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2)1,&2' 67'.,&,8, M tJM = detM · J -'&2,9 7#:: 0#. ()* 7&' +;7<12*<55'
#<>

Γ = {M ∈ Mat(2;Z) ; M tJM = J}
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/$ 60 A.:>1<:: #. 3;*;11#* B ?#.. 0#. -'&2'.9 7#:: Γ #1: 7&' C*<55' 0&, -D'&
E*-'<2'.7'. J <.7 U <.7 7'. 7'F.&'*'.7'. G'1#,&;.'. J4 = U3 = E :;D&'
J2U = UJ2 /':>*&'/'. D'*7'. ?#..@ +#. H'*21'&>' I@  !!"" J KLM℄9 OPQOO@
$ %&' C*<55' PSL(2;Z) := SL(2;Z)/{±E} &:, D'2'. R*;5;:&,&;.  @ <.7
S#,-  @M ?#.;.&:> &:;0;*5> -<* C*<55' 7'* +;7<1:</:,&,<,&;.'.@ S&' D&*7 '*T
-'<2, H;. 7'. +;7<1:</:,&,<,&;.'. τ 7→ Jτ = −1/τ <.7 τ 7→ Uτ = 1 − 1/τ
7'* U*7.<.2 ! <.7 M@ A1:; &:, PSL(2;Z) 7#: (*'&' R*;7<?, -D'&'* -V?1&:>'*
C*<55'. 7'* U*7.<.2 ! <.7 M@
7$ %&' B'-'&>.<.2 7'* +#,*&-'. W $ 0&, J /-D@ T WD'2'. X6.H;1<,&;.Y <.7
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W $ F :=
{

τ ∈ H ; −1

2
< Re τ ≤ 1

2
, |τ | ≥ 1 <.7 |τ | > 1 ()* − 1

2
< Re τ < 0

}

<.7 H'*#.:>#<1&>' :&> F #. 7'* .'T
/'.:,'>'.7'. \&2<*@ U]'./#* D&*7 F

H;. Z'&1'. 7'* C'*#7'. Re τ = ±1

2
<.7

'&.'0 B;2'. 7': E&.>'&,:?*'&:':9 #1:;
H;. Z'&1'. H;. U*,>;2;.#1?*'&:'. /'T
*#.7',@

F = {τ ∈ H ; |G' τ | ≤ 1

2
, |τ | ≥ 1},

◦

F = {τ ∈ H ; |G' τ | < 1

2
, |τ | > 1}

/'-'&>.' 7&' #/2':>1;::'.' I)11' /-D@
7'. ;]'.'. 3'*. H;. F@ %&' G#.75<.?T
,' i <.7

W!$ ρ := 1

2
+ 1

2
i
√
3 0&, ρ3 = −1

2'>4*'. -< F9 D8>*'.7

ρ2 = ρ− 1 = −ρ = −1

2
+ 1

2
i
√
3

-D#* -< F9 #/'* .&>, -< F2'>4*,@U( T('.
/#* 2&1,
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A//@  "^ %'* '_#?,' \<.7#0'.,#1T
/'*'&>

Im τ ≥ 1

2

√
3 ()* #11' τ ∈ F.WM$

+&, 7'. B'-'&>.<.2'.  W $ <.7  W"$ '*>81, 0#. 7'.



 !"  !"#$%& '''( )*+,&-*./%0

 !" #$% ∆(τ) 6= 0 &'( )**+ τ ∈ H &,*-. Sk = ∆ ·Mk−12 &'( -+()/+% k ≥ 00
  " Sk = {0} &'( k < 121 M0 = C, M2 = {0} $2/ Mk = C ·Gk = C ·G∗k &'( k = 4, 6, 8, 100
 3" 4'( -+()/+% k ≥ 0 -5*.

dimC Mk =







[ k
12

], &)**% k ≡ 2 (mod 12),

[ k
12

] + 1, &)**% k 6≡ 2 (mod 12).

 !" #$% &%'$)*+,-./%0

 ! "#$%&%'(%! #$ $%& f 6= 0 %&'% ()*+,-)./ 0)/ 1%2&45 k &/ 6&''% 0)'
 !)7 8,$) f ∈ Vk9 :;. w ∈ H %<&$5&%.5 *8'' %&'%  !"#$%&=#'52&>,+'?

@ A f(τ) =
∑

m≥r

γ(m) · (τ − w)m , γ(r) 6= 07

*&% &' %&'%. B+'>5&%.5%' C/?%D+'? 0)' w 8D$),+5 +'* >)/B8>5=?,%&4/EF&?
>)'0%.?&%.59 G&% &' H9I9 *%J'&%.5 /8' *&%  !"#$#% 0)' f &' w *+.4

@IA ordw f := r9

K&% :+'>5&)' f 485 8,$) &' w %&'% L+,,$5%,,% DM29 %&'%' N),7 O% '84*%/ )D @IA
B)$&5&0 )*%. '%?85&0 &$59

*#+,+-./.+%! &'( f 6≡ 0 )*!+)+!,- .$/ H7 '+ %01(

ordz f |kM = ordMz f /2! .11* z ∈ H $#" M ∈ SL(2;R).

&#'3*'+#"*!* -.( ).# /2! 0 6= f ∈ Vk

ordz f = ordMz f /2! .11* z ∈ H $#" M ∈ Γ.

4*5*0'6 P%>8''5,&4 ?&,5 @IA7 2%'' %$ %&'% &' w 4),)/).B4% :+'>5&)' g ?&D5 /&5

f(τ) = (τ − w)r · g(τ) +'* g(w) 6= 0.

:;. M ∈ Γ +'* z := M−1w -),?5 *8'' '84  9 @ A +'* HH9 9 @!A

(f |kM)(τ) = (cτ + d)−k · (Mτ −Mz)r · g(Mτ) = (τ − z)r · h(τ),

h(τ) = (cτ + d)−k−r · (cz + d)−r · g(Mτ) .

Q&%. &$5 8D%. h &' z 4),)/).B4 /&5 h(z) 6= 09 2

G&% &'  9I@RA 2&.* *&% S.*'+'? 0)' f &'∞ %.>,E.5T L84 @(9UVA D%$&5M5 f %&'%
'("#)$#=#'52&>,+'? *%. :)./

@UA f(τ) =
∑

m≥m0

αf (m) · e2πimτ , αf(m0) 6= 07



 ! "#$ %$&#()*+,-.$/  !"

#$% &'$ ()*+*

,-. ord∞ f := m0/

0'&1* 1(* ordw f (2)+1)33 456 '33) w '#(

,7. F∗ := F ∪ {∞}

)68396*/ :'$ %);$1)6* $<> 456 w ∈ F∗

,!. ord w :=







2 456 w = i,
3 456 w = ρ,
1 (<$(*.

?'> @@/A/B 1(* %1) C'>3 2 · ord w 456 w ∈ F D3)1> %)6 E6%$#$D %)6 F1GD6#22)
H<$ w

Γw = {M ∈ Γ ; Mw = w}

,HD3/ @@/A/B, ../ 01) &)1(*)$ I)1*)6)$ $1>*J*61H1'3)$ K6D)L$1(() L)6#>)$ $#$
%16)8* <%)6 1$%16)8* '#4 %)6

 !"#%&'()*+!,-  !" #$%# &'()*+'", f 6= 0 -', .#/$12 k 3$*24

∑

w∈F∗

1

ord w
· ordw f =

k

12
.

?'*5631> 1(* %1)( )1$) )$%31>) M#&&)N %)$$ %1) ?#33O #$% P<3(*)33)$ H<$ f
8Q$$)$ (1> I)D)$ ,B. 1$ F∗ $1>* >9#4)$/ 0)6 5#/#$6 I16% 1& I)1*)6)$ R)63'#4
%1)()( P'6'D6'4)$ '#(D)45>6*/

.- /0' 1+,0234&!5*0,- M)1 0 6= f ∈ Vk/ S16 I<33)$ %'( %1) P<3) #$% ?#33O
(*)33)$ H<$ f +9>3)$%) @$*)D6'3

∫

γ

F (τ)dτ 456 F := f ′/f, .

39$D( )1$)( S)D)( γ L)6)>$)$N %)6 )1$)& &<%1;+1)6*)$ T'$% %)( )G'8*)$ F#$O
%'&)$*'3L)6)1>)( F )$*(261>*/

F56 '33) w ∈ H D13* L)8'$$*31>

,A. reswF = ordw f /

@(* %'D)D)$ f 456 >1$6)1>)$% D6<U)$ @&'D1$96*)13 H<$ τ %#6>  ,B. D)D)L)$N
%'$$ )6>93* &'$N I)$$ &'$ %1)  !"#$%#JT)1>) H<$ f ′ %#6> %1) H<$ f %1H1O
%1)6*N )1$)  !"#$%#JT)1>) 456 F %)6 F<6&

,B. F (τ) = 2πi · ord∞ f +
∑

m≥1

αF (m) · e2πimτ /

V3( S)D γ I16% $#$ %)6 I1) 4<3D* 'LD)9$%)6*) T'$% H<$ F D)I9>3*W



 !"  !"#$%& '''( )*+,&-*./%0

•
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<

>

∨
∧

γ0γ′1 γ1

κ′1 κ1

γ′1 γ1

κ4

κ′2 κ2

κ′3
κ3

γ′2 γ2

γ′2 γ2i
−1

z z ρ

ww − 1

ρ2

$%%# &'( )*+,-./+01*23,-

)* 4,* 50678*9+,* 8*4 0* 4,*:,*0-,* ;/*478*9+,* <1* F= 0* 4,*,* f ,0*,
>8??@ 14,. A1?2+,??, %,20+B+= 30.4 4,. ;/*4 48.D ,0*,* E.,02%1-,* κ %B3# κ′

<1F ;/4082 ε > 0 0*2 )**,., <1* F ,.2,+B+# G/%,0 02+ ε 21 9?,0* B8 3HD?,*=
4/22 /8I,. ,<+?# 0F J0++,?78*9+ 3,4,. ,0*, >8??@ *1D ,0*, A1?2+,??, <1* f 0F
K1??9.,02 <1F ;/4082 ε ?0,-+# G,. L,- γ %,2+,D+ *8* /82 4,* M,./4,*@ %B3#
E.,02%1-,*2+N9,* γν , γ

′
ν %B3# κµ, κ′µ 0* 4,F /*-,-,%,*,* G8.D?/8O8*-220**#

G/%,0 02+ γ0 21 B8 3HD?,*= 4/22 f 0* {τ ∈ H ; Im τ ≥ y0} 3,4,. A1?, *1D
>8??2+,??,* D/+#

>/D L/D? <1* γ ,.-0%+ 4,. ;,2048,*2/+B 3,-,* P&Q *8*

PRQ 2πi ·
∑

w∈
◦

F

ordw f =

∫

γ

F (τ)dτ #

J/* %,/D+, D0,.= 4/22 40, ?0*9, S,0+, <1* PRQ *0D+ <1* 4,. L/D? <1* ε /%DH*-+#
$8O 4,. .,D+,* S,0+, 9/** 4/D,. 4,. T0F,2 ε→ 0 /82-,OND.+ 3,.4,*#

G/ D0,. -,3022, U,0?, <1* γ 48.D J148?28%2+0+8+01*,* /8O,0*/*4,. %,B1-,*
3,.4,* 9V**,*= %,*V+0-+ F/* 4/2 K,.D/?+,* <1* F %,0 J148?28%2+0+8+01*,*#
$82 f(Mτ) = (cτ+d)k ·f(τ) ,.DH?+ F/* 48.D ?1-/.0+DF02D, G0W,.,*+0/+01*

F (Mτ) ·
dMτ

dτ
=

kc

cτ + d
+ F (τ) ON. M ∈ Γ.PXQ

 ! "#$ %$&$ γ′ν '() γν! >/D &P'Q 8*4 4,. E1,YB0,*+,*4/.2+,??8*-  #&PRQ
-0?+ B8*HD2+

∫

γ
0

F (τ)dτ = −2πi · ord∞ f.P Q



 ! "#$ %$&#()*+,-.$/  ! 

"#$ %&()*+, -./
∫

γ′

1

F (τ)dτ +

∫

γ
1

F (τ)dτ = 0 #/&0(1/2+2 -./ ε345

(&6 $&/ 7#/1(,6 F (τ+1) = F (τ) 2*$18 4395: %#/ ;.<26 345= >& >+* ?00+<>#/2
τ 7→ τ + 1 >*/ @*2 γ′1 &#; >*/ @*2 −γ1 &00+<>*6= ).0*+ >&, A+/#,7*+(*/ >+*
B$C*(D#/2 >*D ED+*/6+*D#/2 &/2+06:

FGD M = J =
(

0 −1

1 0

)

*D2+06 4395

F (Jτ) ·
dJτ

dτ
=

k

τ
+ F (τ),3H5

&<,.

3I5
∫

Jσ

F (τ)dτ =

∫

σ

F (Jτ) ·
dJτ

dτ
dτ = k ·

∫

σ

dτ

τ
+

∫

σ

F (τ)dτ

;GD J*>*/ @*2 σ +/ H= >*D C*+/*/ K.< -./ F 6D+L6:

@*2*/ γ′2 = −(Jγ2) <+*;*D6 3I5
∫

γ′

2

F (τ)dτ +

∫

γ
2

F (τ)dτ = −k ·

∫

γ
2

dτ

τ
.

M&D&#, ;.<26

lim
ε→0

{
∫

γ′

2

F (τ)dτ +

∫

γ
2

F (τ)dτ

}

= −k ·

ρ
∫

i

dτ

τ
= 2πi ·

k

12
.395

 ! "#$ %$&$ κ′µ '() κµ! N+/> κ′3 07): κ3 >+* OD*+,0.2*/,6GC* >*D OD*+,* $+6
A+66*<P#/C6 −1/z 07): z= ,. )+D>

3 5 lim
ε→0

{
∫

κ′

3

F (τ)dτ +

∫

κ3

F (τ)dτ

}

= −2πi · ordz f :

@*2*/ H3I5 +,6 (+*D >+* <+/C* N*+6* 2<*+(

lim
ε→0

{
∫

Jκ′

3

F (τ)dτ +

∫

κ3

F (τ)dτ

}

:

%&( >*$  !"$%,(*/ Q/6*2D&<,&67 CR//*/ >+* 0*+>*/ Q/6*2D&<* >#D( *+/
Q/6*2D&< G0*D >*/ /*2&6+- .D+*/6+*D6*/ OD*+, |τ − z| = ε *D,*676 )*D>*/: M&$+6
+,6 3 5 2<*+( −2πi · reszF : @*2*/ 4345 ;.<26 >+* S*(&#P6#/2 3 5:



 !"  !"#$%& '''( )*+,&-*./%0

#$% &')*+,- ./0

1"2 lim
ε→0

∫

κ2

F (τ)dτ = −
2πi

6
· ordρ f = lim

ε→0

∫

κ′

2

F (τ)dτ

)'3 %'0 456 7,+ 8,09+ :+,3+

−resρF · lim
ε→0

∫

κ2

dτ

τ − ρ
.1∗2

;,+6 *<)83 %'0 α = α(ε) ∈ R %,3

|eiα − ρ| = ε ,
π

3
< α <

π

2
,

$07 =+>+,)0+3 %,3 ϕ = ϕ(ε) 7+0 ?,09+8
>*,-)+0 eiα $07 ρ + iε 1-,+)+ @==A "B2A C0
1∗2 -$=-3,3$,+63 %'0 τ = ρ+ εeit , π

2
+ ϕ ≤

t ≤ π
2
$07 +6)<83 456 1∗2

i · ordρ f · lim
ε→0

ϕ(ε) = −
πi

3
· ordρ f

• ρ

•
eiα

•
ρ+iε

........................................................................................................................................................
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
...
..
..
..
...
..
..
...
..
...
..
...
..
...
...
..
...
...
...
...
..
...
...
..
..
...
...
...
...
..
..
...
..
...
...
..
...
...
..
...
...
..
...
..
...
..
...
..
...
...
...
...
...
...
..
...
...
...
...
...
...
...
..

.

..

.

.

.

.

.

.

.

.

..

.

.

.

..

.

.

..

.

.

..

.

..

..

.

..

..
..
..
..
..
..
.
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
...
...
...
..
...
..
...
...
....
...
....
....
......
......
.............

....

..............................................
..
...
..
.
..
.
..
.
.
.
..
.
.
.
.

κ2

ϕ

.
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.
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@==A "BD E+6 ?+F κ2

*+F+0 "1"2A E'%,3 )'3 7'- +6-3+ C03+F6'8 ,0 1"2 7+0 =+)'$G3+3+0 ?+63A H56 7'-
>*+,3+ C03+F6'8 F+)3 %'0 +03-G6+)+07 ./6A

IJ88,F '0'8/F +6)<83 %'0 -)8,+K8,)

1L2 lim
ε→0

∫

κ4

F (τ)dτ = −
2πi

2
· ordi f

-/*,+

1B2
∫

κ′

1

F (τ)dτ +

∫

κ1

F (τ)dτ = −2πi · ordw f A

#$%  !"!#$ 7+6 M+*,)3-4/6%+8 F+)3 %'0 0$0 ./0 "1B2 '$- $07 -'%%+83 7,+
C03+F6'8+ '$4 7+6 6+)3+0 :+,3+ F+%<K 7+0 M8+,)$0F+0 1 2N 1"2 $07 1O2 ,0  
-/*,+ 1 2N 1"2N 1L2 $07 1B2A 2

 !"#$%&'(  ! "#$ 0 6= f ∈ Vk %&'(

6 )$*if + 4 )$*ρf ≡ k (mod 12), )$*if ≡ k/2 (mod 2) +,* )$*ρf ≡ k/2 (mod 3).

-! "#$ 0 6= f ∈ K &.( )$*if %/$0*/ +,* )$*ρf *+$2 3 (/&'30$4

5! 6&, ,&2(78),.(0,(/. f ∈ K9 *0. 0+: H 2)');)$<2 &.(9 20( 3/& ∞ /&,/, =)'4


