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7! 80- (%*% %)-% *)1/2/'/341% 9**)2&#-( :;),1%-
◦

F #-& C \ {x ∈ R ; x ≤ 0} 0-6

=! (2πi)2 ·G∗4 = j′
2

j(j−1728) 6

>! (−2πi)3 ·G∗6 = j′
3

j2(j−1728) 6

?! @%) w ∈ H ')+ G∗12(w) = 06 A0-- ()2+ (2πi)6 ·G∗12 = j−j(w)
j4(j−1728)3 j′

66

B! (2πi)6 ·∆∗ = j′
6

j4(j−1728)3 6

C! D, ()*+ (%-0# %)- τ ∈ F ')+ G∗34 (τ) = ∆∗(τ) #-& &)%,%, τ ),+ E/' F%+30( 16

G! D, ()*+ (%-0# %)- τ ∈ F ')+ G∗26 (τ) = ∆∗(τ) #-& &)%,%, τ 2)%(+ 0#5 &%3 )'0()-H3%- 91,%6

I! @)-& τ1, . . . , τn ∈ F 4003;%),% E%3,1)%&%- #-& α1, . . . , αn ∈ C. ,/ %J),+)%3+ %)- 0#5 H

1/2/'/341%, f ∈ K ')+ f(τj) = αj , j = 1, . . . , n6

 K! D)-% -)1+LM/-,+0-+% '%3/'/341% N#-M+)/- 0#5 C -)''+ $%&%- O%3+ ')+ 1P1,+%-, 7

9#,-01'%- 0-6
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Q S G2(τ) :=
∑

n 6=0

n−2 +
∑

m6=0

(

∑

n∈Z

(mτ + n)−2

)

, τ ∈ H'

H% 4%$=0723 :5 8$9: H'V'. Q$B3> 2# P373%6$9: :5 V'RQ SS C$9 #$% :5%WC69 123

1-+2+3#)#+'!  !" #$%&'!(% G2 : H → C !)' *(+(,(-.* $%/ 01- τ ∈ H 2!+'

G2(τ) =
π2

3

(

1− 24 ·
∞
∑

n=1

σ1(n) · e2πinτ

)

.

3"4"!)5 X29 13> @>0E062920% H'V'. B3A0##9 #$%

G2(τ) = 2ζ(2) + 2 ·
∑

m≥1

(

∑

n∈Z

(mτ + n)−2

)

= 2ζ(2)− 8π2 ·
∑

m≥1

∑

r≥1

r · e2πirmτ .
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-%& r 63. rm = n 1-*(66#%5(**#%8 9(% 0#':#%&#. %+4 ζ(2) = π2/68 <=#%)('
*.#,,. &3#  !"#$%#>2#34# #3%# 4+,+6+'?4# @-%A.3+% (-5 H &('8 2

9(%46(, 3*. #* 1:#A6BC3$D &3# %+'63#'.# E#'*3+% 1- )#.'(4.#%

G∗2(τ) =
1

2ζ(2)
·G2(τ) = 1− 24 ·

∞
∑

n=1

σ1(n) · e2πinτ .FGH

I3# @-%A.3+% G2 3*. 1:(' A#3%# 9+&-,5+'6D :3' AJ%%#% ()#' 34' 7'(%*5+'6(.3K
+%*0#'4(,.#% -%.#' 9+&-,*-)*.3.-.3+%#% L)#'*#4#%8 9(% 4(. G2(τ+1) = G2(τ)
-%& &#%

 !"#$  !" τ ∈ H #$%&

G2 (−1/τ) = τ 2 ·G2(τ)− 2πiτ.

'()($*+ I3# M,#34-%$ F H *4'#3). 6(% (,*

G2(τ) =
π2

3
·
(

1 +
1

τ 2

)

+ 2 ·
∑

m≥1

∑

n≥1

(

(mτ + n)−2 + (mτ − n)−2
)

-%& )#A+66.

G2 (−1/τ) =
π2

3
· (1 + τ 2) + 2τ 2 ·

∑

m≥1

∑

n≥1

(

(nτ −m)−2 + (nτ +m)−2
)

.

I('(-* #'$3). *34

F (τ) :=
1

2τ 2
·
(

τ 2G2(τ)−G2 (−1/τ)
)

=
∑

m≥1

∑

n≥1

Amn −
∑

n≥1

∑

m≥1

AmnF∗H

63.

Amn := (mτ + n)−2 + (mτ − n)−28

I3# 2#34#% (-5 &#' '#4.#% N#3.# 0+% F∗H *3%& %34. ()*+,-. A+%0#'$#%.D &3#
N-66(.3+% &('5 (,*+ %34. 0#'.(-*4. :#'&#%8 9(% $#4. :3# 5+,$. 0+'O @L'

Bmn : =
1

mτ + n− 1
− 1

mτ + n
+

1

mτ − n
− 1

mτ − n+ 1
, m ≥ 1 -%& n ≥ 1,

=
1

(mτ + n)(mτ + n− 1)
+

1

(mτ − n)(mτ − n+ 1)

$3,. %(4 P'+?+*3.3+% G8 

Amn −Bmn = O
(

(m2 + n2)−3/2
)

= O
(

m−3/2 · n−3/2
)

D

:#%% 6(% m2 + n2 > mn )#(4.#.8 "#$#% &#' ()*+,-.#% /+%0#'$#%1 5+,$.
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∑

m≥1

∑

n≥1

(Amn − Bmn) =
∑

n≥1

∑

m≥1

(Amn − Bmn)#

$%& '∗( )*+,-.

'∗∗( F (τ) =
∑

m≥1

∑

n≥1

Bmn −
∑

n≥1

∑

m≥1

Bmn/

01 2,4 &,) 5)*6) 1-7)42)8%& 7)+4)-)%# 41. 61% 29:9*.
∑

n≥1

Bmn = 0/

;%&)*)*2),.2 )*4<8. 61%

τ ·
∑

m≥1

Bmn =
∑

m≥1

(

1

m+ (n− 1)/τ
− 1

m+ n/τ
+

1

m− n/τ
− 1

m− (n− 1)/τ

)

=
∑

m≥1

(

2(n− 1)/τ

[(n− 1)/τ ]2 −m2
− 2n/τ

[n/τ ]2 −m2

)

= ϕ(n− 1)− ϕ(n) ,

79-), 1$:+*$%& &)* =1*.,18-*$4)%.7,>8$%+ &)2 ?9.1%+)%2 '@+8/ A/ &!''!()#
B/ *,-'.,!( CDEED℄# G1.H   /D/ (

ϕ(ξ) :=







π cot(πξ/τ)− 1

ξ/τ
:I* ξ 6= 0,

0 :I* ξ = 0

+,8./ J14 '∗∗( :98+. &14)*

τ · F (τ) = −τ ·
∑

n≥1

∑

m≥1

Bmn = −
∑

n≥1

(ϕ(n− 1)− ϕ(n)) = −ϕ(0) + lim
n→∞

ϕ(n).

KI* z = x+ iy +,8.

cot z = i · e
ix−y + e−ix+y

eix−y − e−ix+y
, 1829 lim

y→−∞
cot z = i.

L)+)% Im (1/τ) < 0 :98+. τ · F (τ) = πi# 1829 &,) M)41$N.$%+/ 2
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' !"#$ %&'(& )# QRSTUS!(V ),%) N*<H,2) 0$*4:I4*$%+ &)* M)7),2,&)) +,-. 7948
)*2.6182 ;/ 1-(2$)3 ,% 2),%)* 0,22)*.1.,9% ' !"#$ %&'(& )# DQTDW(/ X1% @)*Y
+8),4) A/ 4-!)!( C "DU℄# D TDQ# Z/T=/ *!((! C "SQ℄# "RT"W# $%& J/ 5678$)3
C ""Q℄# =*9N92,.,9% OOO/D/S/

)( *+, -#+&,./#"+01/&,2!#3+40!& 2/& η( J14 A/  !"!#$%" '*&+$ ,!"#$
%&'(& )#  R"T SQ( &)P%,)*. 61% ),%) 498969*N4) K$%>.,9% η : H → C &$*4

' ( η(τ) := eπiτ/12 ·
∞
∏

m=1

(1− e2πimτ )/
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3D5 η(τ + 1) = eπi/12 · η(τ)1

#( '(& E)<':;. (C&<?:. ;<+=%)6$%).F -(. /(+ (:G%)'%/

3H5 η(τ) 6= 0 *7) (??% τ ∈ H1

 !"# $% , -*.)

η(−1/τ) =
√

τ/i · η(τ) /01 2..# τ ∈ H.

#(C%$ $&. '%) I>%$6 '%) J:)K%? K: >L-?%+F '%) *7) M<&$.$=% N)6:/%+.% &%?C&.
M<&$.$= >$)'1

3#4#* 5 97) τ ∈ H C%.)(-.% /(+ '$% 9:+;.$<+ f(τ) := η′(τ)/η(τ)1 N:& 3 5
*<?6%). /(+ '$)%;.

f(τ) =
πi

12
·
(

1− 24 ·
∑

m≥1

m · e2πimτ

1− e2πimτ

)

=
πi

12
·
(

1− 24 ·
∑

m≥1

∑

r≥1

m · e2πirmτ

)

=
πi

12
·
(

1− 24 ·
∑

n≥1

σ1(n) · e2πinτ

)

=
i

4π
·G2(τ) ,

>%++ /(+ E)<M<&$.$<+  =%)>%+'%.1 O(.K  7C%)&%.K. &$- '(/$. $+

f

(

−1
τ

)

· 1
τ 2
− f(τ)− 1

2τ
= 0.3∗5

97)

g(y) :=
η (i/y)

η(iy)
√
y
, y > 0,

%)-L?. /(+ '(++

g′(y)

g(y)
= f

(

i

y

)

· −i
y2
− i · f(iy)− 1

2y
= 0

+(- 3∗51 P& 6$C. (?&< %$+% Q<+&.(+.% γ /$. η(i/y) = γ · √y · η(iy)1 97) y = 1
*<?6. γ = 1F (?&< '$% R%-(:M.:+6 /$. '%/ 0'%+.$.L.&&(.K1 2

 !"# &% , -*.) η24 = ∆∗1

3#4#* 5 S$. η $&. (:- f := η24 (:* H -<?</<)M-1 J%6%+ 3 5 6$?.

3∗5 f(τ) = e2πiτ ·
∞
∏

m=1

(1− e2πimτ )
24
= e2πiτ + · · · ,

&< '(&& f $+ %$+% &'()$!)8T%$-% %+.>$;%?C() $&. /$. αf (0) = 0 :+' αf(1) = 11
U?%$-:+6 3D5 :+' O(.K N K%$6%+F '(&&
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"∗∗# f |12M = f

$%&M = T '()M = J *&$%++, -.,/ 01 T '() J (13 41,5 66/7/ )-* 89)'+:&';;*
Γ *&5*':*(< :-+, "∗∗# $%& 1++* M ∈ Γ/ 01=-, $9+:, f ∈ S12< 1+.9 f = ∆∗ =-,
>9&9++1& ?/ @/ 2

A'( *&:-B, "∗# *-(*( (*'*( @*C*-. $%& )-* D&9)'E,*(,C-E+'(: F9( △/

 !"!##$"%  ! "#$%

∆∗(τ) = e2πiτ ·
∞
∏

m=1

(

1− e2πimτ
)24

&'( )$$* τ ∈ H.

&'('")*+,'+% 1# G-( H*&:+*-3 F9( 41,5 I =-, )*& J3*,1KJ&1(.$9&=1,-9(.L
M9&=*+ -( G/N 5*-:,< )1.. $%&

ψ(τ) := ϑ(τ)/η(τ) , τ ∈ H<

)-* J&1(.$9&=1,-9(.$9&=*+ ψ (−1/τ) = ψ(τ) :-+,/ A13 "N# -., ψ 1'$ H 39+9L
=9&;3/ 01 C*:*( "7# '() G/N"7# 1B*& 1'3 ψ(τ + 2) = eπi/6 · ψ(τ) :-+,< $9+:,

ψ(Mτ) = v(M) · ψ(τ) $%& 1++* M ∈ Γϑ

=-, *-(*&  7/ G-(3*-,.C'&5*+ v(M)/ O'& 0*P(-,-9( )*& J3*,1KQ&';;* Γϑ F*&L
:+*-3* =1( 66/N/?/
B# R/ &'(!) B*,&13,*,* )1. ηKD&9)'E, B*&*-,.  S?S "+,*() ,-!%./0) 1< STKU?#
-= O'.1==*(31(: =-, )*& 2)(%#%#-3!&/34%#-3

∞
∏

m=1

(1− xm) =

∞
∑

n=0

p(n) · xn/

# 0-* D&9)'E,)1&.,*++'(: F9( ∆∗ -= >9&9++1& :*3, 1'$ V/Q/W/ *+-.$ "5*!6
7*(4* 1<  X?# 5'&%E/

-% .$/ $##,'('0+' 1"$+/2!"($30!+/4'"5$#3'+ 4!+ η% Y/  !"!#$%" 31, -(
.*-(*(  ($8/%*(/3"*3 9/ 9:*# ;()"0*3%*3 <-3 /$!0+%% B*&*-,. )1. J&1(.$9&L
=1,-9(.F*&31+,*( F9( log η(τ) '(,*& B*+-*B-:*( 89)'+.'B.,-,',-9(*( B*.,-==,/
81( P()*, *-(* =9)*&(* 01&.,*++'(: 5/ @/ B*- W/ 1!2%!) Z !T?℄< NNUKN??/ G-(*
5*(,&1+* Y9++* .;-*+, )1B*- )-* .9 :*(1((,*  !"!#$%"!.* >/00* s(h, k)< )-*
$%& ,*-+*&$&*=)* :1(5* O13+*( h, k =-, k > 0 )*P(-*&, -., )'&3

s(h, k) :=

k−1
∑

r=1

(

r

k
− 1

2

)

·
(

rh

k
−

[

rh

k

]

− 1

2

)

." #

\-& $9&='+-*&*( )1. 1++:*=*-(* J&1(.$9&=1,-9(.F*&31+,*( F9( η 1+. )*(

6$37 4!+  !"!#$%"% ;'( M =
(

a b

c d

)

∈ Γ 0#% c > 0 "#$%

η(Mτ) = v(M) ·
√

cτ+d
i
· η(τ) 0#% v(M) := eπi(a+d

12c
+s(−d,c)− 1

4)6
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 ! "#$%'(#)#*# +#,#(%# -.$ η (−1/τ) =
√

τ/i · η(τ)-

+? @-A- ,-!.!+ B%!$& '()*+,-.+/!+ 0005  77? C+/  !D3 &$%&% #$%8E&$)&%8.&F&$G5
(&: H9% $>* G&I/G) F&G&%)I$> +KGLM>:I$>&: $% G&$%&% N9:I&GK%C&% 1!3.4!$ 5+
*,6*+!, *+*-73# +.8(!4 3)!547 B;+)+ O%G)$)K)& 9L PK%(+*&%)+I Q&G&+:>5 .9*R
/+S  !2 ? K%( '+*-73#$)! 9*)-!+3)!54#! 00 BTU))$%C&%  !26V235   8 W? (+:C&R
G)&II) FK:(&- <+% H&:CI&$>& X- /"0#1$0)!2"0$0# 1 !7D℄5  "28 6 -
#$% YK:,&: .&F&$G5 (&: ($&3!-!$)*$))G>& ζRPK%Y)$9% H&:F&%(&)5 G)+**) H9%
Z- 4!*!$))'# K%( FK:(& "==2 H9% 0- 5+)*$'1* B<+%KG:$[)+ <+)>- /0/5
3DWR3D!? H&:L&$%&:)-
/? PM: τ ∈ H K%( s ∈ C *$) Re s > 0 $G) ($& Q&$>&

G(τ ; s) :=
∑

m,n

′

(mτ + n)−2 · |mτ + n|−s

%+> (&* X9%H&:C&%,8A&**+ "- +/G9IK) Y9%H&:C&%)- \$& Q&$>& G(τ ; s) $G)
G$>&: %$>) >9I9*9:[> $% τ 5 /&$ L&G)&* τ ∈ H ]&(9> LM: Re s > 0 >9I9*9:[>
$% s- &̂C&% (&: +/G9IK)&% X9%H&:C&%, >+) G(τ ; s) (+C&C&% &$% M/&:G$>)I$>&G
N&:>+I)&% /&$ +II&% <9(KIGK/G)$)K)$9%&% τ 7→ Mτ 5 M ∈ Γ- <+% H&:GK>) %K%5
G(τ ; s) /$G s = 0 >9I9*9:[> L9:),KG&),&%_

1234! +?  !# :!$3!8 τ ∈ H #$3 G(τ ; s) *-$ /*+;! <.+=3#5+ #+ ,#! s>?(!+! :543@
$!3;(*4&
/? ?$ /#-3

G(τ ; 0) =
π2

3
− π

Im τ
− 8π2 ·

∑

m≥1

σ1(m) · e2πimτ .

? <A4 B!,!$ M ∈ Γ /#-3 G(τ ; 0)|2M = G(τ ; 0)&

PM: &$%&%  !"!#$ H&:CI&$>& *+% .- ,"'!#!7!$. 1 !W3℄5 268275 9(&: ;-
8-902! 1 !7!℄5 §W-"- \$&G&G EK**+)$9%GH&:L+>:&% F$:( 9L) %+> #- :!2!
/&%+%%)5 &: >+) &G /&:&$)G  !"D /&%K),) BC*3)& D!4=!5 3 "?-
#$% N&:CI&$> *$) `:9[9G$)$9%  ,&$C)5 (+GG G(τ ; 0) + π/Im τ = G2(τ) C$I)- ;&$I
? (&G E+),&G &%)%$**) *+% ]&),) ($& aKGG+C& H9% E+),  5 G9 (+GG *+% F$& $%
0 G>I$&b&% Y+%%-
? .- ,"'!#!7!$. B<$))- <+)>- T&G- Z+*/K:C 55 Z&L) 35 38  ? L+%(  !27
&$%&% .&F&$G5 (&: +KL (&: PK%Y)$9%+ICI&$>K%C &$%&: &$%L+>&% L8Q&$>& /&:K>)-
<+% '%(&) (9:) +K> F&$)&:& A$)&:+)K:-
(? #$% F&$)&:&: .&F&$G F$:( $% ON-3-! C&C&/&%-

67! 893$#:2;# <=)>;-=$:#*! O% ($&G&* a/G>%$)) /&G>:&$/&% F$: ($&]&%$C&
C+%,& <9(KIL9:* f ∈ Mk5 ($& /&$∞ (&% &̂:) 1 H9% *UCI$>G) >9>&: c:(%K%C
+%%$**)- \$&G& <9(KIL9:* F$:( $% X+[$)&I N H&:F&%(&)5 K* &d):&*+I& T$))&:
,K >+:+Y)&:$G$&:&%- \$& #:C&/%$GG& G)+**&% H9% @-A- ,-!.!+5 %!$& '()*+,@
-.+/!+ 0E5 7"8!W-


