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∑
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f(τ) =
∑

m≥m0

αf (m) · e2πimτ , m0 ∈ Z ,;?@

,329&$0&880 M&2,&+ /3++>

6H2 A1$(0(K& 93+'& N3*8&+ a, d 4+, 7H2 f ∈ V (H) M(2, +4+ &(+& 5&21512A*&
64+/0(1+ Ta,df &2/8I20 ,42
*

(Ta,df)(τ) :=
∑

b (mod d)

f((aτ + b)/d) .; @

O(&2%&( $188 b &(+ K188&$ L&$0$P$0&5 (mod d) ,42
*8347&+> Q3 $(
* ,(& .&202&0&2
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;B@ Ta,d(αf + βg) = α · Ta,df + β · Ta,dg 7H2 388& f, g ∈ V (H) 4+, α, β ∈ C .

1&)$)23(3)*!  !" f ∈ V (H) #$%& Ta,df ∈ V (H) '() )$* +),'-!'+,*$-* ./(
Ta,df 0$") #*#*1*( )'"
-

(Ta,df)(τ) = d ·
∑

m≥m0/d

αf(md) · e2πimaτ .;X@
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(Ta,df)(τ) =
∑

m≥m0

αf (m) · e2πimaτ/d ·
∑

b (mod d)

e2πimb/d .
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T (k)
n f := nk−1 ·

∑

ad=n,d>0

d−k · Ta,df .234

5678*9*/ :+(+&/+/ (*+;

(

T (k)
n f

)

(τ) = nk−1 ·
∑

ad=n,d>0

d−k ·
∑

b (mod d)

f((aτ + b)/d) .2<4
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(

T (k)
p f

)

(τ) = pk−1 · f(pτ) +
1

p
·

∑

b (mod p)

f((τ + b)/p) .2"4
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n
(

T (k)
n f

)′
= T (k+2)

n f ′ -$% f ∈ V (H)2C4
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1/+'G

(#)#* 2H4 +*, 2I4 -.*, %//# T
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(k)
n f ;#$,#* )#)#<#* ,+$
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αg(m) =
∑

d|(m,n)

dk−1 · αf

(

mn/d2
)

1.& m ≥











0, >%//- m0 = 0,

1, >%//- m0 > 0,

nm0, >%//- m0 < 0.
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αg(0) = σk−1(n) · αf (0) +*, αg(1) = αf (n).
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T (k)
n f

)

(τ) = nk−1 ·
∑

ad=n

d−k · (Ta,df)(τ)

= nk−1 ·
∑

ad=n

d1−k ·
∑

m≥m0/d

αf (md) · e2πimaτ ,

=
∑

ad=n

ak−1 ·
∑

m≥am0/n

αf (mn/a) · e2πimaτ .
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T (k)
n f

)

(τ) =
∑

r,a

ak−1 · αf

(

nr/a2
)

· e2πirτ ,

234)- ,-) 5$(() 64)/ '**) 7'%8)% r $%, a (-+

a > 0, a|n , a|r $%, r ≥ a2m0/n

8$ )/&+/)
:)% -&+; <' a 7)%'$ ,-) =3&-+->)% .)-*)/ >3% (n, r) ,$/
0*1$?+@ )/01*+
('% ABC $%+)/ D)'
0+$%7 >3%

a2m0/n ≥











0, ?'**& m0 = 0,

m0/n > 0, ?'**& m0 > 0,

nm0, ?'**& m0 < 0. 2
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α
T

(k)
p f

(m) =

{

αf(mp) , .)++/ p ∤ m,

αf(mp) + pk−1 · αf (m/p) , .)++/ p|m.
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AMC Γn := {M ∈ Mat(2; Z) ; det M = n} , n ∈ N.

JN)%4'/ &+-((+ Γ1 = Γ (-+ ,)/ K3,$*7/$==) 64)/)-%; O)-+)/ 3=)/-)/+ Γ ,$/
0
K$*+-=*-:'+-3% >3% *-%:& $%, >3% /)
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Γ · Γn = Γn = Γn · Γ .
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7-*+L

ARS;MC T$ U),)( M ∈ Γn 7-4+ )& )-% L ∈ Γ (-+ LM ∈ V;
ARS; C 5-%, M1, M2 ∈ V (-+ M1 = LM2 ?6/ )-% L ∈ Γ@ ,'%% 7-*+ L = E;
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Γn =
⋃

M∈V

ΓM ,-&U$%:+.ARSC
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'-& M1 = LM2 2-3&, *(%% 3$+&$0& $-% 4$*$+ 5$
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V = Γ : Γn
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Γ : Γn =

{

M =

(

a b
0 d

)

∈ Mat(2; Z) ; ad = n , d > 0, b (mod d)

}

A D

#+) '#( 6'
8)+$'2)2')'2+/+)'0 $*( Γn 0*,"&* Γ4

;'<'#+4 A5B?CDL M$- M = ( a b
c d ) ∈ Γn? =(% 1;0:& &$-:$7G7$'*$ γ, δ ∈ Z '-&

γa + δc = 0? N(%% 2-3& $+ α, β ∈ Z '-& αδ − βγ = 1? N('-& G9:2&

LM =

(

α β
γ δ

)(

a b
c d

)

=

(

a′ b′

0 d′

)

'-& L :=

(

α β
γ δ

)

∈ Γ .

@$2$% det(LM) = det M = n 3$I9''& '(% a′d′ = n? =(% *(7G (:+9 d′ > 0
(%%$0'$%, 1$%% '(% 22G+? L *)7
0 −L $7+$&>&? @$2$%

TmLM =

(

1 m
0 1

)(

a′ b′

0 d′

)

=

(

a′ b′ + md′

0 d′

)

I(%% '(% b′ '9*):9 d′ 7$*)>-$7$%? N('-& -+& TmLM -% A D $%&0(:&$%?
A5B? DL M-%* M )%* M ′ ()+ A D )%* L ∈ Γ '-& M = LM ′ 2$2$3$%, (:+9
)%'-++6$7+&;%*:-
0

(

a b
0 d

)

=

(

α β
γ δ

)(

a′ b′

0 d′

)

, αδ − βγ = 1 ,

*(%% G9:2& γa′ = 0, (:+9 γ = 0 )%* O *( d )%* d′ E9+-&-6 +-%* O %9
0 α =
δ = 1? P$&>& 2-:& a′ = a, d′ = d )%* b = b′ + βd? N( (3$7 b )%* b′ ()+ $-%$'
B$7&7$&$7+8+&$' (mod d) +&(''$%, G9:2& b′ = b )%* β = 0, (:+9 L = E? 2

%&'&((!'$ :#' =(3%8& ,'2 >&'0'()' '#('+ ?','( 6'
8)+$'2)2')'2+/+)'0+ $*( Γn

0*,"&* Γ #+)
σ1(n) =

∑

d|n

d.
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(*&)*.? ($6*. $,,*
@*
(/%A*2/2*/*2%5%/*-* =,*&
( A&*,* +,*-*./*B #&* C.0$(, A3. D E &%/ $6*2

∑

d|n





∑

b (mod d)

1



 =
∑

d|n

d = σ1(n).

2

 !"!#$%&'!&( $E #$ Γ A3. ,&.<% $78 )*2 F*.=* Γn )72
( F7,/&G,&<$/&3.
3G*2&*2/? &%/ )*2 H73/&*./*.2$7-

Γ \ Γn := {Γ · M ; M ∈ Γn} , Γ · M := {LM ; L ∈ Γ},

-&/ )*2 <$.3.&%
(*. C66&,)7.=

π : Γn −→ Γ \ Γn , π(M) = Γ · M,

)*I.&*2/B J$
( )*2 #*I.&/&3. *&.*% @*
(/%A*2/2*/*2%5%/*-% V A3. Γn -3)7,3 Γ
&%/ )&* +&.%
(2K.<7.= π|V : V → Γ \ Γn *&.* L&;*</&3.B
6E M%/ V *&. @*
(/%A*2/2*/*2%5%/*- A3. Γn -3)7,3 Γ? %3 %&.)

V
t := {M t ; M ∈ V} , V

# = {M#; M ∈ V},

136*& M t )&* N2$.%G3.&*2/* 7.) M# = ()*/M) · M−1 )&* C);7.=&*2/* A3.
M 6*0*&
(.*/? 3O*.6$2 P&.<%A*2/2*/*2%5%/*-* A3. Γn -3)7,3 ΓB P&.<%Q 7.)
@*
(/%A*2/2*/*2%5%/*-* ($6*. $,%3 =,*&
( A&*,* +,*-*./*B

)(  !
#!*+,!#-./#!& 01# 2/3%40/#"!&( C.$,3= 072 #*I.&/&3. A3. f |M
8R2 M ∈ SL(2; R) &. MMMB!B! 1&2) .7. f |kM = f |M $7
( 8R2 M ∈ GL(2; R) -&/
det M > 0 7.) *&.* $78 H -*23-32G(* >7.</&3. f )*I.&*2/ )72
(

(f |M)(τ) := (f |kM)(τ) := (cτ + d)−k · f(Mτ) .D!E

F$. A*2&I0&*2/ 1&*)*2

(αf + βg)|M = α · f |M + β · g|M 7.) (f |M)|N = f |(MN)D E

8R2 M, N ∈ GL(2; R) -&/ det M > 0 7.) det N > 0B

J$
( MMMB!BS =*(T2*. )&* F3)7,832-*. A3- U*1&
(/ k 07 V (H)B M. )*2 )32/&=*.
L*0*&
(.7.= =&,/ $,%3 Vk ⊂ V (H)B

5-.6( &$' Γ : Γn !#( )!
+'$,!-'-!'!-$.$'!/ ,0( Γn /01230 Γ 2(1 f ∈ Vk4 $0
5#3'

Tnf := T (k)
n f = nk−1 ·

∑

M∈Γ:Γn

f |kMDSE

2(1 Tnf 5!+6-' "#!1!- 72 Vk%

F$. 6*$
(/*? )$%% *% %&
( .$
( V323,,$2  7- *&.* *.),&
(* W7--* ($.)*,/B
C78 )&* C.=$6* )*% U*1&
(/% k 1&2) (&*2 -*&%/ A*20&
(/*/B
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*-& .&(-& /0$ 123 4(- f ∗5 6# 7(
* +(& 89&4&$-&
':&(&, ;&
*-7/&,-,&-&,7<7-&4& /0$ Γn 40+=90 Γ %(7 #=> +(& ;&(*&$>09?& $=, =4
@& &($&$ 9($A77&(-(?&$ B#A-0, L #=7 Γ =$-&,7
*&(+&$C '&(?- 1"5 3 ($ DDD5!5!C #970
f |L = f C &'$$ f ∗ (#
*+ ,-( &!. /'*0 &!$ 1!.+.!+!.$2$+!3$ Γ : Γn '4*5(6+%
6(& E&,:&$+=$? +&7 .<4%097 Γ : Γn (7- #970 ?&,&
*->&,-(?-5 "#$ +#,> #=> +&,
,&
*-&$ .&(-& /0$ 123 +#*&, +#7 .-#$+#,+F;&
*-7/&,-,&-&,7<7-&4 #=7 .#-'  
$&*4&$5 6#$$ &,?(%- 7(
* 4(- G(9>& /0$ !1H3

f ∗(τ) = nk−1 ·
∑

ad=n

d−k ·
∑

b (mod n)

f((aτ + b)/d) =
(

T (k)
n f

)

(τ) ∈ V (H).

BI, >&7-&7 N ∈ Γ (7- 4(- Γ : Γn #=
* {MN ; M ∈ Γ : Γn} &($ ;&
*-7/&,-,&-&,J
7<7-&4 /0$ Γn 40+=90 Γ5 K&?&$ 1 3 >09?- +#*&,

Tnf = nk−1 ·
∑

M∈Γ:Γn

f |k(MN) = nk−1 ·
∑

M∈Γ:Γn

(f |M)|N = (Tnf)|N,

70 +#77 Tnf #=
* 40+=9#, /04 L&:(
*- k (7-5 2

M=7#44&$ 4(- N&44# ! &,*O9- 4#$ +#7

 !"!##$"% 700!  !
#!89:!.'+-.!( T
(k)
n : Mk → Mk, n ≥ 1; $#(& <(&-3-.8

:*#$3!(; &#! =:#+>!(?-.3!( #( =:#+>!(?-.3!( '44#0&!(%

.
*9(&P9(
* $0-(&,- 4#$ $0
* +(& .Q&'(#9>O99& m = 0, 1 /0$ N&44# ! #97

1R3 αTnf(0) = σk−1(n) · αf (0) , αTnf(1) = αf (n) .

&'('")*+,% ST&$%#, :(,+ +&, .#-' ($ /U99(? #$#90?&, K&(7& %&:(&7&$ :(& +#7
N&44# DDD5V525 D$ +&, W#- A#$$ 4#$  !
#!FSQ&,#-0,&$ 4(- +&, .Q=, >I, &($&
?&&(?$&-& "0+=9>0,4 '=, X0$?,=&$'?,=QQ& Γ0[p] +&Y$(&,&$ 1/?95 Z=>?#%&  35

-% ./(*#0$+' 1/,'+2!"('+% 8($ 0 6= f ∈ V (H) *&(P- &($& <#6!(?-.3 4!>@60#
*
&!$  !
#!A9:!.'+-.$ T

(k)
n , n ≥ 1; >B3 <#6!("!.+ λf(n) ∈ C; :&$$

1!3 T
(k)
n f = λf(n) · f .

D7- f &($& 8(?&$>0,4 %&'I?9(
* #99&,  !
#!FSQ&,#-0,&$ T
(k)
n , n ≥ 1C 70 *&(P- f

&($& $#3B0+'(! <#6!(?-.35 [#
* N&44# ! (7- f 6= 0 ?&$#= +#$$ &($& 7(4=9-#$&
8(?&$>0,4C :&$$ 7&($& $%&'(!'FX0&\'(&$-&$ +(& ]&+($?=$?&$

λf(n) · αf (m) =
∑

d|(m,n)

dk−1 · αf

(

mn/d2
)

1 3

>I, #99& m, n ∈ N &,>I99&$5 .&-'- 4#$ *(&, 7Q&'(&99 m = 1C 70 &,*O9- 4#$

λf(n) · αf (1) = αf(n)123

=$+ &7 >09?- +#7 I%&,,#7
*&$+&


