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 ! "#$  !"#$%&%&'()#+,-'.!"#$ #% &'()*+ ,$-./1-$- 2/% 3#$'"$!($%!"(4
5$#1$

Gk := Gk(Ω) :=
∑

06=ω∈Ω

ω−k 67. 8$./3$9 k ≥ 4.)&+

:/1 ;.<=<9#-#<% &'( 9#%3 3#$ $%-9=.$1$%3$% 5$#1$% 67. >%8$./3$9 k ≥ 3 8?$#1
:>??' @/% 9$-A- 91?#$B?#1

γ := γ(Ω) := min{|ω| ; 0 6= ω ∈ Ω}

>%3 $.1C?- 3$%

/0(1!  !" #$$% z ∈ C &'( 0 < |z| < γ(Ω) )'$(

℘(z) = z−2 +

∞
∑

n=2

(2n− 1)G2n · z
2n−2 = z−2 + 3G4 · z

2 + 5G6 · z
4 + . . . .)*+

*%+%',- D>68.>%3 E<%

1

(1− t)2
=

d

dt

(

1

1− t

)

=

∞
∑

m=1

mtm−1 , |t| < 1,

1/- 2/% 67. ω 6= 0

1

(z − ω)2
−

1

ω2
=

1

ω2

(

1

(1− z/ω)2 − 1

)

=

∞
∑

m=2

m ·
zm−1

ωm+1
, |z| < γ,

>%3 3/1$.

℘(z) = z−2 +
∑

06=ω∈Ω

(

∞
∑

m=2

m ·
zm−1

ωm+1

)

, 0 < |z| < γ.)∗+

"$8$%
∣

∣

∣
m ·

zm−1

ωm+1

∣

∣

∣
≤ γm

(

|z|

γ

)m−1

· |ω|−3

>%3 />68.>%3 3$9 F<%E$.8$%A4G$22/ &'( #9- 3#$ 5$#1$ )∗+ #% m >%3 ω /,9<?>-
H<%E$.8$%-' :/1 I/-A &'J 3/.6 2/% /?9< >2<.3%$% >%3 $.1C?-

℘(z) = z−2 +
∑

m≥2

mGm+1 · z
m−1 , 0 < |z| < γ.

"$8$% ;.<=<9#-#<% &'( #9- 3/9 /,$. )*+' 2

2! "#$ 1)$#($ "#3$4$'(#0,.,$#5-'.! .'% !"!#$%#&$$,0% ℘1 234('53 )%1
3!)( 6%" .'7%"%3('#$)$%'023)

)&+ ℘ ′2 = 4℘3 − g2℘− g3'



 !  !"#$%& '( )&&#"$#*,% -./0$#1/%/

"#$%& '&() g2 *() g3 )%+(&%,- )*,/

012 g2 := g2(Ω) := 60 G4(Ω) *() g3 := g3(Ω) := 140 G6(Ω) .

3#( (%((- g2 *() g3 )&%  !"!#$%#&$$4 !"#$%#!&'! )%' 5&--%,' Ω6 7&, 8%,9
:%()%( )#' '&()&*()*+,-. *() '/,%&$%( O(zk) ;<, %&(% =*(>-&?( f(z)@ )&%
|f(z)| ≤ C · |z|k A&- %&(%A B%%&B(%-%( C ;<, z #*' %&(%, CAB%$*(B 8?( 0
%,;<DD-6

/'0'%12 E*'B%/%() 8?(

℘(z) = z−2 + 3G4 · z
2 + 5G6 · z

4 + O(z6)

08BD6 10122 $%,%/(%- A#(

℘2(z) = z−4 + 6G4 + 10G6 · z
2 + O(z3) ,

℘3(z) = z−6 + 9G4 · z
−2 + 15G6 + O(z) ,

℘ ′(z) = −2 · z−3 + 6G4 · z + 20G6 · z
3 + O(z4) ,

℘
′2(z) = 4 · z−6 − 24G4 · z

−2 − 80G6 + O(z) .

"#,#*' %,/FD- A#( A&- 012

0∗2 ℘ ′2(z)− 4℘3(z) + g2℘(z) + g3 = O(z)6

G&%, B%/H,- )&% D&(>% I%&-% J* K(Ω) *() /#- K?D% /H/'-%(' )?,-@ :? ℘ ?)%, ℘ ′

K?D% /#-6 L#/ 0∗2 &'- )&% D&(>% I%&-% #$%, $%& 0 *() )#/%, <$%,#DD /?D?A?,M/6
I#-J 161E J%&B-@ )#'' )&%'% =*(>-&?( >?('-#(- &'-6 L#/ 0∗2 :&%)%,*A &'- )&%'%
N?('-#(-% BD%&/ L*DD6 2

"&O%,%(J&%,- A#( 0P2@ '? ;?DB- )#'

 !"!##$" %& 31 4%.&
2℘ ′′ = 12℘2 − g2.

 !"!##$" '& 56$ k ∈ N 4%.&

℘(k) ∈ Z[G4, G6, ℘] + Z[G4, G6, ℘]℘ ′.

/'0'%12 "&%' &'- ;<, k = 0 *() 1 ,&/-&B6 7%B%( 012 ;?DB- )&% E*''#B% ;<, k = 2
#*' N?,?DD#, E6 L*( %,B&$- %&(% Q()*>-&?( )&% R%/#*M-*(B6 2

 !"!##$" (& 56$ f ∈ K(Ω) 1%!7 89%"#.'!&:
0&2 f %1& ;-.-+-$<; %! C \ Ω2
0&&2 f ∈ C[℘] + C[℘] · ℘ ′2

/'0'%12 0&2 =⇒ 0&&2S I*$-,#/&%,- A#( α℘n $J:6 α℘n · ℘ ′@ α ∈ C@ n ∈ N0@
B%%&B(%-@ 8?( f @ '? >#(( A#( (*( )&% T,)(*(B )%, K?D% &( )%( 5&--%,M*(>-%(
'*>J%''&8 %,(&%),&B%(6 I/D&%U&/ $%#/-% A#( (?/ res0f = 0 (#/ I#-J 161R6
0&&2 =⇒ 0&2S ND#,6 2



 ! "#$  !"!#$%#&$$%'$ ℘()*+,-#.+  !

 !"!##$" %&  !" n ≥ 4 #$%& '$( )(*+",$-.,/-"0(%

(n− 3)(2n + 1)(2n− 1)G2n = 3 ·
∑

p≥2,q≥2
p+q=n

(2p− 1)(2q − 1)G2pG2q." #

1(2($,3 $%& '()*' +,- '&(#!)%./-,0- 1"1# ,& ℘ ′′+30 G4 = 6℘2 &%0 34(455%(
6 -,&7

∑

n≥2

(2n− 1)(2n− 2)(2n− 3)G2nz
2n−4 + 30G4

= 12
∑

n≥2

(2n− 1)G2nz2n−4 + 6
∑

p≥2

∑

q≥2

(2p− 1)(2q − 1)G2pG2qz
2p+2q−4 .

8,& 34-9:,-&'-&;-(*5-,0 -(*,<' <-(-,'= +,- >-0%?@'?&*A 2

B@-:,-55 -(0)5' C%&

"D# 7G8 = 3G2
4 , 11G10 = 5G4G6 , 143G12 = 42G4G8 + 25G2

6 = 18G3
4 + 25G2

6

?&+ +%=

 !"!##$" '&  !" k ≥ 8 #$%&

Gk ∈ Q[G4, G6].

 !"!##$" (& 4($ Ω ($. 5$&&(" $. C 0$& 6+#(78"$#(. !"!#$%#&$$9:.;<"$<.&(.
g2 +.' g33 =('( $. ($.(0 5(>$(& G ⊂ C 0("-0-"?7(@ .$7&B*-.,&<.&( C8,+.# f
'(" D$E("(.&$<%#%($7+.#

f ′
2

= 4f 3 − g2f − g3

2$"' '+"7 f(z) = ℘(z + w) , z ∈ G@ 0$& #(($#.(&(0 w ∈ C #(#(>(.3 :,& f ∈ M

($.( ,-%7( C8,+.#@ '<.. $,& Ω '<, F("$-'(.#$&&(" ;-. f 3 D<, 5$&&(" Ω $,& '+"7
g2(Ω) +.' g3(Ω)@ <%,- <+7 '+"7 G4(Ω) +.' G6(Ω) ($.'(+&$# >(,&$00&3

1(2($,3 B-, f -,&- ,& G C-(4C4(@0-E &,0'.F4&='%&'- GH=?&* +-( %&*-*-<-.
&-& I,J-(-&',%5*5-,0?&*A K=' f ,& -,&-( 3(-,==0-,<- U ⊂ G ?C u 0454C4(@0
?&+ f ′ ?&*5-,0 L?55 ,& U E +%&& *,5' <-, *--,*&-'-( M%05 -,&-( M?(:-5 f ′ =
√

4f 3 − g2f − g3A L%0 G-CC% 1A > N)05' C%& &?& -,& w ∈ C C,' ℘(w +u) =
f(u) ?&+ +%(O +%(P<-( 0,&%?= &40 ℘ ′(w + u) = f ′(u) %&&-0C-&E ,&+-C C%&
**OA w +?(0 −w−2u -(=-':'A I,- Q?&F',4&-& f(z) ?&+ g(z) := ℘(z+w) *-&P*-&
+-( *5-,0-& I,J-(-&',%5*5-,0?&* RA S(+&?&* ?&+ =',CC-& ,C T?&F' u P<-(-,&A
I%&& O45*' f(z) = g(z) OP( %55- z ∈ U %?= +-C 8U,='-&:. ?&+ 8,&+-?',*F-,'=.
=%': ";*5A MA  &*%!# V1WWW℄E YY#A I-( K+-&',')'==%': ,C@5,:,-(' f(z) = g(z)
OP( %55- z ∈ GA I,- O-05-&+- >-0%?@'?&* O45*' &?& %?= +-( Z%'=%0-E +%== OP(
+,- ℘.Q?&F',4& &%0 +-C 34&='(?F',4&=.B%': R +%= T-(,4+-&*,''-( *5-,0 +-(
T45='-55-&C-&*- ,='A 2



 !  !"#$%& '( )&&#"$#*,% -./0$#1/%/

 !"!#$%&'( "# $%&''& (&) *+,&)&#%+-'.'&+01#. 234 5-## 6-# 7&+ .&.&7&#&)
)-%+8#-'&) 91#5%+8# R -''.&6&+#&) #-0 :;<1#.&# w = f(z) (&) <8 .&#-##%&#
 !"#$!%'(" )!*(+(",!-./.(!'0"/

2=4 w′n = R(z, w)

>?) .&.&7&#&< n ∈ N >)-.&#@ A< .+'% 0+&) (&)

)*+, -.&  !"#$%&'( %&/ )*'&+!( 1(%!,2, 2=4 (!"( -03 C $(+#$#+4'(
0"5 ,+-"%2("5(",( 67%0"/8 5-"" !%, R(z, w) (!" 9#.:"#$ !" w ;#" (!"($ <+-5
≤ 2n=

A+#&# 1(>(!% B#(&% 6-# +# A@  !""#C ?+5!"-+: 5!*(+(",!-. (@0-,!#"% !" ,'(
#$4.(A 5#$-!"C D@ E+'&FC G&H I8)5 3JKLC M0&8)&6  @L@ @ A+#& N'-<<+B5-%+8#
(&) 7+#86+<0&# *+,&)&#%+-'.'&+01#.&# 7&<0)&+7% G@ $%#!&'#%(C O-%0@ "##@
011C PLQRPK 23JKJ4@

1( 23& 4!#'5!37 /!# 839!#!&+3*5'5!37%&'!&( G&7&#

234 ℘ ′2 = 4℘3 − g2℘− g3

H-) +# $-%S P@Q (+& *+,&)&#%+-'.'&+01#.

2P4 ℘ ′2 = 4(℘− e1)(℘− e2)(℘− e3)

0&).&'&+%&% H8)(&#@ *-7&+ H-)&# e1, e2, e3 H+& +# P@Q2Q4 (1)0

2Q4 ek = ℘(ωk/2) , k = 1, 2, 3 , ω3 := ω1 + ω2C

(&B#+&)%C H&## ω1, ω2 &+#& T-<+< U8# Ω +<%@ *- ℘ 6&0) -'< ()&+ U&)<0+&(&#&
E&)%& -##+66%C &).+7% &+# V&).'&+0 >?) &+#& W#7&<%+66%& X ?7&) C (&#

)*+,( B% /!.,

4X3 − g2X − g3 = 4(X − e1)(X − e2)(X − e3).

"1< N8)8''-) P@ " >8'.% (-##

:.#.55*# ;( CD+ D (+ C 0"- 'E"/!/( F" (%,!$$,( X, Y /!.,

K(Ω) ∼= C(X)[Y ]/I(X, Y )C

>("" I(X, Y ) 5-% ;#" Y 2 − 4X3 + g2X + g3 !" C(X)[Y ] (+2(0/,( G-04,!5(-.
!%,=

A+# N8&XS+&#%&#U&).'&+0 +6 $-%S &).+7% (-<

:.#.55*#  ( B% /!.,

2 4 0 = e1 + e2 + e3C

2=4 g2 = −4(e1e2 + e2e3 + e3e1)C

2L4 g3 = 4e1e2e3@



 ! "#$  !"!#$%#&$$%'$ ℘()*+,-#.+  !

 !"!##$" %&  ! "#$%

g3
2 − 27g2

3 = 16(e1 − e2)
2(e2 − e3)

2(e3 − e1)
2 6= 0.

&'('#!) "#$ % & '() %*& +,-./$ 01( 2'(.-4$

%∗& g2 = 2(e2
1 + e2

2 + e2
3) 5267 g2

2 = 16(e2
1e

2
2 + e2

2e
2
3 + e2

3e
2
1)7

8+#$+, +,9+5+( % & '() %*& )1(( 1'- (:-

2(e1 − e2)
2 = 2(e2

1 + e2
2)− 4e1e2 = 2g2 − 2e2

3 + 4e3(e1 + e2) = 2g2 − 6e2
3,

1/4:
(e1 − e2)

2 = g2 − 3e2
3.

;1 )#+ )',- 2<=/#4-+ >+,$1'4-'(9 )+, e1, e2, e3 +($4$+-+()+( ?+2#+-'(9+(
+5+(@1//4 9A/$#9 4#()B -1$ 01(

16(e1 − e2)
2(e2 − e3)

2(e3 − e1)
2 = 16(g2 − 3e2

1)(g2 − 3e2
2)(g2 − 3e2

3)

= 16g3
2 − 3 · 16g2

2(e
2
1 + e2

2 + e2
3) + 9 · 16g2(e

2
1e

2
2 + e2

2e
2
3 + e2

3e
2
1)− 27 · 16e2

1e
2
2e

2
3 .

8+9+( %∗& '() %C& #4$ )#+ ,+-$+ D+#$+ 15+, 9/+#- g3
2 − 27g2

37 E1- F7G%C& 4#()
e1, e2, e3 H11,6+#4+ I+,4-#+)+(7 2

%J& ∆ := ∆(Ω) := g3
2 − 27g2

3

(+(($ 01( )#+ *#!+,#-#./.%' '()

%K& j := j(Ω) := (12g2)
3/∆

)#+ /0!1$2%' 3.4/,#/.%' )+4 L#$$+,4 Ω7 "#$ M:,://1, ? '() N @:/9$ )14

 !"!##$" '&  ! "#$%

j = −4 · 123 ·
(e1e2 + e2e3 + e3e1)

3

(e1 − e2)2(e2 − e3)2(e3 − e1)2
.

 !"!##$" (& 56, λ :=
e2 − e3

e1 − e3

"#$%

j = 256 ·
(1− λ + λ2)3

λ2(1− λ)2
.

)*+*",-./*.& 1& ;#+ ;#4=,#0#(1($+ ∆ #4$ %5#4 1'@ +#(+( O1=$:,& 2'9/+#- 1'-
)#+ ;#4=,#0#(1($+ )+4 P:/<(:04 f(X) := 4X3− g2X− g3 #0 D#((+ )+, Q/9+5,1
%I9/7 '( )&*+ R!SSG℄B >B U !V&W ;:,$ 6#,) )#+ ;#4=,#0#(1($+ )+4 P:/<(:04 f
%5#4 1'@ +#(+( O1=$:,& 1/4 )#+ 7'!2$%/.%' I:( f '() f ′ +,=/.,$B 1/4: )',-

det













4 0 −g2 −g3 0
0 4 0 −g2 −g3

12 0 −g2 0 0
0 12 0 −g2 0
0 0 12 0 −g2













= −64∆.



 ! "#$ $%$&$'()*$ +,$-*#$  !"

 !"#$  ! "#$% Mk = {0} &'( k < 0)

*+,+#!) #$& '()*+, -./ f .012-133 456 $331 τ 7-/ Im τ ≥ 1
2

√
3 81.&69:;/) <$ k

:1=$/-> -./? =-3/ @-1. @$:: $A& 456 f̃ ) #A: ;$:: 7$: @-1 B6C0C.-/-C: $A4 ϕ = f̃
$:D1:@1: A:@ .-1&/? @$.. f̃ $A4 H 81.&69:;/ -./)

($: 1:/D-;13/ f -: 1-:1  !"#$%#EF1-&1 A:@ 16&93/ 456 @-1  !"#$%#EGC1H2-I
1:/1: =179J K'L,

αf(m) = e2πmy·
1

∫

0

f(x+ iy) · e−2πimxdx , m ≥ 0)

(-/ ' , 4C3=/

|αf (m)| ≤ y−k/2 · e2πmy·
1

∫

0

f̃(x+ iy)dx ≤ C · y−k/2 · e2πmy

7-/ 1-:16 >C: y A:$8&9:=-=1: GC:./$:/1: C) <$ @-1 3-:;1 M1-/1 181:4$33. :-&/
>C: y $8&9:=/? ;$:: 7$: @1: N-71. y → 0 8-3@1: A:@ 16&93/ αf (m) = 0 456
$331 m ≥ 0? $3.C f ≡ 0) 2

%$ &!' (!*'"+, -./  !"#$%#012.3#4.5".5$ O56 f ∈ Mk D-6@ f̃ D-1 -:
!' , 16;396/)

 !"#$ -'( k > 0 ./0 f ∈ Mk "#$%1
$, f̃ #!% "+/2. 02// 2.& H 3+!5(6/7%8 ,+// f ∈ Sk "#$%) 9/ 0#+!+: -2$$ +;#!%#+(%
+#/ w ∈ H :#% 0+(  #"+/!52&%

f̃(τ) ≤ f̃(w) &'( 2$$+ τ ∈ H.

8, 9!% f ∈ Sk8 !< "#$%

αf (m) = O
(

mk/2
)

&'( 2$$+ m ∈ N.

*+,+#!) $, P./ f 1-:1 M0-/21:4C67? .C -./ f̃ D1=1: N177$ L 456 Im τ ≥ 1
2

√
3

81.&69:;/) <-1 Q1&$A0/A:= 4C3=/ :A: $A. B6C0C.-/-C: !) P./ A7=1;1&6/ f̃ 81I
.&69:;/? .C .-:@ D1=1: N177$ L $A& αf(0) · yk/2 -: F 81.&69:;/) RA. k > 0
4C3=/ αf (0) = 0? $3.C f ∈ Sk) <-1 ST-./1:2 >C: w 16=-8/ .-& $A. limy→∞ f̃(τ) = 0
:$& N177$ L)
8, ($: 1:/D-;13/ f -: 1-:1  !"#$%#EF1-&1 A:@ D-1 -7 Q1D1-. >C: M$/2 ! 4C3=/

|αf(m)| ≤ C · y−k/2 · e2πmy 456 y > 0)

<$ @-1 3-:;1 M1-/1 :-&/ >C: y $8&9:=/? @$64 7$: 61&/. y = 1/m , m > 0?
1-:/6$=1: A:@ 16&93/

|αf(m)| ≤ C · e2π ·mk/2,

$3.C @-1 Q1&$A0/A:=) 2



 !"  !"#$%& '''( )*+,&-*./%0

 !"#$%&'(  ! "#$#%'(# A(H) )%# *#(+# ,--#. /0)1-0 2 3#.%0)%!'#(4 ,15 H ∪ {∞} '0-06
/0.3'#( 71(89%0(#( f : H → C /%9 $1+#':.%+#.  !"#$%#;<#%'# )#. 70./

f(τ) =
∞
∑

m=0

αf (m) · e2πimτ , τ ∈ H4

+#/=> ?#//, @A A(H) %!9 0B#(",. #%(# C;C-+#".,4 )%# ,--# +,($#( *0)1-50./#( #(9'=-9A
 ! "#$#%'(# B(H) )%# D#%-/#(+# )#.E#(%+#( f ∈ A(H)4 $1 )#(#( #! #%( ℓ ≥ 0 +%"9 /%9 )#.
 %+#(!',59

αf (m) = O(mℓ) 5F. m ≥ 1A

7F. f ∈ B(H) !#9$9 /,(

κ(f) := inf
{

ℓ ≥ 0 ; αf (m) = O
(

mℓ
)

5F. m ≥ 1
}

A

2G B(H) %!9 #%(# H(9#.,-+#"., I0( A(H)A J3#$%#-- +%-9 5F. f, g ∈ B(H)K
,G κ(f + g) ≤ max{κ(f), κ(g)}4
"G κ(f · g) ≤ κ(f) + κ(g) + 1A

@G L!9 f ∈ A(H) 1() (Im τ)κ · f(τ) 5F. #%( κ ≥ 0 ,15 H "#!'.=(894 ),(( +#':.9 f $1 B(H)
/%9 κ(f) ≤ κA
MG L!9 f ∈ Sk4 !0 +#':.9 f $1 B(H) /%9 κ(f) ≤ k/2A
NG L!9 f ∈ B(H)4 !0 80(I#.+%#.9 )%# &$#$()%*;<#%'#

Df(s) :=

∞
∑

m=1

αf (m) ·m−s

5F. s ∈ C /%9 Re (s) > κ(f) + 1 ,"!0-19A
OG P%# 71(89%0( f(τ) = ϑ(2τ) QI+-A  AMG +#':.9 $1 B(H) /%9 κ(f) = 0 1() Df (s) = 2ζ(2s)A
RG B(H) %!9 #%(# #'9# H(9#.,-+#"., I0( A(H)A
SG T1 f ∈ Mk )#U(%#.9 /,( #%(# 71(89%0(

f∗ : H −→ C , τ 7−→ f(−τ).

P,(( +%-9 f∗ ∈ Mk 1() f∗∗ = f A P%#  !"#$%#;V0#W$%#(9#( I0( f !%() +#(,1 ),(( .##--4 X#((
f∗ = f A P%#  !"#$%#;V0#W$%#(9#( I0( f !%() +#(,1 ),(( .#%( %/,+%(=.4 X#(( f∗ = −f A
YG Mk "#!%9$9 #%(# Z,!%! ,1! +,($#( *0)1-50./#( /%9 .##--#(  !"#$%#6V0#W$%#(9#(A
[G f ∈ Mk %!9 +#(,1 ),(( #%(# J3%9$#(50./4 X#(( #! $1 E#)#/ γ > 0 30!%9%I# V0(!9,(9#( α
1() β +%"94 !0 ),!!

|f(τ)| ≤ α · e−βy 5F. ,--# τ ∈ H /%9 y ≥ γ.

2\G J#% f ∈ Mk 1() ρ = 1

2
(1 + i

√
3)A  ! +%-9 f(i) = 04 5,--! k 6≡ 0 (mod 4)4 1() f(ρ) = 04 5,--!

k 6≡ 0 (mod 6)A
22G 7F. f ∈ Sk 1() r ∈ Q +%-9

lim
y↓0

f(r + iy) = 0.

7F. f ∈ Mk4 f /∈ Sk4 k > 0 1() r ∈ Q +%-9

lim
y↓0
|f(r + iy)| =∞.



 ! "#$%&$#'#  !"

 !" #$%&'%$($

 ! "#$  !"#$"%#!$%&$#'$(!#$% &'())$)+%, -%$).$%'% /01 2(,3% 4567'/518%,
)$,6 6$%  !"#$"%#!$ !"#$"%

Gk(τ) :=
∑

m,n

′
(mτ + n)−k /01 k ≥ 3 2(,39 :

2%8;< => >"9?: @3A> =>B>?9 :> #(@%$ )5'' 6%1 CD1$+ (8 C788%,3%$+%, @%6%7D%,E
6()) 6$% C788% 0@%1 (''% F((1% (m, n) ∈ Z×Z 8$D (m, n) 6= (0, 0) 37 %1)D1%&%,
$)D> G@A5+' 6$% A%)%,D'$+%, H$2%,)+(/D%, 6%1 Gk @%1%$D) $, =>IJ +%12%'%$D%D
A716%,E )5''%, +$%1 %$,$2% 6(K5, 8$D (,6%1%, -%A%$)%, ,%7 @%210,6%D A%16%,L

)*+,+-#.#+(! &' (")"* +,*-./0'* K #% H 1#20 "3 -,3#0#4" +,%30.%0"% γ '%)
δ *#0

γ · |mi+ n| ≤ |mτ + n| ≤ δ · |mi+ n|

567 .88" m, n ∈ R '%) .88" τ ∈ K9

:";"#39 M7) N5852%,$D;D)210,6%, 6(1/ 8(, m2 + n2 = 1E (')5 |mi + n| = 1
K51(7))%D3%,> #(,, ,$88D (@%1 6$% )D%D$2% O7,&D$5,

(τ, m, n) 7→ |mτ + n|

(7/ 6%1 &58.(&D%, 4%,2% K×{(m, n) ∈ R×R ; m2+n2 = 1} %$, 4$,$878 γ
7,6 %$, 4(P$878 δ (,> #( Im τ /01 τ ∈ K 671+ %$,% .5)$D$K% Q5,)D(,D% ,(+
7,D%, @%)+1;,&D $)DE 2$'D γ > 0> 2

=, M,('52$% 37 => >" %1+;'D 8(, ,7, 6()

/+(0$*1$(2%3$445! <67 k ∈ Z= k ≥ 3 #30 Gk .23,8'0 '%) /,*-./0 18"#$*?@#1
/,%4"71"%09 A.*#0 #30 Gk "#%" $,8,*,7-$" <'%/0#,% .'5 H9

:";"#39 R(+ 6%1 F15.5)$D$5, @1(7+D ,71 6$% Q5,K%12%,3 K5,
∑

m,n

′
(m2 + n2)−α /01 α > 1

@%A$%)%, 37 A%16%,> #%, A5+' %$,/(+)D%, -%A%$) +$%1/01 S,6%D 8(, @%1%$D) @%$
&#!#'"%'("" 9B.0$9 C"7/" DE   T:L 4$D N$'/% 6%1 U,2'%$+7,2 m2+n2 ≥ |mn|
%1+;'D 8(,

∑

E

(m2 + n2)−α ≤ 4
∑

m≥1

m−2α + 4

(

∑

m≥1

m−α

)2

≤ 4(ζ(2α) + ζ2(α)) < ∞

/01 α > 1 7,6 V%6% %,6'$+% W%$'8%,2% E K5, (Z× Z) \ {(0, 0)}> 2
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#$%& &$%'(*& +,%-&./&%0 12345 6575819:: $-; <(- ',43&%<& =>(%-',>?(;$,%-2&>@
*(4;&% <&>  !"#$"%#!$@A&$*&%5

 !"#$%&!'"()&#$*+,''"-  !" k ∈ Z# k ≥ 3 $%& '(() M ∈ Γ *+(, Gk|kM =
Gk# &- .-

18: Gk(Mτ) = (cτ + d)k ·Gk(τ) , τ ∈ H5

/)0)+1- B&3&%

(m ·Mτ + n) · (cτ + d) = m′τ + n′ ?$; (m′, n′) = (m, n) ·M

</>*4C/'; %(* <&? D./$2(4&%0EF(;0 65 59 ?$; (m, n) (/* (m′, n′) (44& G((>&
3(%0&> H(*4&% 3&%(/ &$%?(45 2

I$; M = −E &>*C4; ?(% <(-

.&!&//"! 0- 21 *+(, Gk = 0 3!" $%*)"'&)1 k ≥ 3-

J/- +(K$;&4 6 LM&>%&*?&% N$> <&% F(;0 758O <&--&% P&N&$- Q&$%&% <$>&Q;&%
P&0/3 0/> =*&,>$& <&> &44$K;$-*&% R/%Q;$,%&% M&%S;$3;&T RL> 3&>(<&- k ≥ 4
3$4;

Gk(τ) = 2ζ(k) + 2 · (2πi)k

(k − 1)!
·
∞
∑

m=1

σk−1(m) · e2πimτ .1U:

#- $-; 0N&Q?CV$3O %&M&% <&> A&$*& Gk (/* <$& %4"5+)",)  !"#$"%#!$EA&$*&

G∗
k :=

1

2ζ(k)
·Gk , k ≥ 4 3&>(<&,17:

0/ M&;>(*;&%5 W( X&<&- G((> 3(%0&> H(*4&% (m, n) ∈ (Z × Z) \ {(0, 0)} -$*
&$%<&/;$3 $% <&> R,>? (m, n) = (tµ, tν) ?$; t ∈ N /%< ;&$4&>'>&?<&% µ, ν ∈ Z

-*>&$M&% 4C--;O *(; ?(% (/*

17Y: G∗
k(τ) =

1
2
·

∑

ggT (m,n)=1

(mτ + n)−k , k ≥ 4 3&>(<&5

B$> N,44&% &$%& N&$;&>& W(>-;&44/%3 2,% G∗
k *&>4&$;&%5 W(0/ -&$

19: Γ∞ := {±T n ; n ∈ Z} = {M ∈ Γ ; c = 0}5

ZM : Γ∞ \ Γ[ M&<&/;&;O <(-- M &$% \&>;>&;&>-]-;&? V <&> A&*;-%&M&%Q4(--&%
2,% Γ %(* Γ∞ </>*4C/';O (4-,

⋃

M∈V
Γ∞M = Γ /%< Γ∞M 6= Γ∞N 'L> M, N ∈ V ?$; M 6= N 5

6? ^$%M4$Q (/' <(- #>3C%0/%3-E_&??( 66585 ',43;

1!: G∗
k(τ) =

∑

M :Γ∞\Γ

1|kM(τ) =
∑

M :Γ∞\Γ

(cτ + d)−k 'L> 3&>(<&- k ≥ 45



 ! "#$%&$#'#  ! 

"#$ %&'(&$)&* $+$ ),&  !"#$ "# $%&'#( -%./0 10 %#&&#$'2 30 (*!&+,
*#$ 45665℄2 8#*9   0:0 ;

2ζ(k) = −(2πi)k

k!
· Bk , k ≥ 2 .&'#)&,-<;

(=>&, ),& &'?*&$ -#$./!""0@)*"(#+ Bk .&.&>&$ ?,$) )+'B

-C;

D 2 4 6 8 10 12 14

Bk
1
6

− 1
30

1
42

− 1
30

5
66

− 691
2730

7
6

− 2k
Bk

−24 240 −504 480 −264 65520
691

−24

E+? -:; &'BF/* G#$ )#$$

G∗
k(τ) = 1− 2k

Bk
·
∞
∑

m=1

σk−1(m) · e2πimτ , k ≥ 4 .&'#)&.-H;

I#? >&)&+*&* ,$?>&?=$)&'&

- 6; G∗
4(τ) = 1 + 240 ·

∞
∑

m=1

σ3(m) · e2πimτ 2

-  ; G∗
6(τ) = 1− 504 ·

∞
∑

m=1

σ5(m) · e2πimτ 0

J#B ),&?&$ K='>&'&,*+$.&$ 9&,.* ?,B2 )#?? ),& K&D*=''F+G& )&' .#$9&$ "=L
)+/M='G&$ MN' .&'#)&? 3&(,B* k ≥ 4 $,B* $+' #+? )&' J+// >&?*&B&$O

 !"#$ $,& -#&*.# k ≥ 4 -/(01
#; Gk ∈ Mk0
>; Mk = C ·Gk ⊕ Sk = C ·G∗

k ⊕ Sk0

2#3#/ 4 #; "#$ %&'(&$)&* )#? P=$%&'.&$9@Q&GGG# ?=(,& -5; +$) -:;0
>; RN' f ∈ Mk ,?* f − αf (0) ·G∗

k &,$& 8S,*9&$M='G0 2

%&'&((!' )$ $,& -#&*.# k ≥ 4 5+. f ∈ Mk -/(0

αf (m) = −αf (0) ·
2k

Bk
· σk−1(m) + O

(

mk/2
)

, m ∈ N.- 5;

2#3#/ 4 "#$ %&'(&$)&* T&,/ >; )&? 8#*9&?2 -H; +$) T&,/ >; %=$ 8#*9  0!0 2

U&.&$

mr ≤ σr(m) =
∑

d|m

dr = mr
∑

d|m

d−r ≤ ζ(r) ·mr

MN' r > 1 M=/.* ?S&9,&//
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# $% αf(m) = O(mk−1) &'( )**+ f ∈ Mk , k ≥ 4 ,+()-+.

/0- -1+2+ 3426789/0, :)00 &'( f /∈ Sk 0168 ;+(4+22+(8 <+(-+0=

>+1 -+0  !"#$"%#!$?@+16+0 8(+8+0 ,+<122+  !"#$%#&''%()'')# )/&A

 !""#$%""%&'(%))*+ )% *% $+'( Gk(i) = 0 ,-. k 6≡ 0 (mod 4)/ %0)1+)'' 2"( 3"#
G6(i) = 04
4% *% $+'( Gk(ρ) = 0 ,-. k 6≡ 0(mod 6)/ %0)1+)'' G4(ρ) = 0 , ρ := 1

2
(1 + i

√
3)4

5)!)+%4 B2 ,1*8 i(Zi+ Z) = Zi+ Z /0- ρ(Zρ+ Z) = Zρ+ Z <+,+0 ρ2 = ρ− 1=
3/&,(/0- -+( )42C*/8+0 DC0;+(,+09 -+( @+16+0 # % 6)8 E)0 -)6+( Gk(i) =
i−k ·Gk(i) /0- )0)*C, )/6 Gk(ρ) = ρ−k ·Gk(ρ)= 2

,%)%-.!&/+ F)0 :)00 -1+ G),+ -+( H/**28+**+0 +8<)2 ,+0)/+( 4+26(+14+0=
H)6 +10+E @+2/*8)8 ;C0 I=D=J= &'$(!$ /0- K=L=I= )*!$$#+%,$-./#+
#>/**= GC0-= F)86= MC= 0.  !N? OP # NOP%% *1+,+0 &'( ,+()-+2 k > 2 -1+ H/**Q
28+**+0 ;C0 Gk 10 F )/& -+E B106+182:(+12= F)0 ;+(,*+16+ -)9/ )/6 >= )1,#2
$#3#+4 R NOS℄. UUU= =!=

0+ 12% 12#.-2)2&*&$% ∆ </(-+ 4+(+182 10 U=$=S#O% +10,+&'6(8 /0- 10 U=S=$
)/2&'6(*16+( 4+6)0-+*8= H)6 U=S=$# % 128 21+ -/(6

# % ∆ := (60G4)
3 − 27(140G6)

2

-+V01+(8= W)2 X()02&C(E)81C02?G+EE)  +(,148 2C&C(8

#"% ∆(Mτ) = (cτ + d)12 ·∆(τ) &'( )**+ τ ∈ H /0- M ∈ Γ

/0- -+( M)89 U=S=$ 9+1,8. -)22 ∆ +10+ 5,6+!#+?B08<1:*/0, -+( IC(E

#$% ∆(τ) = (2π)12 ·
∞
∑

m=1

τ(m) · e2πimτ , τ ∈ H.

4+21898. 4+1 -+( )**+ DC+Y91+08+0 τ(m) ,)09+ Z)6*+0 210- /0- τ(1) = 1 ,1*8=
B10+ :/(9+ X)4+**+ -+( τ(m) 6)88+0 <1( 10 U=S=$#!% 0C81+(8=

3/2 # %. #"% /0- #$% +(67*8 E)0 -+0 <1681,+0

3*$4+ *% $+'( ∆ ∈ S12=

3*2 <1681,28+ 30<+0-/0, -+( X6+C(1+ -+( +**1[8126+0 I/0:81C0+0 ;+(E+(:+0
<1( -1+ H/**28+**+0&(+16+18 ;C0 ∆ 0)6 DC(C**)( U=$=SJ 2C<1+ -1+ L(C-/:8+08<1:Q
*/0, 0)6 U=!=\# %= ]1( <+(-+0 -1+2+ X)82)6+0 61+( #0C6% 0168 ;+(<+0-+0.
2C0-+(0 10 M)89 S= /0- DC(C**)( !=" 0+/+ >+<+12+ ,+4+0=

3/6 61+( 128 +2 9<+:E7^1,. +10+ 0C(E1+(8+ _+(21C0 ,+2C0-+(8 9/ 4+9+160+0=
UE K104*1: )/& #$% -+V01+(8 E)0 -1+ #6.3+).() 7+%8.+3+#"#() -/(6

#S% ∆∗(τ) := (2π)−12 ·∆(τ) =
∞
∑

m=1

τ(m) · e2πimτ , τ ∈ H=



 ! "#$%&$#'#  !"

#$%  &'()  &*( +,-  &.( /01$23$01% 45, 60%3% 47809:;

∆∗ =
1

1728
(G∗3

4 −G∗2
6 ).&<(

#+9%$=9$3$01% 45, -$0  !"#$%#>?0$80, $, &<( @:1459 5+;) ;: 01;80$,0, -$0 B:0@>
23$0,%0, $, 0/$-0,%01 C0$;0 59; D5,30 E5890,F #5, G$1- @15D0,) :H 0$,0 I/01,7,@>
%$D0J 0$,@580 51$%840%$;80 K0;810$H+,D -01 B:0L3$0,%0, τ(m) 0M$;%$01%F K$;
80+%0 $;% 0$,0 ;:980 60-:8 ,$8% D0@+,-0, G:1-0,F N58 5+;@7819$80, ,+40>
1$;80, K0108,+,D0, &7H01 m = 1015 8$,5+;( 85% OFPF &%'(%# &O+Q0 #5%8F
RF  !) 'STU'"" & T'*(( -$0 V014+%+,D 5+;D0;=1:80,) -5;; τ(m) 6= 0 @71 5990 m
D$9%F K$;801 $;% Q0$, K0G0$; -$0;01 &%'(%# "#$ %#&'()($* H0Q5,,%F

"# $%&'&()*)  !"!#$%!# & ..*U TSW( G+1-0 $, 0$,01 ;7-$,-$;80, B90$,>
;%5-% $, -01 NX80 /:, #5-15; D0H:10,F N58 YFPF )*#+, G51 01 ,+1 I859HU
D0H$9-0%J +,- H9$0H :8,0 H0;;010 Z+;H$9-+,DF [0$,0 G$;;0,;85@%9$80 \,%G$Q>
9+,D G51 5H01 ;: 0$,3$D51%$D) -5;; ;$0 ;$8 ,$8% 4$% -01 0$,0; 5,-010, #5%80>
45%$Q01; /01D90$80, 9X;;%] Z, P5,- /:, 0$,@580, ^081H7801, 901,%0 01 -$0
Y1+,-95D0, -01 Z,59_;$;F `4  TW" H0D5,, 01) ;0$,0 \,%-0Q+,D0, &:8,0 K0>
G0$;( $, ;0$,0, +,)#-,,. 5+@3+;810$H0,) H$; 0%G5  T W 90H%0 01 /a99$D 5+@ ;$8
5990$, D0;%099% ,+1 @71 ;0$,0 #5%8045%$QF

b, 0$,04 K1$0@ 5, YFPF )*#+, %0$9%0 01 -$0;04 0$,$D0 ;0$,01 \1D0H,$;;0 4$%F
N58 +,- ,58 7H014$%%09%0 01 )*#+, 0%G5  SW c80:1040 7H01 40$;% @:145>
90 b-0,%$%X%0, +,- &%0$9G0$;0 @59;80 :-01 +,1$8%$D @:14+9$01%0( Z+;;5D0, 3+1
d1$43589%80:1$0F \$, c0$9 -01 /:, $84 5,D0D0H0,0, e:1409, G51 Q:4=9$3$01%
+,- 01;8$0, %$0f$0D0,-F Z+@ \$,95-+,D /:, )*#+, H0;+8%0 -*(*."/*.
/:,  T ' H$;  T * g54H1$-D0 +,- 0$,0 7H015+; @1+8%H510 E+;5440,51H0$%
3G$;80, H0$-0, H0D5,,F -*(*."/*. ;%51H $4 Z9%01 /:, "S R5810, $, ;0$,01
P0$45%;%5-%F

Z+@D1+,- ,+401$;801 ?08,+,D0, &01 D$H% -$0 C01%0 /:, τ(m) @71 m ≤ 30 5,(
/014+%0%0 -*(*."/*.) -5;; -$0 35890,%80:10%$;80 e+,Q%$:, τ(m) '(/)01/0.23
)04 $;%) -F 8F) -5;;

τ(mn) = τ(m) · τ(n) @71 5990 %0$901@104-0, m, n ∈ N

D$9%F O$0; G+1-0 Q+13 -515+@ /:, ^FRF 0!#+%11 &d1:F g54H1$-D0 d8$9F [:F
 +)   *U S' & TSW(( H0G$0;0,F C$1 D0H0, 0$,0, 5+@ \F )%3% 3+17QD080,-0,
K0G0$; $, [5%3 bVF F'F

-*(*."/*. 0,%-0Q%0 H3GF /014+%0%0 0$,0 D5,30 ?0$80 /:, B:,D1+0,3U\$D0,>
;85@%0, -01 B:0L3$0,%0, τ(m)F [: D$9% 3F KF

τ(m) ≡ σ11(m) (mod 691) @71 5990 m ∈ N

&/D9F !#,(F \1 /014+%0%0 B:,D1+0,30, -01 e:14

τ(7m+ 3) ≡ 0 (mod 7) +,- τ(23m+ k) ≡ 0 (mod 23) @71 m ∈ N,
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#$%% k $&% '( )$%*%%+$, -.*/,*+&'1$, 2&1+,$'+ 3(/.4( 23 &'+5

6&$ '7$8+*8.49,'+$ :(%  !"!#$%!# *.')$'7,(1$%$ ;$,3.+.%) +,9)+ %(1
1$.+$ '$&%$% 2*3$%< #$%% '&$ &%=#&'1$% *.1 :(% >5 &'()*#' ?>.@45 A*+15
BCDE  !< FGHIHJG ? KG"LL *4' $&% E7$=&*4M*44 $&%$, #$'$%+4&1 *44)$3$&%$,$% N.'O
'*)$ @$#&$'$% #.,/$P

 !"!#$%!#"#$%&'(')*+  !" #$$% &"'()#*$%+ p ,'$-

|τ(p)| ≤ 2p11/2.

6&$ =*14$%+1$(,$+&'1$ Q.%8+&(% τ(m) #&,/ (M+  !"!#$%!#.*% 0#12 1+3-'4+
)$%*%%+5

,-($%.('%+ R5 +#,-'./ $+ *4P 5#(#+16#+ "%7'.'-%85 N*/$3& >,$''< S('+(%
 KTT5 S5U5 0'-#,1P 5#(#+16#+9. +4-%:443. ; < ;=5 E7,&%)$,O;$,4*)< 2$# V(,8
 KTWI KK"5 S5 U5 0'-#,1< A*+15 B%+$45 /0< 2(5 H< F"IFK ? KTTL5 R5C5 2!-,3P
5#(#+16#+5 H5 N.X5< U1$4'$*< 2$# V(,8  KGT5 Y5R5  !"!#!14!#< Z5 B%/&*%
A*+15 E(5 1/<  IFW ? KTGL5 E5  !"!#$%!#P >4$$%-%8 &#?%".5 U1$4'$*< 2$#
V(,8  K!F5 E5  !"!#$%!#P @4-%:443 ; 1+8 ;;< [*+* B%'+&+.+$ (M Q.%/*3$%+*4
\$'$*,1< S(3@*]  KWG5

 2 3-$ .4567'($ 8)9.%-.)($ j &'+ )$39^ B5H5"?TL @=#5 B5"5"? L /$_%&$,+ *4'
`.(+&$%+ =#$&$, )*%=$, A(/.4M(,3$% :(3 R$#&1+ 12P

? L j := (720 G4)
3/∆ = G∗3

4 /∆∗5

j &'+ '&1$,4&1 3$,(3(,71 ?.%/ *.' /$, 2.44'+$44$%M,$&1$&+ :(% ∆ $,)&@+ '&1
'()*, /&$ C(4(3(,71&$L *.M H5 6*' [,*%'M(,3*+&(%'Ia$33*  =.'*33$% 3&+
F?FL Mb1,+ =.

?FL j(Mτ) = j(τ) Mb, *44$ M ∈ Γ .%/ τ ∈ H5

c&$ &% E*+= B5"5"N *.')$Mb1,+ #.,/$< $,194+ 3*% *.' ? L $&%$ 56$-)'-ID%+O
#&84.%) /$, Q(,3

?HL j(τ) = e−2πiτ +

∞
∑

m=0

jm · e2πimτ , τ ∈ H<

3&+ jm ∈ Z5 d.'*33$%)$M*''+ @$8(33+ 3*% /$%

:.(;2 j '.- %'+% A481$B1+3-'4+C 8D *DC %. ,'$-

j ∈ K = V0.

6*' 2.44'+$44$%Ia$33*  $,)&@+ %(1

?"L j(i) = 123 = 1728 , j(ρ) = 05

2*1 E*+= B5!5! '&%/ /&$ jm '()*, 7('&+&:$ )*%=$ d*14$%5 c&, )$@$% $&%$ 8.,=$
[*@$44$P


