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∑
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∑
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∗r.

"# $#%&'()* +, Mk = C ·G∗
k + Sk -%. /%# 0)*
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⊕
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Mk = C⊕M4 ⊕M6 ⊕ · · · C

P*(*# Mk ·Mℓ ⊂ Mk+ℓ )9. M *)#* <'//,.%.)=* CN$&(*:;% /). L)#9*&*/*#.4
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6
)+:&% I+6(%: ,':4A

J K f(τ) =
∞

∑

m=0

αf (m) · e2πimτ , τ ∈ H, αf(m) ∈ Z ./0 +((% m ≥ 01

LM%:B+0 ',* MZ

k %': Z72-49( 9:4 %, )'(*

JNK MZ

k ·M
Z

ℓ ⊂ MZ

k+ℓ ./0 k, ℓ ≥ 01

F':% )+:&% 2-49(.-0< f ∈ MZ

k 6%'O*  !"#$%"&A P%:: αf(0) = 1 )'(*1 Q9, N1 J RK
9:4 N1 J  K .-()* G∗

4 ∈ MZ

4 , G∗
6 ∈ MZ

6 9:4 B%'4% S%'6%: ,':4 :-0<'%0*1 T+<'*
)'(* +9
6

G∗r
4 ·G

∗s
6 ∈ MZ

k ./0 4r + 6s = k

9:4 +((% 4'%,% U0-49;*% ,':4 :-0<'%0*1 2+: 4%V:'%0* :-0<'%0*% gk ∈ MZ

k ./0
k = 4, 6, 8, 10, 12 490
6

; W X "  R  N
gk G∗

4 G∗
6 G∗2

4 G∗
4G

∗
6 G∗3

4

1

T+<'* 6+* <+:

MZ

k = Z · gk ./0 k = 4, 6, 8, 101

2'* 3'(.% 4%0 :-0<'%0*%: T',;0'<':+:*% ∆∗ B%;-<<* <+: Y%*&*

6.)7)8010)% 9" '(" k ≥ 12 )$*&

JEK MZ

k = Z · g ⊕MZ

k−12 ·∆
∗ #$& MZ

0 = Z + , MZ
2 = {0}

-(" .%,%/  !"#$%"&% g ∈ MZ

k 0

#$%&'%(( ',* +(,- MZ

12 = Z · g12 ⊕ Z ·∆∗1

1%2%$/0 I9:?
6,* ',* 4'% 0%
6*% #%'*% @-: JEK %':% 4'0%;*% #9<<% @-: Z72-49(:
9:4 ': 4%0 (':;%: #%'*% %:*6+(*%:1 8/0 f ∈ MZ

k ',* f −αf (0) · g %':% #$'*&%:.-0<
': MZ

k 1 T+ +B%0 1/∆∗ +9. Z09:4 @-: N1NJWK  !"#$%#7C-%H&'%:*%: ': Z 6+*A
.-()* f − αf(0) · g = ∆∗ · h <'* %':%< h ∈ MZ

k−12 +9, U0-$-,'*'-: D1W1W1 2

F':% D:49;*'-: :+
6 k %0)'B* 4+,

4).),,$." MZ

k $/& %$ -"%$%" Z34!,+*5 ,%//% 67 ) )*%$
9 ,%" :$#% /$! ;! 
Mk $/&0 17/% ;! MZ

k (<%" Z %"9=*& #7 $ ,%" '!"#

JWK gν ·∆
∗ν , 0 ≤ ν ≤

[

k
12

]

A <>20 0 ≤ ν <
[

k
12

]

, -7**/ k ≡ 2 (mod 12)A
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k−12ν &!'($#') *$&%+ ,& %#' -!'( #$% #'./0) (1& 20#$
.4#$)$2
#$&# 51*$* %#* C67#8)!''19(* Mk+

&'() Z*+,-'- ./( MZ

k 0 1') 2345)'
7 )'() C*+,-'- ./( Mk '-80 ()((8 9,( )'()
:1&4.#$)*"1*$* ;!& Mk: ;<)2')55 '-8 ,5-/ #$% )'() =,(27)'8->,-'- ./( Mk:

?(,5/4 >)2)'
7() SZ

k := MZ

k ∩Sk 1)( Z*@/135 1)A ;<'82)(B/A9)( 9'8 4,(22,7C
5'4)(  !"#$%#*D/)E2')(8)(:

 !"#"$%&%"' () SZ

k $*) #$& <'#$#' Z6=!%90+
,% MZ

k = Z ·G∗r
4 ·G

∗s
6 ⊕ SZ

k <>' ?#%# @1.0 ;!& r, s ∈ N0 ($) 4r + 6s = k+
>% SZ

k = ∆∗ ·MZ

k−12:

?3- )'()A =,(27)'8->,-'- ./( MZ

k−12 )A7F58 9,( -/ )'() =,(27)'8->,-'- ./(
SZ

k :

5# #$*+ ,% G') H3(I8'/()( G∗r
4 ·G

∗s
6 -'(1 (/A9')A8:

>% J3 f ∈ SZ

k 4'>8 )- g ∈ Mk−12 9'8 f = g · ∆∗: G, ,>)A (∆∗)−1 (,
7 K:K#$%
3(1 LA/</-'8'/( M:$:$ )'()  !"#$%#*&(8N'
I53(4 9'8 4,(22,75'4)(  !"#$%#*
D/)E2')(8)( >)-'8280 B/548 ,3
7 g ∈ MZ

k−12: 2

*+) ,-!$&.//0'1 20!
4 54.&-67.%4.') G') I5,--'-
7) O7)8,*P)'7)

ϑ(τ) :=
∑

n∈Z

eπin2τ , τ ∈ H,

N,A '( &:Q >)8A,
78)8 N/A1)(: M( &:Q#K% 3(1 &:Q#Q% N,A

# % ϑ(τ + 2) = ϑ(τ) 3(1 ϑ(−1/τ) =
√

τ/i · ϑ(τ)

4)2)'48 N/A1)(: G'A)I8 ,3- 1)A G)R('8'/( )A4'>8 -'
7 (/
7

ϑ(τ) + ϑ(τ + 1) =
∑

n∈Z

eπin2τ (1 + (−1)n) = 2 · ϑ(4τ).

@'8 # % )A7F58 9,( 1,A,3-

#K% ϑ(1− 1/τ) =
√

τ/i · (ϑ(τ/4)− ϑ(τ)) =
√

τ/i ·
∑

n∈Z

eπi(n+1/2)2τ :

8-&9) ->' 100# τ ∈ H 2$0)

,% ϑ4(τ)− ϑ4(τ + 1) + τ−2 · ϑ4(1− 1/τ) = 0:

>% ϑ8(τ) + ϑ8(τ + 1) + τ−4 · ϑ8(1− 1/τ)
= 2 · ϑ8(τ) + 2 · ϑ8(τ + 1)− 2 · ϑ4(τ)ϑ4(τ + 1) = 2 ·G∗

4(τ):


% [ϑ4(τ) + ϑ4(τ + 1)] · [5
2
· ϑ4(τ)ϑ4(τ + 1)− ϑ8(τ)− ϑ8(τ + 1)] = G∗

6(τ):

1% τ−4 · ϑ8(τ) · ϑ8(τ + 1) · ϑ8(1− 1/τ) = 28 · △∗(τ):

5# #$*+ ,% G') 5'(I) ;)'8) N'A1 9'8 f(τ) >)2)'
7()8: G,(( .)A'R2')A8 9,( 9'8
# % -/B/A8 f(τ +1) = −f(τ) 3(1 f(−1/τ) = −τ 2 · f(τ): @'8 #K% B/548 1,((0 1,--


