition of ¢ (a) leads to

¢i(—a)=—9¢z(a),
which, together with c) of the lemma, implies ¢, +c¢_= —2ni. Finally, it follows
by the calculus of residues that

ling(f(a,x—ia)-f(a,x+ia))=27ti

EN

for x real and negative, and this implies ¢, —c_=2mni Hence ¢, =0 and
c_=—27i,80 ¢, (a)=tinerfc(+na)
We are now in a position to construct our non-analytic theta-series.
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Proposition 1. For ze $, define continuous complex-valued functions U,, V, and W,
on R? by

U, (4, X)=2y" "2 B(my(2—A)*)e(d 4 2),

1 3 ’ ’ : ’
~_ jzmin(A,|A)e@dz) if AA>0,
Vz(’U)_{o if A1'<0,
W4 X)=U,(4, 1)-V,(4, ),

where y=Im(z). Let W denote the Fourier transform of W:

W)= | | Wil X e(=2u—i i) didy.
Then T

W, 1) =272 W_ (1, ). ()
Corollary. The function

W)=Y W.(hX) (z¢9)

Ae®
is a non-analytic modular form of weight 2, level D and Nebentypus xp.

Proof. We calculate the Fourier transforms of U, and V, separately. First, in
the integral defining U, we substitute ’=A+1¢ and use a) of Lemma 1:

o O

O(ui)= | [e(=Ap—2p)U, (% X)X d2

=2y [ e(zimp=p) | Byt)e(zi-pw)0dtdl
e~ Tz u')?ly

e j«——«i)e(zi —uAi—py A)dA.

Substituting A=u+ y'/z and applying b) of Lemma 1, we find
. o ,2rizu? e——nizlzuz/y
Uz(u,u’)—g rppe(-aua) | = e(( — 1) ) du
=2z"2 e(—uu/Z){IZIy‘”Zlf(ny(u—u’)z/IZIz)—W”Zﬂ(n(u—u’)z/W)}
=27 2U_y, (1, W)+ 8w > 2 e(—pp'/2) B(r(u—u)/w),

where in the last two lines we have set w=2z/i, so |arg(w)|<g. For V, we find

Vo ) =T W)+ T(—p, =)+ T, W+ T (=, —p),
where

T, w)=1% ” Ae(ZAXN —Apu—Ap)di da.

04
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In this expression we perform the A'-integration and substitute A=u+y'/z to
obtain

)
T N=— A—pud—y Ayda
(1, 1) 47[({”_#,6(2 pA—p )
=-l——e(—,u,u’/z) | u—ul-/fe(zuz—u,u+uu')du
4rnz u

—u'/z

1 , T
=W (= u)2/42)erf0((u +u)]/;)

sl e uu/Z)f(F 2ip W)

Adding to this the corresponding formula for T(—pu, —u') and using c) and d)
of Lemma 1, we find

T W)+ T(—p,—p)
1

=5 W e(—(u—pwy/dz)+5\p 27 e(—pp'/z)erfe (Sign(u’)(u’ —u)ﬁ) :
4 w

Adding to this the formula obtained by interchanging g and ', and using
again c¢) of the lemma as well as Equation (4), we find after a short calculation

Volp ) =272 V_ 1o (s )+ 8w~ 2 e(— ppr'/2) B(m(p— ') /w).

Comparing this with the result for U, we obtain Equation (5).

The proof of the corollary is now essentially the same as the standard proof
that theta-series associated to definite quadratic forms are modular forms, as
given in [30], Chapter VI or [24], pages 81-87. We recall briefly how the argument
goes. As well as the series #7(z), one must consider the sums

Wy (2)= Y W,(A+v, 1 +V)

Al
over the translated lattices @+v, where v belongs to the inverse different
- =(1/1/5). Clearly #, depends only on the residue class of v (mod (), so
there are only D distinct functions #,, with % =" Then
W2+ 1))=Y W,(A+v, X +v)e(N(A+v)=e(Nv) #,(2),

ie@

since N(A+v)—N(v)eZ for 1e@®, ved~!. On the other hand, by the Poisson
summation formula

W=D Y W,.(uw)e(Trpv),
nedb-1
and combining this with (5) we find
W (= 1/)=D""2 Y e(Trpn) W, 1)=D""2 T e(Truv)#,(2).

ned~t pned=1/0
Thus we have

W\ T=e(NWW#,, H|J=D""2} e(Truv)¥,, (6)
u
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1

0

(a b) denotes the function (cz+d)~ 2 #; (ELb) Since T and J generate T,
c d cz+d

1 1
where T and J are the matrices (0 1) and (_(1) ) in I'=SL,(Z)/{+1} and

W,

v

we obtain a representation of I' in the space generated by the D functions #,.
The first step in the proof of the Corollary is to show that the Equations (6)
imply #,|A=¥, fir A in the principal congruence group I'(D). The argument
is given in [24], pages 85-87. Now to show that #, transforms under I;(D)

like a modular form of Nebentypus, we take A= (ccz Z)EFO(D) and set
R=T°JTJT*J. Then R= (g 2) {mod D), so, choosing xeZ with dx=b (mod D),
we find A=A"T*R with A'eI'(D) and hence #;|A =#,|R. But from (6) we find
W, \T*J=D~"?e(aN®¥) ) #,e(Tr uv)
and hence ’
WR=((#,|T*D)| T*J)| T*J
=D"%2% % Y e(@aNv+dNu+aNA+Tr(uv+ipu+r )W,

r A K

=Dy 9. Y e(Tr X (k—av))Y e(dN(u+al' +av’).
x p “

Replacing u+a i’ +av’ by u in the inner sum, we see that this sum is equal to
the standard Gauss sum

Y, e[dNw)=DY?y,(d).

pned=1/0
Hence

W R=D"" yp(d) 3, ¥, ; e(Tr X(k—av))=yp(d) #,

(the inner sum is zero if k +av'). In particular, taking v=0 we find #;|R =y, (d) #,,

b)ero(p).

and this completes the proof that #| A=y, (d) #;, for A= (j J

2.4. Proof of Theorem 1

We proved in Section 2.2 the identity
F2)= Y HN) ¢ +y "2 Y pdruty)qg*,
N=0 ueZ
where as usual g=e(z) and y=Im(z) and & is a function satisfying

(8- () esrares
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for (Z Z)el})(4) (and of course c#0). The function 8(z)= Zq'z, on the other
teZ
hand, satisfies

oEE) G Geerarens

b
for (Z d) eI, (4). It follows immediately that

37(Daz+b)0(az+b)

cz+d cz+d
aDz+bD) (az+b)

(¢/D)Dz+d cz+d

(G (e roa 1) ecvareo
|

a
)(cz+d F(D2)0(2)

|

Il

&lb

(e}
au oo

for (a )EE)(4D), i.e. the function

F(Dz)0(2)= ‘Z ex(v) q,

N w0
cx(y)= Z H N—t? +D-V2y-12 Z ﬂ(4nu2 )
NY)= Zy D y ey V)
IZEIN(=modD) :z_’ﬁ'fz=~

belongs to M3(I3(4D), 3p). We claim that the function Y c,y(3y) ¢" belongs to
M3 (I3 (D), xp)- The corresponding statement in [23] (Proposition 5.1) is proved
by appealing to Lemmas 1 and 4 of [29]; however, since this latter paper treats
only analytic modular forms, we give the proof of the special assertion we need:

Lemma 2.If f (2)= Y a,(y) q" is in M (I (4D), xp), and a,(y)=0 for all n=2 (mod 4),
then the function "<Z

h(z2)=1Y f (¥)= Y 4G g

p=1 neZ
is in MF(I5(D), xp).

Proof. We prove the lemma in two steps, first showing that the function

s@=1 (1 £)+/ ((5))=Zantine
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10 11 b
is in MX([,(2D), zp). Set on(o ) X, = (0 2) and let A=<j d) be any

matrix in I;(2D). If b is even, then the matrices
a ib
2¢ d
are in I,(4D), so

a+c %(b+d—a—c))

—~1__
XoAXq —( 2¢ d—c

), XlAX;‘=(

g(A2)=3f(XoAX5 ' (Xo2)+3 f (X, AX[ (X, 2)
=t (cz+d)'f(Xo ) +5rp(d—)(cz+d)}f(X,2)
=@ (cz+d)fg(2),

the last equality holding because yp(d—c)=yp(d). If b is odd, then the matrices
a zb-a
2¢ d—c
are in I,(4D), so

a+c %(b+d))

AX = (
XoAX, 2¢ d

)5 X1AX0_1=(

gAD)=3f(Xo AX[ (X, 2)+ 3 [ (X, AX5 ' (X, 2))
=} xp(d—0o)(cz+df'f (X 2)+ 5 xp(d)(c 2+ d) f (X, 2)
= 1o (cz+d)f g(2).

This proves the assertion concerning g. Under the assumptions made on f
a,,(y)=0 for n odd, so

g(2)=gz+H=Y a,,(y) g*"=h(22).

b
Let A= (Z d)el})(D). The formulas just given for the four matrices X, AX; !
(o, #=0, 1) show that at least one of these matrices lies in I(2D); then
h(Az)=g(X, AX; ' (Xy2)=xp(d)(cz+d) g(X;2)=yp(d)(cz+d)} h(z).

We now apply this lemma with f(z)=%(z) 6(z), a,(y)=c,(y). The fact that
cy(¥)=0 for N =2 (mod 4) follows from the fact H(n)=0 unless n=0 or 3 (mod 4)
and from D=0 or 1 (mod 4). Thus ) ¢,y G y)g" is in M¥ (I, (D), xp)- But

4N —t?
= T H(EpC)epy S gy
< ue
tzEZm}‘n’de N=(tti-1)zu2)/4
=Hp(N)+2D"2y=12 %" B(r(A—2)*y),
A€l
AN=N

so this means that the function

NZ Hy(N)g"+2D~ 12y~ 12 % B(r(A—2)?y) ¢**

0 Ac@
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is in M¥(I3(D), xp)- On the other hand, by the Corollary to Proposition 1, we
know that the function

~D 2y (z)=D""2 Y min(A, V) g** —2D~ 2y~ 12 Y B(n(i—X)?y) g
Ae® Ae0
i>0

is also in M¥(Iy(D), xp). Adding these two functions, we find that the function

p(2)= Z Hp(N)g"+D~Y2 ) min(4, 1) ¢**
- i
is in M#(I3(D), xp)- Since the N-th Fourier coefficient of ¢,(z) is independent
of y and is O(N") for some r (in fact, for r=1), the function @(z) is analytic in
the upper half-plane and is O(y~") as y— 0, which implies that ¢p(z) is holo-
morphic at the cusps of I;(D). Hence ¢pe M, (I5(D), xp)-

Chapter 3: Modular Forms with Intersection Numbers as Fourier Coefficients

3.1. Modular Forms of Nebentypus and the Homology
of the Hilbert Modular Surface

In Chapter 3 we return to our Hilbert modular surface X =$?/SL,(0), again
supposing that the discriminant of the quadratic field K is a prime p=1 (mod 4).
The middle homology group H,(X) (all homology and cohomology is with
coefficients in @ unless otherw1se stated) of the compactification X =X u U Sk
of X is the direct sum of Im(H,(X)— H,(X)) and the subspace generated by
the homology classes of the curves S,, the two subspaces being orthogonal
complements of one another with respect to the intersection form. In the first
component lie the homology classes T (N=1,2,...) defined in 1.4 and one
further important class which we now describe.

On H$xH we have two differential forms w;= —ﬂyj‘zdxj/\dyj (i=1,2),

where z;=x;+iy; (j=1,2) are the coordinates. Each w; is an SL,(IR)-invariant
form on $, so w, and w, are SL,(0)-invariant; they can therefore be considered
as differential forms on the smooth non-compact surface X' obtained from X
by removing the finitely many singular points (quotient singularities). The sum
w;+w, is the first Chern form ¢, on X', while the product w=w; Aw, is the
second Chern form (Gauss-Bonnet form) c,; clearly ¢; Ac;=2c¢,. Then ([4],
1.3, Eq.(9)

ijcl/\c1=2xflw=4CK(—1), o)

where {4 (s) (seC) denotes the Dedekind zeta-function of K. On the other hand,
in ([4], p. 229) it is shown how the forms w; can be modified by coboundaries
to obtain differential forms with compact support in X'; extending these forms
to X>X' by 0 on the complement of X', we obtain differential forms on X
representing cohomology classes in Im(H?(X')— H2(X)), or equivalently (by
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called either the Sturm bound or the Hecke bound in the literature. A more
modern reference is Section 9.4 of [Stein (2007)].

Theorem 3.13 (Sturm [Sturm (1987)]). Let I' € SLy(Z) be a congru-
ence subgroup of index M and let f € My(T') be a modular form. If
k

then f is identically zero.

Proof. IfT' = SLy(Z) then we can prove this immediately by considering
the residue theorem (3.1), as we did above; if f has a zero of order greater
than k/12 at oo, then it must be zero, because the right-hand side of the
residue formula (3.1) is k/12, and all of the elements of the left-hand side
are non-negative.

We now use the fact that T' is a subgroup of finite index of SLa(Z); this
means that we can write

M
SLy(Z) = | I,
=1

for some finite set of v; € SLa(Z). Without loss of generality, we can assume
that v; = I. We define a modular form F' by

M
Fo=f-T] bl
=2

we will now show that F' is a modular form for SLy(Z), so we reduce it to
a case that we have solved. We note that each of the f|[v;] is a modular
form of weight k for a suitable congruence subgroup, by a variant of the
argument before Proposition 2.20.

To show that F' is a modular form for SLa(Z), we need to show that it
transforms correctly under the action of SLo(Z). This will follow because
allowing an element g € SLa(Z) to act on the right permutes the ;, so the
product is left unchanged. This means that F' is not just a modular form
for I, but a modular form for the full modular group.

We see that F' has weight kM, because it is the product of M weight k
modular forms, so we now apply the theorem in the level 1 case to obtain
the bound. g

Remark 3.14. We see that the bound is in fact sharp in general for SLy(Z);
if we consider the modular form A?, we see that it has a unique zero of exact
multiplicity ¢ at oo, so we cannot replace the strict inequality with a non-
strict inequality.
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