
 !"  !"#$%& '''( )*+,&-*./%0

|f(τ)| ≤ C · e−2πm0·Im τ  !" #$$% τ &'( Im τ ≥ γ + ε)

*#+%' ',( m0 -#, .'/'&0& -%" m ∈ Z &'( αf (m) 6= 0)

1,( -'%, -%" 2#$$ 0/- ',( f #0 H 34$4&4"536 -#// 7'$( #$%  !" #$$% γ > 0)

8%9%',) &''() *+,- ./0 -.) 1(,2.'3(4 564 f̂ +4 (+4(, 789($/49 564 0 :/,;
=>
9()?+('3@ A.4 2.3 0;, f̂ 9(4./ -.44 (+4  !"#$%&BC(+2( -(, D6,8 #E%F *(44
(+4( &$)
2G3:/49 -(, H()3.'3 |f̂(z)| ≤ C · |z|m0 9+'3I 2

J)3 m0 *+( +8 K(88. 9(*G2'3F )6 ).93 8.4 +4 L$(,(+4)3+88/49 8+3 -(8 1(,>
2.'3(4 564 f̂ $(+ 0F -#,, f +%' ∞

%'/%/ :4$ -%" ;"-/0/7 −m0 3#(6 0.'') m0 < 0 9+'3F
34$4&4"53 ',(F 0.'') m0 ≥ 0 9+'3F
%'/% <0$$,(%$$% -%" ;"-/0/7 m0 3#(F 0.'') m0 > 0 9+'3I

A.4 )(3:3 4/4 4.3;,'+
2

ord∞f := m0.#!%

 ! "#$ %#&$'( )#$ *+),-.+$/! M+4( D/4=3+64 f 2(+N3 .4-0$ 4"& =4& >%?
9'
3( k6 *(44 f 86-/'., 568 H(*+
23 k +)3 /4- $(+ ∞ 2O
2)3(4) (+4(4 P6'
2.3F *(44 .')6 9+'3@

#AI % f +)3 ./0 H 8(,686,?2I

#AIE% f |kM = f 0;, .''( M ∈ ΓI

#AIQ% f 2.3 $(+ ∞ 2O
2)3(4) (+4(4 P6'I

R(9(4 K(88. E =.44 2+(, #AIQ% (,)(3:3 *(,-(4 -/,
2

#AIQS% f $()+3:3 (+4( '("#)$#BM43*+
='/49 -(, D6,8

f(τ) =
∑

m≥m0

αf(m) · e2πimτ F

-+( $(+ 9((+94(3(8 γ > 0 0;, Im τ ≥ γ .$)6'/3 /4- =68?.=3B9'(+
28GN+9
=645(,9+(,3I

T. 8+3 f /4- g ./
2 αf + βg , α , β ∈ CF /4- f · g 2O
2)3(4) (+4(4 P6' $(+
∞ 2.$(4F (,9+$3 (+4 U'+
= ./0  # %F -#,, -'% .4-0$ 4"&%/ =4& >%9'
3( k %'/%/
A%B(4""#0& Vk !+%" C +'$-%/) M) 9+'3 ./N(,-(8

Vk · Vℓ ⊂ Vk+ℓ für k, ℓ ∈ Z.# %

R(9(4 P,6?6)+3+64  2.3 8.4 4.3;,'+
2

#E% Vk = {0} 0;, /49(,.-() kI



 ! "#$ $%$&$'()*$ +,$-*#$  !!

"
$%&'(%&
$ &)*

+,- 1

f
∈ V−k ./0 0 6= f ∈ Vk 1

2&3' 4567%.508 958 :';&
$* 0 $'&(* '&3'  !"#$%#&'()!&1 <'='3 + - 736 +,-
&)* 6&' 4'3='

+>- K := V0

?%%'0 4567%.73@*&53'3 '&3 AB0C'0D 6'0 6&' @53)*?3*'3 E73@*&53'3 736 ?%%' F75G
*&'3*'3 953 4567%.508'3 6'))'%H'3 :';&
$*) '3*$I%*1

 !"!#$%&'!&( ?- J'0 K?8'  !"#$%#&'()!& )*?88* 953 L1  !"!#$%" +*+,-
./(0- 1+2'+ 3D  !MN OP-1 2&3' 4567%.73@*&53 *0&** Q73I
$)* ?%)  !"#$ H'& '%G
%&C*&)
$'3 R3*'=0?%'3 &3 6'0 &!'!%"(!)
$'3 K508?%.508 ?7.1 2) $?36'%* )&
$
6?H'& ?%%'06&3=) 78 '&3' E73@*&53D 6&' 3&
$* Q70 4567%=07CC' ΓD )536'03 Q70
S?7C*@53=07'3Q=07CC' Γ[2] ='$B0* +9=%1 R121PD A505%%?0 R1,1>2D T7.=?H' R1>1O-1
4567%.508'3 *0'*'3 )U)*'8?*&)
$ Q7'0)* H'&)!$!(*+(,** &3 )'&3'3 V50%')73G
='3 /H'0 '%%&C*&)
$' E73@*&53'3 ?%) 6&' R39?0&?3*'3 g2 736 g3 HQ;1 ?%) ∆ ?7.
+9=%1 R1>1 -D 3?
$6'8 6&')' 950$'0 953 :1 -$*!%*+!$% H'*0?
$*'* ;706'3 +9=%1
R1,1O-1
2&='3*%&
$' W'=0/36'0 6'0 X$'50&' 6'0 4567%.73@*&53'3 )&36 E1 ./!$% 736 S1
01$%
,(31 J&' S?7C*;'0@' 953 01$%
,(3 Q7 6&')'8 X$'8? Y36'* 8?3 &3 6'3
'0)*'3 WI36'3 6'0 T
*? 4?*$'8?*&
? +3I8%&
$ &3 W?36  D ,D >D !- 736 &3 )'&3'3
4#52+, 331 <&
$*&=' T0H'&*'3 953 ./!$% Y36'* 8?3 &3 )'&3'3 *+,- ./(0- 678
0/&"$#&9+& 333- J&' X$'50&' ;706' 6?33 Q73I
$)* 953 L1 4($
#! .50*='./$0*D
953 6'8 6'0 ?7)./$0%&
$' ZH'0)&
$*)?0*&@'% RR1W> 6#(!.!2:0+ ;#&'()!&+& &3 6'0
<&=>'$!:?")+ "+2  /(0- 1),,+&,
0/%(+& )*?88*1
H- T7. L1  !"!#$%" ='$* 6&' ?H@/0Q'36' "
$0'&H;'&)' 1τ := e2πiτ Q70/
@ +*+,-
./(0- 1+2'+ 3D  O>NP[ -D 6&' ?7
$ )CI*'0 8?3
$8?% 9'0;'36'* ;&06D )&
$ ?H'0
?%%='8'&3 3&
$* 670
$=')'*Q* $?*1

)( *+&,! -./%01.#"!&( 2&3' 4567%.508 f 958 :';&
$* k $'&(* '&3' 9/&=+
 !"#$%!2. 5!. *+A)
0( kD ;'33 f ?7. H $5%5850C$ &)* 736 ;'33 f H'& ∞
'+)&+& \5% $?*1 J?8&* &)* f ='3?7 6?33 '&3' =?3Q' 4567%.508 958 :';&
$* kD
;'33 =&%*]

+41 ^- f : H → C &)* $5%5850C$1

+41P^- f |kM = f ./0 ?%%' M ∈ Γ1

+41,^- f &)* ./0 ?%%' τ ∈ H 8&* Im τ ≥ γ , γ > 0D H')
$0I3@*1

<'='3 _'88? P @?33 8?3 $&'0 +41,^- '0)'*Q'3 670
$

+41,`- f H')&*Q* '&3' 415($!(N23*;&
@%73= 6'0 E508

f(τ) =
∑

m≥0

αf (m) · e2πimτ D



 ! "#$%&'%()*+#(,(  !"

 !" #$%"&'( M !)* !)+,+'-. /0' 10+*!"2*"2($%"&'( 3"' )4,,"*'!)
."2 6+$42+," 7&"' C !2

X, Y, Z 2(
. 3", 8+2 X + Y + Z "'/"0%*"2 93"($:

;< ="! Ω = Zτ+Z,!* τ ∈ H 023 n ∈ N: ="! {v0, . . . , vm} , m = n2−1> 3() ?"'*'"*"')4)*", (0)

6'+-+)!*!+2 9:@:A ,!* v0 = 0: B0 f ∈ Mk %!&* ") "!2 )4,,"*'!)
.") 6+$42+, P (X1, . . . , Xm)

8+, C"D!
.* k/2 ,!* P (℘(v1; τ, 1), . . . , ℘(vm; τ, 1)) = f(τ) E7' ($$" τ ∈ H:

@< ="! k ≥ 12 %"'(3"> k 6≡ 2 (mod 12):  (22 %!&* ") %"2(0 "!2 f ∈ Mk> E7' 3"))"2  !"#$%#F

G+"H/!"2*"2 %!$* αf (0) = 1 , αf (m) = 0 E7' 1 ≤ m ≤
[

k
12

]

:

I< 9)* f ∈ Mk ,!* αf (m) ∈ Q E7' ($$" m ≥ 0> )+ "J!)*!"'* "!2 λ ∈ N ,!* 3"' K!%"2)
.(E*

λ · αf (m) ∈ Z E7' ($$" m ≥ 0:

L< G12(i) 6= 0 023 G12(ρ) 6= 0:

AM< K) %!$*
∑

∞

k=0 dim Mk · x
k = 1

(1−x4)(1−x6) >
∑

∞

k=0 dim Sk · x
k = x12

(1−x4)(1−x6) E7' |x| < 1:

AA< K) %!&* %"2(0 3(22 "!2 f ∈ Mk ,!* f(τ) 6= 0 E7' ($$" τ ∈ H> D"22 k = 12l E7' "!2 l ∈ N0:

92 3!")", N($$ %!$* f(τ) = c ·∆(τ)l E7' "!2 0 6= c ∈ C:

 !" #$%&'(&)*+,$)-)

 ! "#$ %$&#
()*+,-.$/ +0- 1,23/+345)#,4$4! #$% &'()*( #+'(+,-+. /(0
*12
4*(+ ')1 ,)( 5(')
4*%6718($ "9 6:1 ,(+ ;2$$ k = 09 <(,( =7,-$6-+>*)7+
f 6= 0? 2$%7 0 6= f ∈ K? (16:$$* ,)( %$&#
()*+,-.$/

∑

w∈F∗

1

ord w
· ordw f = 0.@ A

6$..7!  !" f ∈ K #$% F∗ &'(')'*+&, -#.. /!" f 0'.!"#."1

2343/!1 B2
4 C712-%%(*&-+. )%* )8 ;2$$( f 6= 0 %*(*% ordw f ≥ 0? 2$%7 ordw f = 0
+2
4 @ A9 D)(% /(,(-*(* f(w) 6= 0 6:1 2$$( w ∈ F∗9 D2 8)* f 2-
4 f − f(i) &- K

.(4E1*? )%* f >7+%*2+*9 2

F(+,(* 82+ +-+ @ A 2-6 f − z 2+%*($$( G7+ f 2+? %7 67$.* ,(1

87)9!  !" f ∈ K ./
&" 0'.!"#.", -#.. &#" f 6'(3 /. F∗1  !" f /. i $.- ρ
&'(')'*+&, !' /!" %7* z ∈ C )/" z 6= f(i) $.- z 6= f(ρ) -/3 8.9#&( -3* z:;"3((3.
/. F∗ <(3/
& -3* 8.9#&( -3* 6'(3 /. F∗ =>343/(! )/" ?/3(%#
&&3/"3. <39@&("A1

:! ;4&$4234< 73+ 2#$ 7=*,/3)$ >4?7-#74)$! 5(8HI J9K@ A? J9K@"A %7')(
L2*& K9 .)$*

@ A j = G∗3
4 /∆∗, ord∞ j = −1 %7')( ordw j ≥ 0 6:1 2$$( w ∈ H9

;:1 z ∈ C '(+,(* 82+ ,)( 5(')
4*%6718($  @ A 2+ 2-6 f := j − z -+, /(0
>788*

∑

w∈F

1

ord w
· ordw(j − z) = 1.@JA



 !"  !"#$%& '''( )*+,&-*./%0

 !"# $%  !" #$%&'!(% j : H → C !)' *(+(,(-.* $%/ %!,,' !% F 0"/"% 1"-'
2$) C 2%3 4"%2$"- 5!+'6
#$ 7"/" 8(% 0 $%/ 123 = 1728 8"-)
*!"/"%" &(,.+":" ;2*+ <!-/ !% F \ {i, ρ}
5"%2$ "!%,2+ $%/ 8(% "-)'"- =-/%$%5 2%5"%(,,"%3
%$ j − 1728 *2' 2% /"- >'"++" τ = i "!%" ?$++)'"++" /"- =-/%$%5 2 $%/ ") 5!+'
j(τ) 6= 1728 @A- 2++" τ ∈ F \ {i}3

$ j *2' 2% /"- >'"++" τ = ρ "!%" ?$++)'"++" /"- =-/%$%5 3 $%/ ") 5!+' j(τ) 6= 0
@A- 2++" τ ∈ F \ {ρ}3

B"<"!)3 
$ '#( )*+,- z = 0 .( /0$1 2343( 01"/"$ .5- j(ρ) = 06 #,57 ordρ j ≥ 11
8#9.- .5- :.3 ,.(;3 <3.-3 =7( /0$ 4>?@3> 7:3> 4,3.
+ 1/3 A(: 35 B7,4- j(τ) 6= 0
BC> τ ∈ F \ {ρ}6 :3(( 57(5- )*>3 :.3 ,.(;3 <3.-3 =7( /0$ )343( j(i) 6= 0 4>?@3>
7:3> 4,3.
+ 1 + 1/31
%$ '#( 43+- #(#,74 =7>1
#$ 2343( z 6= 0 A(: z 6= 1728 %>.(43( w = i A(: w = ρ ;3.(3( D(-3., .( /0$12

&'('))!( $%  !" CDD!+/$%5 j : F → C !)' "!%" B!0"&'!(%3

E3:3 >#-.7(#,3 FA(;-.7( .( j .5- 3.(3 '7:A,BA(;-.7(1 G.3>=7( 4.,- #A
+ :.3 H9I
;3+>A(4J

 !"# *% E) 5!+' K = C(j)1

B"<"!)3 <3. f ∈ K (.
+- ;7(5-#(-1 FC> ;79K,3L3 M#+,3( u 6= v %3->#
+-3 9#(
:.3 FA(;-.7(

g(τ) :=
f(τ)− u

f(τ)− v
.

8# 5.
+ +.3> :.3 N7,3 =7( f +3>#A5+3%3(6 +#- g .( F /43O*+,- 9.- P.3,B#
++3.-3($
QA,,5-3,,3( %3. :3( QA,,5-3,,3( pν =7( f − u A(: N7,3 %3. :3( QA,,5-3,,3( qµ

=7( f − v1 '#( ;#(( :#+3> u 6= v 57 )*+,3(6 :#55 g #( :3( <-3,,3( i A(: ρ
+7,797>K+ A(: A(4,3.
+ QA,, .5-1 Q#
+ <#-O  5-.993( :.3 D(O#+,3( :3> QA,,R
%O)1 N7,5-3,,3( C%3>3.(1 S9 G.(%,.
; #AB <#-O D +#%3( g A(: h6

h(τ) =
∏

ν

j(τ)− j(pν)

j(τ)− j(qν)
,

4,3.
+3 QA,,5-3,,3( A(: N7,3 .( F∗6 57 :#55 5.
+ g A(: h (#
+ T399#  (A> A9
3.(3( ;7(5-#(-3( F#;-7> A(-3>5
+3.:3(1 U5 B7,4- g ∈ C(j) A(: :#9.- #A
+

f =
vg − u

g − 1
∈ C(j).

2

&'('))!( *% E!% f ∈ K !)' 5"%2$ /2%% 2$@ H *(+(,(-.*F <"%% f "!% G(+H%(,
!% j !)'3

S5- k ≥ 4 43>#:3 A(: 5.(: g, h ∈ Mk 9.- h 6= 0 4343%3(6 :#(( 4.,- g

h
∈ K1

H943;3+>- +#- 9#( :3(



 ! "#$%&'%()*+#(,(  !"

 !"# $%  !"! #$"%&'%()*+$( +,* -%$*+!(* ./!+!0 12(.!0 #$"%&'$03!( 1&!+
5!(
6!/+
5*,7

8!/!+,7 #$% f ∈ K &'
)% *+&$%,&%- $+ $
)./'0/ 1,& f = P (j)
Q(j)

1'% 2+34&+1/&
P 5&6 Q 7/189 :,%; <= </;/'
)&/% r 6,$ >,?'151 6/. @.,6/ A+& P 5&6 Q-
6,&& $'&6 P (j) ·∆r 5&6 Q(j) ·∆r 7,&;/ >+653B+.1/& A+1 @/C'
)% 12r= 2

&'(')*+,-% D1 6'/ 5&7/CE)&3'
)/ F,)3 123 = 1728 ;5 A/.1/'6/&- 0/%.,
)%/%
1,& 1,&
)1,3 ,5
) 6'/ G5&*%'+& J(τ) := 1

1728
j(τ)- 6'/ 6,&& '& F \ {i, ρ} 6'/

H/.%/ 0 5&6 1 &'
)% ,&&'11%=

.% /0' 1+)
3 j 4')(0""'5"' *6,76)(' 899051+,-% >,& $%56'/.% ;5&8
)$%
6'/ I00'365&7 j ,5B 6/1 J,&6 A+& FK

:)6;6<0"06,% 9+! #$"%&'%()*+$( j +,* 2%' "!3 :2(" ;$( F %(" 2%' "!0 +321+<
(=0!( >
5,!? 2@!0 +( )!+(!3 /!+*!0!( A%()* ;$( F 0!!&&7 6!(2%!0 /+0" 2@1!@+&"!*
,L "2, 6!02"!(,*B
) ;$( ∞ (2
5 ρ 2%' "2, C(*!0;2&& ]]−∞, 0]]?
0L "!0 D0!+,@$1!( ;$( ρ (2
5 i 2%' "2, C(*!0;2&& [[0, 1728]]?

L "2, 6!02"!(,*B
) ;$( i (2
5 ∞ 2%' "2, C(*!0;2&& [[1728,∞[[7

8!/!+,7 M, 6'/  !"#$%#NO+/P;'/&%/& A+& j .//33 $'&6- B+37% ;5&8
)$%

j(−τ ) = j(τ) BQ. τ ∈ H=

I3$+ '$% j ,5B 6/. '1,7'&8./& I
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C! D, ()*+ (%-0# %)- τ ∈ F ')+ G∗34 (τ) = ∆∗(τ) #-& &)%,%, τ ),+ E/' F%+30( 16

G! D, ()*+ (%-0# %)- τ ∈ F ')+ G∗26 (τ) = ∆∗(τ) #-& &)%,%, τ 2)%(+ 0#5 &%3 )'0()-H3%- 9
1,%6

I! @)-& τ1, . . . , τn ∈ F 4003;%),% E%3,
1)%&%- #-& α1, . . . , αn ∈ C. ,/ %J),+)%3+ %)- 0#5 H

1/2/'/341%, f ∈ K ')+ f(τj) = αj , j = 1, . . . , n6

 K! D)-% -)
1+LM/-,+0-+% '%3/'/341% N#-M+)/- 0#5 C -)''+ $%&%- O%3+ ')+ 1P
1,+%-, 7

9#,-01'%- 0-6

  ! @)-& f #-& g (0-:% N#-M+)/-%- ')+ ef(z) + eg(z) = 1. ,/ ,)-& f #-& g M/-,+0-+6

 !" #$%  !"!#$%"&
(% η)*+,-.$/,
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Q S G2(τ) :=
∑

n 6=0

n−2 +
∑

m6=0

(

∑

n∈Z

(mτ + n)−2

)

, τ ∈ H'

H% 4%$=0723 :5 8$9: H'V'. Q$B3> 2# P373%6$9: :5 V'RQ SS C$9 #$% :5%W
C69 123

1-+2+3#)#+'!  !" #$%&'!(% G2 : H → C !)' *(+(,(-.* $%/ 01- τ ∈ H 2!+'

G2(τ) =
π2

3

(

1− 24 ·
∞
∑

n=1

σ1(n) · e2πinτ

)

.

3"4"!)5 X29 13> @>0E062920% H'V'. B3A0##9 #$%

G2(τ) = 2ζ(2) + 2 ·
∑

m≥1

(

∑

n∈Z

(mτ + n)−2

)

= 2ζ(2)− 8π2 ·
∑

m≥1

∑

r≥1

r · e2πirmτ .


