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M =

(

a b
c d

)
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det M := ad− bc , Sp M := a + d ,

=4&6'

M t =

(

a c
b d

)

9O&> M ♯ =

(

d −b
−c d
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GL(2; C) := {M ∈ Mat(2; C) ; det M 6= 0} .
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FLG Eτ = τ 2 39 )9 ΦE = id,
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det M
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det M
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FZG Aττ + Bτ + Bτ + C = 0 %#- A, C ∈ R , A 6= 0 +$3 B ∈ C
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αzz + βz + βz + γ = 0 8.& α, γ ∈ R "%, β ∈ C .
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M∞ :=

{

∞, 73//( c = 0,

a/c, 73//( c 6= 0.
9 N;

%&'&()*+,&+$ 3; O.' 2/'.
*"%+'% 9P;< 9Q; "%, 9 N; 5'(3+'%< ,3(( ,"#
* 9 ;
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* ,'#
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U ⊂ C< (1 .(& ,.' )
$*+&,89#$+:+#$"# Σf 01% f ,'M%.'#& ,"#
*

(Σf)(z) :=
f ′′′

f ′
−

3

2

(

f ′′

f ′

)2

, z ∈ U .

?.& \./7' 01% 9]; 0'#.M=.'#& 83% %"% Σ(ΦM ◦ f) = Σf 7L# 3//' M ∈ GL(2; C)>
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E.#, ,.' '&#$# @,*&#&#!# .% C 8.& H 5'='.
*%'&< 3/(1

H := {τ ∈ C ; Im τ > 0} .

O3#L5'# *.%3"( 5'='.
*%'% E.# ,'% A+!)#+".B$#+. 8.& E< 3/(1

E := {z ∈ C ; |z| < 1} .

G(& G '.% 5'/.'5.+'( 2'5.'& .% C< (1 (&'*&

U"& G := {ϕ : G → G ; ϕ 5.*1/181#B*}

7L# ,.' C4"'0'$D)+.0#!%$4DD# :'! G>
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τ 7−→ Mτ :=
aτ + b

cτ + d
9!& M =

(

a b
c d

)

∈ Γ := SL(2; Z)

!*64/!4*&> ?4' 1!
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)"* +,*-&!.*7 #!" <3"/#!"' 4,A H
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F.#,$',3'&!&,&!.*"* !*64/!4*& 3$"!3"*7 '!*# 43"/ 4,
) +,*-&!.*"* f : H → C
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JKL f(Mτ) = γM(τ) · f(τ) A</ 4$$" M ∈ Γ>

?43"! '"! γM(τ) "!* M"$"9"*&4/"/N +4-&./7 #"/ *.
) 0"*4,"/ A"'&0"$"0& 1"/#"*
9,''> 2
)/"!3& 94* JKL A</ MN 4*'&"$$" 6.* M ,*# 6"/1"*#"& (MN)τ =
M(Nτ)7 '. "/)8$& 94* J!9 +4$$ f(τ) 6= 0L #!" @"#!*0,*0

JOL γMN(τ) = γM(Nτ) · γN(τ) A</ M, N ∈ Γ ,*# τ ∈ H

4* γ> ?!"'" MP.QR-"$S@"#!*0,*0N )4& T)*$!
)-"!& 9!& #"/ U"&&"*/"0"$ #"/ ?!A5
A"/"*&!4&!.*> B* #"/ :4& "/A<$$"*

γM(τ) :=
dMτ

dτ
= (cτ + d)−2JEL

,*# V"#" W.&"*Q #46.* JOL> ?!" 4,A #!"'"  "!'" A</ V"#" 0"/4#" X4)$ k "*&'&"5
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#$% f(Mτ) = (cτ + d)k · f(τ) &'( M ∈ Γ

)*+ ,-.. 
0-(-1+2()*+)*
0 &'( ,)2 *3 42.-..+2.  !"#$%!&'()5 6- ,)2 7(8992 ,2(
:3,8;*8<*+)+8+)3.2. 42=>? @3(3;;-( AA5B5 C ,8(
0 ,)2 C<<);,8.42.

#!% τ 7−→ τ + 1 8., τ 7−→ −1/τ

2(D284+ E)(,F 1-.. =-. #$% ,8(
0 ,)2 <2),2. G2,).48.42.

#H% f(τ + 1) = f(τ) 8., f (−1/τ) = τk · f(τ)

2(*2+D2.5

A. A5$5 0-++2. E)( 42*202.F ,-** ,)2  !"#$"%#!$IJ2)02. Gk G2)*9)2;2 K3. *3;L

02. M8.1+)3.2. *).,5 N* *3;; .3
0 2). E2)+2(2* G2)*9)2; *1)DD)2(+ E2(,2.F ,-*
2). D8 #H% -.-;342* O(-.*&3(=-+)3.*K2(0-;+2. <2*)+D+P

 ! "#$ %&'((#(
*$ +*$,'-.$#*$! A. *2).2. G()2&2. -. &'()*+
- K3= $5 !5
 Q$R 8.,  Q5 R5  Q!" <20-.,2;+ S5  .(#/ )= J22;;2. <2(2)+* ,)2 *+(,-./(0+(

ϑ(τ) :=
∑

n∈Z

eπin2τ = 1 + 2 ·
∞
∑

n=1

qn2

=)+ q := eπiτ 8., τ ∈ H.# %

A= T8*-==2.0-.4 =)+ ,2( U>(=2;2)+8.4*4;2)
08.4 +()++ ,)2 O02+-IJ2)02 ,-..
<2) V5 0'./!#/ ). *+1!&0( 2)-$3,04#( "( $- 5+-$(#& #W-()*  RBB% -8& #K4;5 A5H5Q%5
A= X-
0;-** K3. Y5M5 &+."" #6(&7( 888F $ZHI$$!% &-., =-. 2).2 X3+2 2+E- -8*
,2= V-0(2  R"RF ). ,2( 2).2 2+E-* -;;42=2).2(2 J2)02 #.>=;)
0 ,)2 ). A5H5Q# %
,2[.)2(+2 1+
'*!*
02 O02+-IJ2)02 ϑ(z; τ)% <2+(-
0+2+ 8., &'( *)2 <2(2)+* 2).2
O(-.*&3(=-+)3.*&3(=2; <2E)2*2. E)(,5 A. ,2. 9#)"-'(),- )!:- E)(, ,-.. K3.
Y575V5 1+
'*! #;(<= 6(&7( 8F  \RIBZ\% ,)2 -;;42=2).2 J2)02

∑

n∈Z

(−1)nqn2

cos(2nx)

8.+2( ,2= G8
0*+-<2. Θ 2).42&'0(+ 8., D8( 6-(*+2;;8.4 ,2( 2;;)9+)*
02. M8.1L
+)3.2. K2(E2.,2+5 A. ,2( G2D2)
0.8.4 K3. A5H5Q )*+ ϑ(τ) 4;2)
0 ,2= >#$$?(&,
ϑ(0; τ)5

]^2.<-( )*+ ϑ(τ) -<*3;8+ 8., 13=9-1+I4;2)
0=>?)4 13.K2(42.+ -8& HF *3 ,-**
ϑ : H → C 03;3=3(90 )*+5 N* 4);+ ,-('<2( 0).-8*

#B% ϑ(τ + 2) = ϑ(τ) &'( τ ∈ H5

6)2 G2,28+8.4 8., ,-* A.+2(2**2F ,-* ,)2 O02+-IJ2)02 )==2( E)2,2( 42&8.,2.
0-+F ;)242. .8. ). ,2( *3 42.-..+2.

+*$,'-+/'0(12/3',#20(12/3$&4

#Z% ϑ (−1/τ) =
√

τ/i · ϑ(τ) %@& -$$( τ ∈ H5

6-<2) )*+ ,2( TE2)4 ,2( U8(D2; D8 E>0;2.F ,2( &'( 93*)+)K2 C(48=2.+2 *2;<*+
93*)+)K )*+5
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y > 05 #$ +'&3 6 %#* #02 '#**&47& .)$#0*4802( 6 &$(%)
9&4( ')& 1+'04+  :&3);
+')*
.&5 *(&(), ')<&3&$=)&37#3& >0$9()+$

ϕ(t) :=
∑

n∈Z

e−π(n+t)2y , t ∈ R,

)$ &)$& %!&'"('6?&).& 0$' &3.84(

ϑ(iy) = ϕ(0) =
∑

m∈Z

αm,

αm :=

1
∫

0

ϕ(t) · e−2πimt dt =

∞
∫

−∞

e−πt2y · e−2πimtdt.

@)&3 )*(

αm = βm(y) · e−πm2/y 1)( βm(y) :=

∞
∫

−∞

e−π(t
√

y+im/
√

y)
2

dt =
1√
y
· βm/

√
y(1).

A#
. '&1 )*&
,-*
.&$ B$(&,3#4*#(= .8$,( βm(1) = β $)
.( C+$ m #7 DC,4E ?E
.(//('05 FE 1
,&/*
,(' GHIIH℄5  HEKELM 0$' 1#$ &3.84(

ϑ(iy) =
β√
y
· ϑ

(

i

y

)

2N3 y > 0.

/&(=( 1#$ $0$ y = 1 5 *+ 2+4,( β = 1 %&,&$ ϑ(iy) > 0E O)& P3#$*2+31#()+$*2+3;
1&4 &3,)7( *)
. $0$ '03
. #$#4Q()*
.& >+3(*&(=0$,E 2

R)$&$ &4&1&$(#3&$ S&%&)* '&3  !"##!$*
.&$ /011#()+$*2+31&4 T$'&( 1#$
=ESE 7&) "E 2!(
,(' G UVW℄5  WU6 V E

S&(3#
.(&( 1#$ X&(=( f(τ) := ϑ8(τ)5 *+ &3.84( 1#$ )$ Y$#4+,)& =0 HDZM

DKM f(τ + 2) = f(τ) 0$' f (−1/τ) = τ 4 · f(τ)E

O#1)( 9&$$( 1#$ '#* P3#$*2+31#()+$*C&3.#4(&$ C+$ f = ϑ8 0$(&3 '&3 C+$
'&$ "+'04*07*()(0()+$&$ τ 7→ τ + 2 0$' τ 7→ −1/τ &3=&0,(&$ F30::& C+$
Y0(+1+3:.)*1&$ C+$ HE ")( '&3 &'!()*+,-..! Γϑ )$ BBELEK 2+4,(

f(Mτ) = (cτ + d)4 · f(τ) 2N3 #44& M ∈ Γϑ.

R)$ #$'&3&3 6 &7&$2#44* '03
. BBELEK $#.&,&4&,(&3 6 Y$*#(= 4)&2&3( &)$& >0$9();
+$5 7&) '&3 1#$ '#* P3#$*2+31#()+$*C&3.#4(&$ 0$(&3 #44&$ "+'04*07*()(0()+$&$
9&$$([ "#$ *&(=(

D!M g(τ) := 1
τ
· ϑ2(τ) · ϑ2(τ + 1) · ϑ2 (1 − 1/τ)

0$' C&3)T=)&3( 1)( DHM 0$' DLM

g(τ + 1) = i · g(τ) 0$' g (−1/τ) = i · τ 3 · g(τ)E

O)& C)&3(& \+(&$= C+$ g )*( '#.&3 &)$& "+'042+31 )1 /)$$& C+$ HDZM =0 k = 12E
"#$ C&3,4&)
.& /#(= KE! 'ME
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#$%& '$%(%( )*+*,+*-%. $(/ %(0 '$% %&%1%./*+% 23%4+$% 14'5&*+%+ 65.7/$4.%. 85
%./9$
7%&. 5.' %+(/% ;/+57/5+*5((*,%. 3%+85&%$/%.<
=( 9$+' >%+%$.?*+/0 '%. @5
3(/*?%. M -A+ 2 × 2 B*/+$8%. 85 +%(%+>$%+%. 5.'
(/%/( M =

(

a b
c d

)

85 (
3+%$?%.< τ *5( '%+ 4?%+%. C*&?%?%.% H 9$+' $11%+ $. '%+
64+1 τ = x + iy ,%,%?%.<

 ! "#$%&'() *%+,-.#+)+! #5.D
3(/ 9$+' %$.% EF%+*/$4. >4. SL(2; R) *5-
'%1 G*51 '%+ 1%+414+F3%. 65.7/$4.%. *5- H %+7&D+/H
;%$ '*85 k ∈ Z 5.' f *5- H 1%+414+F3< I*.. %J$(/$%+/ %$.% '$(7+%/% 5.' +%&*/$>
*?,%(
3&4((%.% 2%$&1%.,% Df >4. H0 (4 '*(( f *5- H\Df 34&414+F3 $(/< 6A+
M ∈ SL(2; R) %+7&D+/ 1*. %$.% *5- H 1%+414+F3% 65.7/$4. f |M = f |kM
'5+
3

K L (f |M)(τ) := (cτ + d)−k · f(Mτ) -A+ τ ∈ H \ Df◦M <

M5- '$% M.,*?% '%( @5
3(/*?%.( k ∈ Z 9$+' 3$%+ 1%$(/ >%+8$
3/%/< #5(*11%.
1$/ NN< < K!L %+,$?/ %$.% O%+$P7*/$4.

K"L (f |M)|N = f |(MN) -A+ M, N ∈ SL(2; R)<

I*1$/ '%P.$%+/ (M, f) 7→ f |M %$.% EF%+*/$4. *5- '%1 G*51 '%+ 1%+414+F3%.
65.7/$4.%. *5- H0 '$%  !"#
%&'(")!&" ,%.*../ 9$+'<

B*. .%../ .5. f *&+,-)" .&* /(0#
%! k0 9%.. ,$&/H

KB< L f $(/ *5- H 1%+414+F3<

KB<"L f |kM = f -A+ *&&% M ∈ Γ<

EQ%.?*+ ?$&'%. '$% 14'5&*+%. 65.7/$4.%. >41 R%9$
3/ k %$.%. O%7/4++*51
A?%+ C< 2+D,/ 1*. M = −E $. KB<"L %$.0 (4 %+3D&/ 1*. '$%

/(#0#1.-.#+! 1(+( *&+,-)"( 2,34!#&3 .&3 ,35(")+(* /(0#
%! #6! 07

=( 9$+' '*3%+ $1 64&,%.'%. (/%/( >4+*5(,%(%/8/0 '*(( k ,%+*'% $(/< S%,%. K"L
5.' ;*/8 NN<"< 7*.. 1*. KB<"L %+(%/8%. '5+
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E := {z ∈ C ; |z| < 1}



 ! "#$ $%$&$'()*$ +,$-*#$  !"

#$% &'%(% )$(*%$+,-.%$,,
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<1 1ABC #3(( ?$0+ %, 0%-3((+4$
* @8?41 D1  !""!#$C E1 %
'(")
'!# FAGGA℄C
I3+J  A1"1AB %$(% 36= E \ {0} 9%.&9&.:*% ;6(-+$&( f̂ 9$+
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∑
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2.'3(4 564 f̂ $(+ 0F -#,, f +%' ∞

%'/%/ :4$ -%" ;"-/0/7 −m0 3#(6 0.'') m0 < 0 9+'3F
34$4&4"53 ',(F 0.'') m0 ≥ 0 9+'3F
%'/% <0$$,(%$$% -%" ;"-/0/7 m0 3#(F 0.'') m0 > 0 9+'3I

A.4 )(3:3 4/4 4.3;,'+
2

ord∞f := m0.#!%

 ! "#$ %#&$'( )#$ *+),-.+$/! M+4( D/4=3+64 f 2(+N3 .4-0$ 4"& =4& >%?
9'
3( k6 *(44 f 86-/'., 568 H(*+
23 k +)3 /4- $(+ ∞ 2O
2)3(4) (+4(4 P6'
2.3F *(44 .')6 9+'3@

#AI % f +)3 ./0 H 8(,686,?2I

#AIE% f |kM = f 0;, .''( M ∈ ΓI

#AIQ% f 2.3 $(+ ∞ 2O
2)3(4) (+4(4 P6'I

R(9(4 K(88. E =.44 2+(, #AIQ% (,)(3:3 *(,-(4 -/,
2

#AIQS% f $()+3:3 (+4( '("#)$#BM43*+
='/49 -(, D6,8

f(τ) =
∑

m≥m0

αf(m) · e2πimτ F

-+( $(+ 9((+94(3(8 γ > 0 0;, Im τ ≥ γ .$)6'/3 /4- =68?.=3B9'(+
28GN+9
=645(,9+(,3I

T. 8+3 f /4- g ./
2 αf + βg , α , β ∈ CF /4- f · g 2O
2)3(4) (+4(4 P6' $(+
∞ 2.$(4F (,9+$3 (+4 U'+
= ./0  # %F -#,, -'% .4-0$ 4"&%/ =4& >%9'
3( k %'/%/
A%B(4""#0& Vk !+%" C +'$-%/) M) 9+'3 ./N(,-(8

Vk · Vℓ ⊂ Vk+ℓ für k, ℓ ∈ Z.# %

R(9(4 P,6?6)+3+64  2.3 8.4 4.3;,'+
2

#E% Vk = {0} 0;, /49(,.-() kI



 ! "#$ $%$&$'()*$ +,$-*#$  !!

"
$%&'(%&
$ &)*

+,- 1
f
∈ V−k ./0 0 6= f ∈ Vk 1

2&3' 4567%.508 958 :';&
$* 0 $'&(* '&3'  !"#$%#&'()!&1 <'='3 + - 736 +,-
&)* 6&' 4'3='

+>- K := V0

?%%'0 4567%.73@*&53'3 '&3 AB0C'0D 6'0 6&' @53)*?3*'3 E73@*&53'3 736 ?%%' F75G
*&'3*'3 953 4567%.508'3 6'))'%H'3 :';&
$*) '3*$I%*1

 !"!#$%&'!&( ?- J'0 K?8'  !"#$%#&'()!& )*?88* 953 L1  !"!#$%" +*+,-
./(0- 1+2'+ 3D  !MN OP-1 2&3' 4567%.73@*&53 *0&** Q73I
$)* ?%)  !"#$ H'& '%G
%&C*&)
$'3 R3*'=0?%'3 &3 6'0 &!'!%"(!)
$'3 K508?%.508 ?7.1 2) $?36'%* )&
$
6?H'& ?%%'06&3=) 78 '&3' E73@*&53D 6&' 3&
$* Q70 4567%=07CC' ΓD )536'03 Q70
S?7C*@53=07'3Q=07CC' Γ[2] ='$B0* +9=%1 R121PD A505%%?0 R1,1>2D T7.=?H' R1>1O-1
4567%.508'3 *0'*'3 )U)*'8?*&)
$ Q7'0)* H'&)!$!(*+(,** &3 )'&3'3 V50%')73G
='3 /H'0 '%%&C*&)
$' E73@*&53'3 ?%) 6&' R39?0&?3*'3 g2 736 g3 HQ;1 ?%) ∆ ?7.
+9=%1 R1>1 -D 3?
$6'8 6&')' 950$'0 953 :1 -$*!%*+!$% H'*0?
$*'* ;706'3 +9=%1
R1,1O-1
2&='3*%&
$' W'=0/36'0 6'0 X$'50&' 6'0 4567%.73@*&53'3 )&36 E1 ./!$% 736 S1
01$%
,(31 J&' S?7C*;'0@' 953 01$%
,(3 Q7 6&')'8 X$'8? Y36'* 8?3 &3 6'3
'0)*'3 WI36'3 6'0 T
*? 4?*$'8?*&
? +3I8%&
$ &3 W?36  D ,D >D !- 736 &3 )'&3'3
4#52+, 331 <&
$*&=' T0H'&*'3 953 ./!$% Y36'* 8?3 &3 )'&3'3 *+,- ./(0- 678
0/&"$#&9+& 333- J&' X$'50&' ;706' 6?33 Q73I
$)* 953 L1 4($
#! .50*='./$0*D
953 6'8 6'0 ?7)./$0%&
$' ZH'0)&
$*)?0*&@'% RR1W> 6#(!.!2:0+ ;#&'()!&+& &3 6'0
<&=>'$!:?")+ "+2  /(0- 1),,+&,
0/%(+& )*?88*1
H- T7. L1  !"!#$%" ='$* 6&' ?H@/0Q'36' "
$0'&H;'&)' 1τ := e2πiτ Q70/
@ +*+,-
./(0- 1+2'+ 3D  O>NP[ -D 6&' ?7
$ )CI*'0 8?3
$8?% 9'0;'36'* ;&06D )&
$ ?H'0
?%%='8'&3 3&
$* 670
$=')'*Q* $?*1

)( *+&,! -./%01.#"!&( 2&3' 4567%.508 f 958 :';&
$* k $'&(* '&3' 9/&=+
 !"#$%!2. 5!. *+A)
0( kD ;'33 f ?7. H $5%5850C$ &)* 736 ;'33 f H'& ∞
'+)&+& \5% $?*1 J?8&* &)* f ='3?7 6?33 '&3' =?3Q' 4567%.508 958 :';&
$* kD
;'33 =&%*]

+41 ^- f : H → C &)* $5%5850C$1

+41P^- f |kM = f ./0 ?%%' M ∈ Γ1

+41,^- f &)* ./0 ?%%' τ ∈ H 8&* Im τ ≥ γ , γ > 0D H')
$0I3@*1

<'='3 _'88? P @?33 8?3 $&'0 +41,^- '0)'*Q'3 670
$

+41,`- f H')&*Q* '&3' 415($!(N23*;&
@%73= 6'0 E508

f(τ) =
∑

m≥0

αf (m) · e2πimτ D



 !"  !"#$%& '''( )*+,&-*./%0
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