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Q S G2(τ) :=
∑

n 6=0

n−2 +
∑

m6=0

(

∑

n∈Z

(mτ + n)−2

)

, τ ∈ H'

H% 4%$=0723 :5 8$9: H'V'. Q$B3> 2# P373%6$9: :5 V'RQ SS C$9 #$% :5%W
C69 123

1-+2+3#)#+'!  !" #$%&'!(% G2 : H → C !)' *(+(,(-.* $%/ 01- τ ∈ H 2!+'

G2(τ) =
π2

3

(

1− 24 ·
∞
∑

n=1

σ1(n) · e2πinτ

)

.

3"4"!)5 X29 13> @>0E062920% H'V'. B3A0##9 #$%

G2(τ) = 2ζ(2) + 2 ·
∑

m≥1

(

∑

n∈Z

(mτ + n)−2

)

= 2ζ(2)− 8π2 ·
∑

m≥1

∑

r≥1

r · e2πirmτ .
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G∗2(τ) =
1

2ζ(2)
·G2(τ) = 1− 24 ·

∞
∑

n=1

σ1(n) · e2πinτ .FGH

I3# @-%A.3+% G2 3*. 1:(' A#3%# 9+&-,5+'6D :3' AJ%%#% ()#' 34' 7'(%*5+'6(.3K
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 !"#$  !" τ ∈ H #$%&

G2 (−1/τ) = τ 2 ·G2(τ)− 2πiτ.

'()($*+ I3# M,#3
4-%$ F H *
4'#3). 6(% (,*

G2(τ) =
π2

3
·
(

1 +
1

τ 2

)

+ 2 ·
∑

m≥1

∑

n≥1

(

(mτ + n)−2 + (mτ − n)−2
)
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G2 (−1/τ) =
π2

3
· (1 + τ 2) + 2τ 2 ·

∑

m≥1

∑

n≥1

(

(nτ −m)−2 + (nτ +m)−2
)

.
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F (τ) :=
1

2τ 2
·
(

τ 2G2(τ)−G2 (−1/τ)
)

=
∑

m≥1

∑

n≥1

Amn −
∑

n≥1

∑

m≥1

AmnF∗H
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Amn := (mτ + n)−2 + (mτ − n)−28
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Bmn : =
1

mτ + n− 1
− 1

mτ + n
+

1

mτ − n
− 1

mτ − n+ 1
, m ≥ 1 -%& n ≥ 1,

=
1

(mτ + n)(mτ + n− 1)
+

1

(mτ − n)(mτ − n+ 1)

$3,. %(
4 P'+?+*3.3+% G8 

Amn −Bmn = O
(

(m2 + n2)−3/2
)

= O
(

m−3/2 · n−3/2
)

D

:#%% 6(% m2 + n2 > mn )#(
4.#.8 "#$#% &#' ()*+,-.#% /+%0#'$#%1 5+,$.
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∑

m≥1

∑

n≥1

(Amn − Bmn) =
∑

n≥1

∑

m≥1

(Amn − Bmn)#

$%& '∗( )*+,-.

'∗∗( F (τ) =
∑

m≥1

∑

n≥1

Bmn −
∑

n≥1

∑

m≥1

Bmn/

01 2,
4 &,) 5)*6) 1-7)
42)8%& 7)+4)-)%# 41. 61% 29:9*.
∑

n≥1

Bmn = 0/

;%&)*)*2),.2 )*4<8. 61%

τ ·
∑

m≥1

Bmn =
∑

m≥1

(

1

m+ (n− 1)/τ
− 1

m+ n/τ
+

1

m− n/τ
− 1

m− (n− 1)/τ

)

=
∑

m≥1

(

2(n− 1)/τ

[(n− 1)/τ ]2 −m2
− 2n/τ

[n/τ ]2 −m2

)

= ϕ(n− 1)− ϕ(n) ,
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ϕ(ξ) :=







π cot(πξ/τ)− 1

ξ/τ
:I* ξ 6= 0,

0 :I* ξ = 0

+,8./ J1
4 '∗∗( :98+. &14)*

τ · F (τ) = −τ ·
∑

n≥1

∑

m≥1

Bmn = −
∑

n≥1

(ϕ(n− 1)− ϕ(n)) = −ϕ(0) + lim
n→∞

ϕ(n).

KI* z = x+ iy +,8.

cot z = i · e
ix−y + e−ix+y

eix−y − e−ix+y
, 1829 lim

y→−∞
cot z = i.
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' ( η(τ) := eπiτ/12 ·
∞
∏

m=1

(1− e2πimτ )/
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3D5 η(τ + 1) = eπi/12 · η(τ)1

#( '(& E)<':;. (C&<?:. ;<+=%)6$%).F -(. /(+ (:G%)'%/

3H5 η(τ) 6= 0 *7) (??% τ ∈ H1

 !"# $% , -*.)

η(−1/τ) =
√

τ/i · η(τ) /01 2..# τ ∈ H.

#(C%$ $&. '%) I>%$6 '%) J:)K%? K: >L-?%+F '%) *7) M<&$.$=% N)6:/%+.% &%?C&.
M<&$.$= >$)'1

3#4#* 5 97) τ ∈ H C%.)(
-.% /(+ '$% 9:+;.$<+ f(τ) := η′(τ)/η(τ)1 N:& 3 5
*<?6%). /(+ '$)%;.

f(τ) =
πi

12
·
(

1− 24 ·
∑

m≥1

m · e2πimτ

1− e2πimτ

)

=
πi

12
·
(

1− 24 ·
∑

m≥1

∑

r≥1

m · e2πirmτ

)

=
πi

12
·
(

1− 24 ·
∑

n≥1

σ1(n) · e2πinτ

)

=
i

4π
·G2(τ) ,

>%++ /(+ E)<M<&$.$<+  =%)>%+'%.1 O(.K  7C%)&%.K. &$
- '(/$. $+

f

(

−1
τ

)

· 1
τ 2
− f(τ)− 1

2τ
= 0.3∗5

97)

g(y) :=
η (i/y)

η(iy)
√
y
, y > 0,

%)-L?. /(+ '(++

g′(y)

g(y)
= f

(

i

y

)

· −i
y2
− i · f(iy)− 1

2y
= 0

+(
- 3∗51 P& 6$C. (?&< %$+% Q<+&.(+.% γ /$. η(i/y) = γ · √y · η(iy)1 97) y = 1
*<?6. γ = 1F (?&< '$% R%-(:M.:+6 /$. '%/ 0'%+.$.L.&&(.K1 2

 !"# &% , -*.) η24 = ∆∗1

3#4#* 5 S$. η $&. (:
- f := η24 (:* H -<?</<)M-1 J%6%+ 3 5 6$?.

3∗5 f(τ) = e2πiτ ·
∞
∏

m=1

(1− e2πimτ )
24
= e2πiτ + · · · ,

&< '(&& f $+ %$+% &'()$!)8T%$-% %+.>$
;%?C() $&. /$. αf (0) = 0 :+' αf(1) = 11
U?%$
-:+6 3D5 :+' O(.K N K%$6%+F '(&&
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"∗∗# f |12M = f

$%&M = T '()M = J *&$%++, -.,/ 01 T '() J (1
3 41,5 66/7/ )-* 89)'+:&';;*
Γ *&5*':*(< :-+, "∗∗# $%& 1++* M ∈ Γ/ 01=-, $9+:, f ∈ S12< 1+.9 f = ∆∗ =-,
>9&9++1& ?/ @/ 2

A'( *&:-B, "∗# *-(*( (*'*( @*C*-. $%& )-* D&9)'E,*(,C-
E+'(: F9( △/

 !"!##$"%  ! "#$%

∆∗(τ) = e2πiτ ·
∞
∏

m=1

(

1− e2πimτ
)24

&'( )$$* τ ∈ H.

&'('")*+,'+% 1# G-( H*&:+*-
3 F9( 41,5 I =-, )*& J3*,1KJ&1(.$9&=1,-9(.L
M9&=*+ -( G/N 5*-:,< )1.. $%&

ψ(τ) := ϑ(τ)/η(τ) , τ ∈ H<

)-* J&1(.$9&=1,-9(.$9&=*+ ψ (−1/τ) = ψ(τ) :-+,/ A1
3 "N# -., ψ 1'$ H 39+9L
=9&;3/ 01 C*:*( "7# '() G/N"7# 1B*& 1'
3 ψ(τ + 2) = eπi/6 · ψ(τ) :-+,< $9+:,

ψ(Mτ) = v(M) · ψ(τ) $%& 1++* M ∈ Γϑ

=-, *-(*&  7/ G-(3*-,.C'&5*+ v(M)/ O'& 0*P(-,-9( )*& J3*,1KQ&';;* Γϑ F*&L
:+*-
3* =1( 66/N/?/
B# R/ &'(!) B*,&1
3,*,* )1. ηKD&9)'E, B*&*-,.  S?S "+,*() ,-!%./0) 1< STKU?#
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∞
∏

m=1

(1− xm) =

∞
∑

n=0

p(n) · xn/
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E/

-% .$/ $##,'('0+' 1"$+/2!"($30!+/4'"5$#3'+ 4!+ η% Y/  !"!#$%" 31, -(
.*-(*(  ($8/%*(/3"*3 9/ 9:*# ;()"0*3%*3 <-3 /$!0+%% B*&*-,. )1. J&1(.$9&L
=1,-9(.F*&31+,*( F9( log η(τ) '(,*& B*+-*B-:*( 89)'+.'B.,-,',-9(*( B*.,-==,/
81( P()*, *-(* =9)*&(* 01&.,*++'(: 5/ @/ B*- W/ 1!2%!) Z !T?℄< NNUKN??/ G-(*
5*(,&1+* Y9++* .;-*+, )1B*- )-* .9 :*(1((,*  !"!#$%"!
.* >/00* s(h, k)< )-*
$%& ,*-+*&$&*=)* :1(5* O13+*( h, k =-, k > 0 )*P(-*&, -., )'&
3

s(h, k) :=

k−1
∑

r=1

(

r

k
− 1

2

)

·
(

rh

k
−

[

rh

k

]

− 1

2

)

." #

\-& $9&='+-*&*( )1. 1++:*=*-(* J&1(.$9&=1,-9(.F*&31+,*( F9( η 1+. )*(

6$37 4!+  !"!#$%"% ;'( M =
(

a b

c d

)

∈ Γ 0#% c > 0 "#$%

η(Mτ) = v(M) ·
√

cτ+d
i
· η(τ) 0#% v(M) := eπi(a+d

12c
+s(−d,c)− 1

4)6



 !"  !"#$%& '''( )*+,&-*./%0

#$%&%  !"!#$ '%(&) *+% ,-.- /&$ 0-  !"#!$ 1 !23℄5 66786335 9(&: ;-<- %&'(
)*'+ 1 !!=℄5 ;>&9:&* 6-3-

 ! "#$%
'(#)#*# +#,#(%# -.$ η (−1/τ) =
√
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/? PM: τ ∈ H K%( s ∈ C *$) Re s > 0 $G) ($& Q&$>&

G(τ ; s) :=
∑

m,n

′

(mτ + n)−2 · |mτ + n|−s

%+
> (&* X9%H&:C&%,8A&**+ "- +/G9IK) Y9%H&:C&%)- \$& Q&$>& G(τ ; s) $G)
G$
>&: %$
>) >9I9*9:[> $% τ 5 /&$ L&G)&* τ ∈ H ]&(9
> LM: Re s > 0 >9I9*9:[>
$% s- &̂C&% (&: +/G9IK)&% X9%H&:C&%, >+) G(τ ; s) (+C&C&% &$% M/&:G$
>)I$
>&G
N&:>+I)&% /&$ +II&% <9(KIGK/G)$)K)$9%&% τ 7→ Mτ 5 M ∈ Γ- <+% H&:GK
>) %K%5
G(τ ; s) /$G s = 0 >9I9*9:[> L9:),KG&),&%_

1234! +?  !# :!$3!8 τ ∈ H #$3 G(τ ; s) *-$ /*+;! <.+=3#5+ #+ ,#! s>?(!+! :543@
$!3;(*4&
/? ?$ /#-3

G(τ ; 0) =
π2

3
− π

Im τ
− 8π2 ·

∑

m≥1

σ1(m) · e2πimτ .
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