ON THE PARITY OF PARTITION FUNCTIONS

BRUCE C. BERNDT, AE JA YEE, AND ALEXANDRU ZAHARESCU

Abstract.Let S denote a subset of the positive integers, and let pg(n) be the associated partition
function, that is pg(n) denotes the number of partitions of the positive integer n into parts taken from
S. Thus, if S is the set of positive integers, then pg(n) is the ordinary partition function p(n). In
this paper, working in the ring of formal power series in one variable over the field of two elements
Z/27Z, we develop new methods for deriving lower bounds for both the number of even values and
the number of odd values taken by pgs(n), for n < N. New very general theorems are obtained, and
applications are made to several partition functions, including p(n).

1. INTRODUCTION

As usual, let p(n) denote the ordinary partition function, i.e., the number of ways a
positive integer n can be represented as a sum of positive integers. It has long been
conjectured that p(n) is even approximately half of the time, or, more precisely,

#{n < N :p(n)is even} ~ i N, (1.1)

as N — oo. T. R. Parkin and D. Shanks [16] undertook the first extensive compu-
tations, which indicated that indeed (1.1) is likely true. Despite the venerability of
the problem, it was not even known that p(n) assumes even values infinitely often or
p(n) assumes odd values infinitely often until 1959, when O. Kolberg [8] established
these facts. Other proofs of Kolberg’s theorem were later found by J. Fabrykowski and
M. V. Subbarao [5] and by M. Newman [10]. In 1983, L. Mirsky [9] established the
first quantitative result by showing that

loglog N
#{n < N :p(n) is even (odd)} > % (1.2)
An improvement was made by J.—L. Nicolas and A. Sarkézy [12], who proved that
#{n < N :p(n) is even (odd)} > (log N)¢, (1.3)

for some positive constant c.

In the most recent investigations, the methods for finding lower bounds for the
number of occurrences of even values of p(n) have been somewhat different from those
for odd values of p(n). Greatly improving on previous results, Nicolas, I. Ruzsa, and
Sérkozy [11] proved that

#{n < N :p(n) is even } > VN (1.4)
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and
#{n < N:p(n) is odd } > VNe (82 igiogw (1.5)
In an appendix to their paper [11], J—P. Serre, using modular forms, proved that
#{n < N :p(n) is even } > ¢v/'N, (1.6)

for every positive constant c. At present, this is the best result for even values of p(n).
The lower bound (1.6) has been improved by S. Ahlgren, [1] who used modular forms

to prove that
. VN
#{n < N :p(n) isodd } > g N’ (1.7)
provided that there is at least one value of n for which p(n) is odd. The lower bounds
(1.6) and (1.7) are currently the best known results.

Subbarao [22] first conjectured that in every arithmetic progression n = r (mod t)
there are infinitely many values of n such that p(n) is even and that there are infin-
itely many values of n for which p(n) is odd. Several authors proved special cases of
this conjecture, and a summary of these results can be found in K. Ono’s paper [14].
For the case that p(n) is even, Ono [13] proved that there are infinitely many n in
every arithmetic progression n = r (mod t) such that p(n) is even. He established an
analogous result for odd values of p(n), provided that there exists at least one such
n for which p(n) is odd. He then verified that indeed this is the case for all ¢ < 10°.
Two years later, Ono [14] proved that the density of primes ¢ exceeds 1 — 1/105%
for which the arithmetic progressions n = r (mod t), with r # 247! (mod ¢), have
infinitely many values of n for which p(n) is odd. The best quantitative results are
due to Ahlgren [1] who has proved both (1.4) and (1.7) for all arithmetic progressions,
with the same provision as above for odd values of p(n). The theory of modular forms
was the primary tool in proving all the results of Ahlgren, Ono, and Serre.

In this paper we develop new methods to examine the parity of p(n). In particular,
nothing from the theory of modular forms is used. Our methods are very simple and
general, and, as we demonstrate, apply to a large variety of partition functions. All
our work is effected in the ring of formal power series in one variable over the field of
two elements Z/27Z.

In Section 3, using our first approach, we give easy proofs of analogues of (1.4) and
(1.5) for a large class of partition functions, including p(n); more generally, p(r, s;n),
the number of partitions of the positive integer n into parts congruent to r, s, or r + s
modulo 7 + s; and c¢3(n), the number of partitions of n into three colors. Note that
p(2,1;n) = p(n).

Our second approach is given in Section 4. Here we use elementary differential
equations over Z/2Z and some basic ideas in elementary algebraic number theory to
prove analogues of (1.4) and (1.5).

Using differential equations over Z/2Z, in Section 5, we generalize our ideas from
Section 4 to a very general class of partition functions. Let S denote the set of positive
integers coprime to a given fixed integer b, and let pg(n)denote the number of partitions
of a positive integer n into parts which belong to S. In Section 6, we apply the results
of Section 5 to obtain lower bounds for both the number of even values and the number
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of odd values of the partition function pg(n). In Section 7, we give another application
of the ideas in Section 5. Now let S denote the set of square-free integers which
are relatively prime to a fixed positive integer b, and let pg(n) denote the number of
partitions of the positive integer n into parts from S. We obtain lower bounds for
both the number of even values and the number of odd values of pg(n). Zaharescu [24]
had previously obtained results for the special case b = 1, i.e., when S is the set of
square-free integers.

2. THE RING A

Let A := F5[[X]] be the ring of formal power series in one variable X over the field
with two elements Fy = Z /27, i.e.,
A:{f(X):ZanX":anEFQ for all n}. (2.1)
n=0
The ring A is an integral domain. It is also a local ring, with maximal ideal generated
by X. An element f(X) =", a,X" € A is invertible if and only if ay = 1. Since 0
and 1 are the only elements of Fy, we may write any element f(X) € A in the form

fX)=X"4+ X" 4. (2.2)
where the sum may be finite or infinite and 0 < ny < ny < ---. For any f(X) € A,
one has
F(X) = f(XP). (2.3)
In other words, if f(X) is given by (2.2) then
LX) =X 4 X2 4 (2.4)

We need to know the shape of the division by 1 — X of a given series f(X) as in
(2.2). For any integers 0 < a < b we have in A

Xa —|—Xb _ Xa(l _Xb—a)

= X% X XL 2.5
1-X 1-X + et (25)
We put together pairs of consecutive terms X"2k+1 4 X"2k+2 and obtain
f(X) X + X N2 X3 + X 4 X 2k+1 + X 2k+2
— . . 2.6
1—X 1-X * 1—X ot 1—X * (2:6)

:(Xn1+Xn1+1—|—---—|—Xn2_1)—|—(Xn3—|—---—|—Xn4_1)+---
+ (Xn2k+1 +...+X”2k+2—1) o,

If the sum on the right side of (2.2) which defines f(X) is finite, say f(X) = X™ +
X" 4 ... 4+ X" then

if(_X))( _ (an + XMl X”2—1)_|_. . -+(an’1 4 Xt X"S_1> (2.7)
if s is even, and
SO xmop Xy e (Xt e g X1) £ S X
= (XM X e (X X T+ Y X (289

n=ng
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if s is odd. On A we have a natural derivation which sends an f(X) € A to f(X) =
df

~ €A

X >

FX) =) a, X" = f(X) =) na,X"". (2.9)
n=0 n=1
Note that for any f(X) € A one has
F(X) = 0. (2.10)
Let us also remark that for any f(X) given in the form (2.2), the condition
f(X)=0 (2.11)

is equivalent to the condition that all the exponents n; are even numbers.

3. THE PARITY PROBLEM FOR PARTITION FUNCTIONS. FIRST APPROACH
Let

f(a,b) = Z am D/ 2pn(n=1)/2. lab|] < 1.
By the Jacobi triple product identity [2, p. 21, Thm. 2.8], [4, p. 35, Entry 19],
fla,b) = (—a;ab) oo (—b; ab) o (ab; ab) «, (3.1)
where
(@;0)ee = [[(1 = aq™),  lal <1
n=0
In particular, if @ = —¢" and b = —¢*, where r and s are positive integers and |q| < 1,
then, by (3.1),
T S n TS TLZ rT—s)n T T8 S T8 TT$s T TS
F=q" =) = D (=1)nglomm s emam2 — (7 ) (0% 67 ) oo (675 4o
B (3.2)
Setting r + s = t, define the partition function p(r, s;n) by
- 1 1
p(r,s;n)q" = = 7 3.3
; (> 5m) fl=a",—a°)  (@"30")o0(a% 0")oo(d"5 4" (33)

where |q| < 1. Thus, p(r, s;n) denotes the number of partitions of the positive integer
n into parts congruent to either r, s, or ¢ modulo t. In particular, if r =2 and s = 1,
then

1 1 1

D R (e B vy M v M v i e

ie, p(2,1;n) = p(n), the ordinary partition function; moreover, in this case (3.2)
reduces to Euler’s pentagonal number theorem [2, p. 11, Cor. 1.7]. The partition
function p(r, s;n) appears in a famous theorem of I. Schur [20, Satz V], [21, pp. 453—
50], but with additional retrictions on successive summands in the partition of n.
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By reducing the coefficients modulo 2 and replacing ¢ by X in (3.2), we find that, if
1/F, s(X) is the image of the infinite series of (3.2) in A, then

o

1 2
— X(tn +(r—s)n)/2 3.5
FT7S<X) Z 9 ( )

n=—0oo

which we write in the form

1= FT,S(X) (1 + Z <X(tn2+(7‘fs)n)/2 + X(th(rs)n)/2>> . (36)

n=1

Here, F, (X) has the form

FoX)=14+4X"+X" 4 .-+ X" +.... (3.7)
where, of course, the positive integers n; < ny < --- depend on r and s. Clearly, from
(3.3) and (3.7)

#{1 <n < N:p(r,s;n)isodd } = #{n; < N} (3.8)
and
#{1<n < N:p(r,s;n)iseven } = N —#{n; < N}. (3.9)

We first establish a lower bound for #{n; < N}. Using (3.7), write (3.6) in the form

(Z an> (1 + Z <X(tn2+(7"—s)n)/2 + X(th—(r—s)n)/2>>
n=1

j21 =

:Z (X(tn2+(r—s)n)/2 X X(tn2_(r—s)n)/2> ' (3.10)
n=1

Asymptotically, there are \/2N/t terms of the form X @+ =5)m)/2 Jegs than XV on
the right side of (3.10). For a fixed positive integer n;, we determine how many of
these terms appear in a series of the form

[ee]
XM (1 4 Z (X(tn2+(rfs)n)/2 +X(tn2(rs)")/2>> 7 (3.11)
n=1

arising from the left side of (3.10). Thus, for a fixed n; < N,we estimate the number
of integral pairs (m,n) of solutions of the equation

tn>  (r—s)n tm* (r—s)m
i+ = 12
it ot 5t (3.12)
which we put in the form
2nj =tm*>+ (r —s)m —tn* — (r —s)n = (m —n)(tm +tn+r —s). (3.13)

The number of divisors of 2n; is O, (N Toglog N ) for any fixed ¢ > log 2, by a result of

S. Wigert [23] and S. Ramanujan [17], [18, p. 80]. Thus each of the numbers m —n and
tm+tn+r—s can assume at most N&gle¥ values. Since the pair (m—n,tm+tn+r—s)
uniquely determines the pair (m,n), it follows that the number of solutions to (3.13)
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is O, (N Toglog N >, where ¢ is any constant such that ¢ > 2log 2. A similar argument can

be made for the terms in (3.10) of the form X (tm*~(r=s)m)/2,

Returning to (3.10) and (3.11), we see that each series of the form (3.11) has at
most NFelosN terms X (m*+r==)m)/2 yp to XN that appear on the right side of (3.10).
It follows that there are at least N 2 Toglog N numbers n; < N that are needed to match
all the [\/QN/t] terms X (m*+(=9m)/2 yp to XN on the right side of (3.10). Again,
an analogous argument holds for terms of the form X m*~(—=)m)/2 \We have therefore
proved the following theorem.

Theorem 3.1. For each fixed ¢ with ¢ > 2log?2 and N sufficiently large,
#{n < N :p(r,s;n) is odd } > N7 Toglaw (3.14)

Corollary 3.2. For each fized ¢ with ¢ > 2log2 and N sufficiently large,
#{n < N :p(n) is odd } > N7 Toglog ¥ (3.15)
Next, we provide a lower bound for #{n < N : p(r, s;n) is even }. Let {mq,ma,...}

be the complement of the set {0, n1,ns, ...} in the set of natural numbers {0,1,2,...},
and define

Grs(X)=X™ 4 X™ +...€ A (3.16)
Then
GT,S(X)+FT,S(X):1+X+X2+---+Xk+---:ﬁ. (3.17)
Since, by (3.9),
#{m; < N} =N —#{n; < N} ={n < N :p(r,s;n) is even }, (3.18)

we need a lower bound for #{m; < N}. Using (3.17) in (3.6), we find that
1+ Grs (1 + Z ( (tn?—(r—s)n) /2 X(tn2+(rs)n)/2>>
(tn%—(r—s)n)/2 (tn24(r—s)n)/2
L <1 3 (x P x ))

:ﬁ (14 X092 4 x(E=9)/2 4 X (-20-9)/2 4 y(e+20-9)/2 |

_|_X(tn2,(r—s)n)/2 + X(tn2+(rfs)n)/2 + X(t(n+1)27(rfs)(n+1))/2 4 .. > ) (319)

Here we have assumed without loss of generality (since f(a,b) = f(b,a)) that r > s,
and have put the terms of the sum on the right side of (3.19) in increasing order of
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their exponents. By (2.6), we see that the right side of (3.19) equals
1o Xtre)/2-1 (X(t+r—s)/2 NI X(4t272(r73))/271)
4 ( XU HAr=s)/2 X(9t2—3(r—s>)/2—1> T
i ( X =D =) (n=1)/2 | ., X(tn?—(r—sm)/z—l)
n ( X +r—sm)/2 X<t<n+1>2f(rfs>(n+1)>/2fl> NI (3.20)

Note that if (t—r+45)/2—1 =0, i.e., s = 1, then the term X ¢~"+%/2=1 is to be deleted
from (3.20). Since the gap between X #%*=(r=$))/2 and X tn*+(=))/2 contains (1 — s)n
terms that are missing from the series (3.20), and this comes after a segment of

ﬁ_(?’—é’)”_(t(n—1)2+(r—5)(n—1)) ~ oenm — s

2 2 2 2
terms that do appear in (3.20), we see that (3.20) contains asymptotically
2 2
% N=ZN
25+ (r—s) t

terms up to X~. Now the sum in parentheses on the left side of (3.19) has asymptot-
ically 24/2N/t nonzero terms up to X*~. Thus G, ((X) must have at least sy/N/(2t)
nonzero terms up to X* in order for the left side of (3.19) to have at least 2sN/t terms
up to X* to match those on the right side of (3.19). We have therefore proved the
following result.

Theorem 3.3. For any fized constant ¢ such that ¢ < s/\/2t, and for N sufficiently
large,

#{n < N : p(r, s;n) is even } > ¢V/N. (3.21)
Corollary 3.4. For each fized constant ¢ with ¢ < 1/y/6, and for N sufficiently large,
#{n < N : p(n) is even } > ¢V'N. (3.22)

We now give further applications of Theorems 3.1 and 3.3.
Recall Jacobi’s identity [4, p. 39, Entry 24(ii)]

o)

(0% = (~1)"@2n+1)g" ™2 gl < 1. (3.23)

n=0

Observe that

1 [e.e]
=D _as(n)q",
(¢:9)% ;)
where c3(n) denotes the number of partitions of the positive integer n into parts with
three distinct colors. The image of the right side of (3.23) in A is

f: Xn(n+1)/2.
n=0



8 BRUCE C. BERNDT, AE JA YEE, AND ALEXANDRU ZAHARESCU

Hence, by the same arguments that we used to prove Theorem 3.1, we can derive the
following theorem.

Theorem 3.5. For each fixed c, with ¢ > 2log2, and for N sufficiently large,
#{n < N : c3(n) is odd} > N2 Toglos |

In order to obtain a result for c3(n) like that in Theorem 3.3, we proceed as we did
with (3.19) to find that

(0.) 1 o
1+ G(X) (1 +> X"<"+1>/2> - <1 +> X"<"+1>/2> : (3.24)
n=1 n=1

where G(X) is the obvious analogue of G, (X) which we defined in (3.16). Next,
observe that, by (2.6), the right hand side of (3.24) can be written in the form
L+ (XP+ X+ X°) + (X104 XM X124 X184 XM
44 (Xn(2n+1) 44 X(2n+1)(n+1)—1) N (3.25)

The gap of missing terms between X"~ D" and X"+ consists of 2n terms, and
this comes after a segment containing 2n — 1 terms that do appear. Thus, the series
(3.25) has asymptotically N/2 terms up to XV. The sum on the left side of (3.24) has
asymptotically \/N/2 terms up to X~. Thus, G(X) must have at least y/N/2 terms
up to X% in order for the left side of (3.24) to have at least N/2 terms. Hence, we
have proved the following theorem.

Theorem 3.6. For each fived c with ¢ < 1/v/2, and for N sufficiently large,
#{n < N : ¢5(n) is even} > ¢vV/N.
The ideas in this section can be generalized to any series that is superlacunary.

Definition 3.7. A power series is superlacunary if it has the form

Z dn(a, b, C)qanQ—i-bn—i-c’

n=—oo

where a, b, and ¢ are integers, with a > 0, and the numbers d,(a,b,c) are constants.

See a paper by K. Ono and S. Robins [15, Thm. 2] wherein they characterize superla-
cunary series that are certain kinds of cusp forms. The most interesting superlacunary
series are those that can be represented as eta-products, i.e., as products of the form
(¢%;9") oo, where a is a positive integer. We describe two such examples.

In his notebooks [19, Chap. 17, Entries 8 (ix), (x)], [4, pp. 114-115], Ramanujan
recorded the elegant identities

- 3n24n __ (Q7Q)io
and
> 2o (G @)% (g qh%
> Bn+ 1)t = TN (3.27)

n=—oo
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These identities can be easily proved by employing the quintuple product identity; see
[3, pp. 19-20]. The identity (3.26) was perhaps first rediscovered by N. J. Fine [6,
p. 83], although he did not publish his proof for several years. The first published
proof of (3.27) is due to B. Gordon [7].

Define the partition functions P;(n) and Py(n) by

- . (B 1
2 A" =0 2

T (9% (@)%

and

ZPQ _ (q2 q2)oo _ 1
(¢ 9% (@ aY% (6 0)eo(d56%)o(ah 4%

respectively. Observe that P;(n) is the number of partitions of the positive integer n
into parts with three distinct colors and into odd parts with two distinct colors, with
the summands therefore having a total of five distinct colors. Also, Pa(n) is the number
of partitions of n into unrestricted parts of one color, odd parts of one color, and parts
which are multiples of four having two distinct colors, for a total of four colors.

The images of the left sides of (3.26) and (3.27) in A are

Z X3n2+n and Z X12n2+4n’ (328)

n=—oo n=—0oo

respectively. By the methods of this section, we can therefore prove analogues of
Theorem 3.1, wherein p(r, s;n) is replaced by either P;(n) or Py(n). By the pentagonal
number theorem, the image of (3.26) in (3.28) is the same as that of (¢%; ¢*)s. Hence,
an analogue of Corollary 3.4 can be stated in which p(n) is replaced by P(n) and N
is replaced by N/2. Also, observe that the image of (3.27) in (3.28) is f(—X', —X®).
Thus, from Theorem 3.3, we obtain the next corollary.

Corollary 3.8. For any fized ¢ with ¢ < 2/V/3, and for N sufficiently large,
#{n < N : Py(n) is even} > ¢V/'N.

4. THE PARITY PROBLEM FOR p(n). SECOND APPROACH

We start from the generating function identity (3.4). Let us compute

log F(q Zlog (1—-4q") ii% (4.1)

n=1 m=1

By applying the operator qd— we obtain

F/ d ook 0o )
qF<(q)> Igqlos Fa ZZ”Q = d"Y n=7 alk)d", (4.2)

n=1 m=1 k=1 nlk k=1

where o(k) denotes the sum of divisors of k. If we denote by H(X) the image in A of
the series >~ (k) X", then from (4.2) we derive an equality in A, namely,

XF'(X) = F(X)H(X). (4.3)



10 BRUCE C. BERNDT, AE JA YEE, AND ALEXANDRU ZAHARESCU

It is easy to see that

H(X) =Y X7 = 3 xn? 4 3 x, (4.4)
n,r>0 n=1 n=1

We write F'(X) in the form F(X) =1+ X™ 4+ X™ + ... | and choose a large positive

integer N. We proceed to derive from (4.3) a lower bound for #{n; < N}. Let us write

(4.3) in the form

XF(X)+ (X" + X"+ ) H(X)=H(X) = io:X”Q + iXW. (4.5)

Each of the terms X" from the right side of (4.5) must also appear on the left side of
(4.5). There are [v/N] such terms with n> < N. If at least half of them are canceled
by terms from the series X F'(X), then F’(X) has at least [v/N] terms up to X", and
hence F(X) has at least [v/N] terms up to XV. This gives us the desired lower bound
for #{n; < N} in this case.

Assume now that less than half of the terms X™ with n2 < N are canceled by terms
from X F'(X). It follows that at least v/N /2 such terms are left to be canceled by terms
from the series (X™ + X" + ... )H(X). Let us see how many terms of the form X’
with m? < N may appear in a series of the form X" H(X) for a fixed n;. Thus we
look separately at two diophantine equations in positive integers n, m, namely,

n; +n* =m?, (4.6)

and

n; + 2n® = m*. (4.7)
If n,m satisfy (4.6), then both n —m and n + m are divisors of n;. Thus each of these
numbers can take at most NTele¥ values for any fixed ¢ > log2 and any N large
enough. The pair (n,m) being determined by n + m and n — m, it follows that the
equation (4.6) has at most N Tl N solutions.

We now turn to the equation (4.7). Here of course we have to use the constraint
that m? < N; otherwise we may have infinitely many solutions. We count the number
of solutions as follows. By (4.7) it follows that m + n+/2 divides n; in the ring Z[v/2],
and the ideal generated by m + nv/2 has norm n;. We first count the number of ideals
in Z[v/2] generated by m + n+v/2 as n,m run over the set of solutions of the equation
(4.7). Let n; = p§* - - - p* be the decomposition into prime factors of n;. We take each
prime factor p; and look at its decomposition in Z[v/2]. There are three alternatives.
The first is that p; ramifies in Z[v/2], in which case the ideal (p;) is the square of a
prime ideal of Z[+/2]. This only happens for p; = 2. The corresponding prime ideal in
Z[v/2] will be generated by /2. The second case is when p; is inert in Q(+/2), that is,
when (p;) is a prime ideal in Z[v/2]. In this case, if n, m satisfy (4.7), then in Z[v/2], p;
divides one of the factors n + mv/2 or n — mv/2. Say it divides the first one. Then we
have

m +nv2 = pi(a+bv2)
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for some a,b € Z, from which it follows that p; divides both n and m. For such a prime
pi, the exponent k; needs to be an even number in order for the equation (4.7) to have
solutions. Moreover, if k; is even, then for any n, m satisfying (4.7) the exponent of the
prime ideal (p;) in each of the factors m + nv/2 and m — nv/2 equals k;/2. The third
case is when p; splits in Z[v/2], in which case one has (p;) = P; P! for some prime ideals
P;, P! of Z[\/2]. For such a prime p;, if n, m satisfy (4.7) and P; divides m + n+/2 then
P! divides m — nv2.

Let us rewrite now the prime decomposition of n; in the form
n] = 2kp]1€1 . .pﬁTq%ll . o qtzlt’ (48)

where py, ..., p, are the prime divisors of n; which split in the field Q(v/2) and g1, . . . , ¢;
are the prime divisors of n; which are inert in Q(v2). As remarked above, we may
assume that the exponents of qi, ..., ¢ in n; are even numbers; otherwise there are no
solutions to (4.7).

Next, the decomposition of n; into prime ideals in Z[v/2] will be
nj = (V2 PP - PEPI (qu)™ - (g)™. (4.9)

Now for any integers n,m satisfying (4.7), the exponent of (v/2) in m + ny/2 must
equal k, and for each i = 1,...,t, the exponent of (¢;) in m + nv/2 must equal ;. For
i=1,...,r if b; denotes the exponent of P; in m+mnv/2, then the exponent of P, in the
remaining factor m —nv/2 will equal k; — b;, and so, the exponent of P! in m +n+/2 will
also equal k; — b;. That is to say, the exponents of P/, ..., P/ in m +ny/2 are uniquely
determined by the exponents of Py, ..., P, respectively. Since b; may assume values
from 0 to k; for i = 1,...,r, it follows that there are only (1 + k1) --- (1 + k,) possible
choices for the ideal (m + nv/2). Note that (1 + k;)--- (1 + k,) is not larger than the
number of divisors of n;, which in turn is not larger than N w15 N . Thus the number of
ideals of the form (m 4+ nv/2), with n, m satisfying (4.7), is bounded by Nweios | Next,
let us see how many solutions n, m produce the same ideal (n + m\/i) If n,m and,
respectively, n’,m’ satisfy (4.7) and the ideals (n 4+ m+/2) and (m’/ + n’v/2) coincide,
then there exists a unit u in the ring Z[v/2] such that

m' +n'vV2 = u(m +nv2). (4.10)
Since n,m,n’,m’ are positive integers, u will be positive. If we denote by n > 1 the
fundamental unit (actually n = 1+ +/2), then we have u = 7" for some integer v. Since
both factors m’ + n'v/2 and m + nv/2 are O(v/N), from (4.10) it follows that |v| is
bounded by log N. Thus the number of solutions n, m of (4.7) which produce the same
ideal (m 4 n+/2) is bounded by log N. In conclusion, the number of solutions to (4.6)
and (4.7) are both bounded by N el . As a consequence, at most N Tl terms of
the form X" with m? < N may be canceled by each of the series of the form ™ H (X).
Hence one must have L

#{n; < N} > N2 Tlogn (4.11)
in order for all the remaining v/N /2 terms up to X from the right side of (4.5) to be
canceled by the left side of (4.5). This completes the second proof of Theorem 3.1.
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We now provide another proof for Theorem 3.3. We start by introducing the same
series

G(X)=X™ 4 XM ... ¢ A, (4.12)

where the set {mj,ma,...} is the complement of the set {0,n1,ns,...} in the set of
natural numbers. We have as before

1
GX)+ F(X) = % (4.13)
Again we need a lower bound for #{m; < N}, where N is a fixed large positive integer.
This time, instead of (3.6) we are going to use the equality (4.3). Differentiating (4.13)
we have
1
(1-X)?

In (4.13) and (4.14) we solve for F(X) and F'(X) respectively, then introduce these
expressions in (4.3) to obtain

G'(X) + F'(X) = (4.14)

(1_X—X)2 -~ XG(X)=XF(X)=F(X)H(X) = (ﬁ — G(X)) H(X). (4.15)
Multiplying both sides of (4.15) by 1 — X, we see that
%—X(l—X)G’(X):(1—(1—X)G(X))H(X), (4.16)

which we write in the form
X1-X)Z(X)+(1-(1-X)GX))HX) =X+ X+ X+ -+ X" +..- . (4.17)

Denote M = #{m; < N}. Then (1—(1—X)G(X)) has at most 1+2M nonzero terms

up to XV Since H(X) has at most (1+1/+v/2)v/N nonzero terms up to XV, we deduce
that

#{nonzero terms in (1 — (1 — X)G(X))H(X) up to XV } < (1+2M)(1+1/v2)VN.
(4.18)
Similarly, G'(X) has at most M nonzero terms up to X, therefore

#{nonzero terms in X (1 — X)G'(X) up to X"} < 2M. (4.19)

Since the right side of (4.17) has N nonzero terms up to X, from (4.17), (4.18) and
(4.19) we deduce that

OM + (14 2M) (1 + %) VN > N. (4.20)

This completes a second proof of Theorem 3.3. More precisely, from (4.20) it follows
that for any constant ¢ < 1 —1/4/2 and any N large enough one has

#{n < N :p(n) is even } > ¢V/N. (4.21)
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5. RESULTS FOR MORE GENERAL PARTITION FUNCTIONS

In this section we use the method employed in the previous section to study the parity
of more general partition functions. Denote N = {0,1,2,...} and N* = {1,2,...}.
For any subset S of N* and any positive integer n we denote by pg(n) the number of
partitions of n with all parts in S. The object of this section is to study the parity of
ps(n) for a given S, by means of the associated differential equation obtained below,
which is similar to (4.3).

As before, we start from the generating function identity

Fo@) =1+ pstma” = [ —— (1)

nes 1 —q”

We again compute

0 qnm
1 - _ — ") = . .
0g Fs(q) == log(l—q") =) > (5.2)
nes nesS m=1
By applying the operator qdi we obtain

F{ d 7"
qFS((qq)>—dlogFS S g Zq Zn_zas  53)

nesS m=1 k=1 nes,nlk

where we denote by og(k) the sum of those divisors of k which belong to S. Let Hg(X)
denote the image in A of the series Y ;- os(k)g*. Then from (5.3) we derive

XFy(X) = Fs(X)Hs(X). (5.4)

In the previous section we relied heavily on the properties of the particular function
H(X) given by (4.4). We need to understand which properties the series Hg(X') needs
to satisfy in order to be able to obtain results on the parity of pg(n), on the same lines
as in the proofs from the previous section. We have seen that a certain diophantine
equation plays an important role in the proof of the lower bound for the number of
n < N for which p(n) is odd. Also, the fact that the series H(X) from (4.4) does
not have too may nonzero terms up to X” played an essential role in the proof of the
lower bound for the number of n < N for which p(n) is even. With these in mind, we
introduce two counting functions. For any positive integer N and any element

g(X):Xm1+Xm2+"'+ij+"'€A7 (55)

we set
B(g(X), N) = #{m; < N}. (5.6)
Thus if the sequence of nonzero terms from the right side of (5.5) is sparse, B(g(X), N)

will be significantly smaller than N, as N — oo. In particular, we say that the sequence
of nonzero terms of g(X) has zero density, provided one has

1 B, N)

= 0. 5.7
AN 5-1)
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The second counting function is defined as follows. For any ¢(X) as in (5.5), any
positive integer N and any integer a with 1 < a < N, denote by D(g(X), N, a) the
number of solutions of the equation

a=mj;—m (5.8)
where the exponents m;, m; appear on the right side of (5.5), and m; < N. Then set
D(g(X), N) = max D(g(X),N,a).

If there is at most one term on the right side of (5.5), that is, if g(X) = 0 or g(X) = X™
for some integer m > 0, then evidently D(g(X), N) = 0 for any N. For any element
g(X) of A which has at least two nonzero terms on the right side of (5.5), one has
D(g(X),N) > 1 for N large enough. Note that for any g(X) € A and any positive
integer N one has
D(¢(X), N) < B(g(X), N). (5.9)

Let now S be a subset of N*. We would like to obtain information on the parity of the
associated partition function pg(n) in terms of the behavior of the counting functions
B(Hs(X),N) and D(Hg(X),N). We assume Hg(X) has at least two terms so that
D(Hg(X),N) > 1 for N large enough, and choose such an N.

Let us consider first the problem of providing a lower bound for the number of
integers n < N for which pg(n) is odd. We write

Fo(X)=1+X" 4 X" 4 4 XM 4.0 (5.10)
with1 <n; <ng <---<mn; <...,and

Hg(X)=X"™ 4+ X™ 4. 4 X™ ... (5.11)
with 1 <my <mg < --- <m; < .... The sums on the right side of (5.10) and (5.11)

may be finite or infinite. The problem is to provide a lower bound for #{n; < N}. We
use the equality (5.4), which we write in the form

XFE(X)+ (XM 4+ 4 X" . Y Hg(X) = Hg(X) = X™ + X™2 ... 4 X" 4.

(5.12)
The number of nonzero terms up to X on the right side of (5.12) equals B(Hg(X), N).
These terms must also appear on the left side of (5.12). If at least half of these terms
do appear in X F{(X), then, since F/(X) has at least as many nonzero terms up to X~
as X F'(X) has, it follows that

B(Hs(X),N)

#{n; <N} > (5.13)

Assume now that less than half of the nonzero terms from the right side of (5.12)
appear in X F’(X). Then at least half of these terms appear in the series

(X”l_|_..._|_X”k_|_...)(Xm1_|_..._|_Xmi_|_...). (5.14)
For each fixed n; < N, the number of solutions of the equation
ng +m; = m; (5.15)

is bounded by D(Hg(X), N). Therefore each series of the form X™ H(X) contains at
most D(Hg(X), N) terms from the right side of (5.12). We deduce that there must be
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at least B(Hgs(X),N)/{2D(Hgs(X),N)} terms X™ with ny < N in order for all the
terms up to X% from the right side of (5.12) to also appear on the left side of that
equality. If we compare this with (5.13) we see that in all cases one has

B(Hs(X), N)
2D(Hs(X),N)

#{n; <N} > (5.16)

This gives the required lower bound for the number of integers n < N for which pg(n)
is odd, assuming that Hg(X) has at least two nonzero terms. We claim that if Hg(X)
is not zero, this series always has at least two nonzero terms.

Indeed, let us assume that there exists a subset S of N* for which Hg(X) consists of
exactly one nonzero term, that is, Hg(X) = X™ for some integer m > 1. Then og(m)
is odd, and og(n) is even for any integer n > 1 with n # m. Since og(m) is odd, it
follows that m has an odd number of odd divisors which belong to S. As a consequence,
at least one element of S is odd. Let mg be the smallest odd integer which belongs to
S. Then by the definition of og it is clear that og(mg) is odd, and so mq coincides with
m. Now let us consider the parity of o5(2m). Any odd divisor of 2m must also divide
m. But m is the smallest odd element of S. It follows that m is the only odd divisor of
2m which belongs to .S, and hence og(2m) is odd. The contradiction obtained shows
that Hg(X) always has at least two nonzero terms, provided Hg(X) # 0. In fact, the
reasoning above shows that if S has at least one odd element, and if mg is the smallest
odd integer which belongs to S, then og(2¥mg) is odd for any integer & > 0. This
implies that for any constant ¢ < 1/log2 and any S which contains at least one odd
element one has

B(Hs(X),N) > clog N (5.17)

for all N large enough.

On the other hand, if S consists only of even numbers, then og(n) will be even for
any integer n > 1, and so Hg(X) will be identically zero. In that case the equality
(5.4) reduces to

XFL(X)=0. (5.18)

This implies that all the terms from Fg(X) have even exponents, but no information
on the number of nonzero terms of Fg(X) up to XV can be derived from (5.18). For
this reason, in what follows we will only consider sets S which have at least one odd
element. Actually this is not much of a restriction, in the sense that the general case
can be reduced to this one. More precisely, let S be a subset of N* which consists
of even numbers only. Let 2" denote the largest power of 2 which divides each of the
elements of S. Say S = {2"ay,2"as, ... }. Consider the set S = {ay, as, ... }. Evidently
ps(n) = 0 unless n is a multiple of 2". If n = 2"k, then clearly ps(n) = pg(k). In
particular the parity problem for pg(n) reduces to the analogous problem for pg (k),
and the new set S’ is of the type we want, in the sense that it contains at least one odd
element. These being said, we now state our lower bound for the number of n < N for
which pg(n) is odd, where S is of the type above.
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Theorem 5.1. Let S be a set of positive integers containing at least one odd element.
Then for all N large enough,
B(Hs(X), N)

#{n < N :ps(n) is odd } > 2D(Hs(X) N

(5.19)

We now turn to the problem of providing lower bounds for the number of integers
n < N for which pg(n) is even, where S is a given set of positive integers. Let
Fs(X) and Hg(X) be as in (5.10) and (5.11), respectively. Let {ry,79,...} denote the
complement of the set {ny,ns,...} in N, and define

Gs(X)=X"+X"+... € A (5.20)
Fix a large integer N. We need a lower bound for #{r; < N}. As before, one has
1
X)+ Fs(X) = ——. 21
Gs(X) + Fs(X) = = (521)

Differentiating (5.21) we obtain

1
(1-X)*
As in the previous section, at this point we solve for Fg(X) and F{(X) in (5.21) and

(5.22), respectively, and then introduce these expressions in (5.4). We find as before
that

Gl(X) + Fiy(X) = (5.22)

X , 1
m - XGy(X) = (m — GS(X)) Hs(X). (5.23)
Multiplying both sides by 1 — X, we find that
X !/
T—x XA -X)Gs(X) = (1 - (1 - X)Gs(X))Hs(X), (5.24)
which we write in the form
XA1-X)Ge(X)+(1—(1-X)Gs(X))Hs(X) =X+ X*+ -+ X" +-.-. (5.25)

The right side of (5.25) has N nonzero terms up to X~. Let M = #{r; < N}. Then
G'5(X) has at most M nonzero terms up to X*, and hence the series X (1 — X)G%(X)
has at most 2M nonzero terms up to XV. Next, the series 1 — (1 — X)Gg(X) has at
most 1 + 2M nonzero terms up to X, while the number of nonzero terms up to XV
in Hg(X) equals B(Hg(X), N). Therefore the product (1 — (1 —X)Gg(X))Hs(X) will
have at most (1 + 2M)B(Hg(X), N) terms. Hence the total number of nonzero terms
up to X on the left side of (5.25) is at most 2M + (1 + 2M)B(Hs(X), N). It follows
that

2M + (1+2M)B(Hs(X),N) > N, (5.26)
which implies that

N — B(Hg(X),N)
< Ny =5y B<H§<X>,N>> '

We therefore have obtained the following result.

(5.27)
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Theorem 5.2. For any set S of positive integers and for any positive integer N,

N — B(Hs(X), N)

#{n < N : ps(n) is even } > 20T Bs(X) N))

(5.28)

Theorems 5.1 and 5.2 provide lower bounds for the number of integers n < N for
which pg(n) is odd, respectively even, in terms of the counting functions B(Hg(X), N)
and D(Hg(X), N). Some applications will be given in the next sections, where we study
certain particular classes of partition functions. We end this section with the following
result.

Theorem 5.3. Let S be a set of positive integers containing at least one odd element,
for which the sequence of nonzero terms of Hg(X) has zero density. Then there are
infinitely many positive integers m for which ps(n) is even, and there are infinitely
many positive integers n for which ps(n) is odd.

The fact that there are infinitely many positive integers N for which pg(N) is even,
follows directly from Theorem 5.2, on combining (5.28) with (5.7). It remains to show
that there are infinitely many integers n for which pg(n) is odd. Notations being as in
(5.10) and (5.11), let us assume that there are only finitely many integers n for which
ps(n) is odd. Then Fg(X) is a polynomial in X, say

Fo(X)=1+X"M 4 X"+ 4+ X", (5.29)

Since the sequence of nonzero terms of Hg(X) is assumed to have zero density, there
must be gaps larger than ny between consecutive terms in Hg(X). Let us choose such

a gap, say
Hg(X)=X"™ -+ 4 XM 4 XTsH o (5.30)

where mg1 — mg > ny. Consider now the product Fg(X)Hg(X). The point here is
that the term X" obtained by multiplying X™ from the right side of (5.29) with
X™s from the right side of (5.30), cannot be canceled by any other term. Therefore
X"t appears as one of the nonzero terms on the right side of (5.4). Clearly no term
from the left side of (5.4) can have such a high exponent. In conclusion Fg(X) must
have infinitely many nonzero terms, and this completes the proof of the theorem.

We close this section with an application of Theorem 5.3. Let S consist of those
positive integers with all prime factors congruent to 3 (mod 4). Thus S is the monoid
generated by the prime numbers congruent to 3(mod 4). We need an explicit description
of Hg(X). It is easy to see, for any given positive integer m, that X™ appears as a
nonzero term in Hg(X) if and only if m can be expressed as a sum of two squares.
Then we may apply Theorem 5.3, since the sequence of numbers which are sums of
two squares has zero density. We thus have the following result.

Theorem 5.4. Let S consist of those positive integers with all prime factors congruent
to3 (mod4). Then there are infinitely many positive integers n for which ps(n) is even,
and there are infinitely many positive integers n for which ps(n) is odd.
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6. PARTITIONS IN PARTS COPRIME WITH A GIVEN NUMBER

In this section we study the parity problem for the number of partitions in parts
which are relatively prime to a given number. Thus we fix a positive integer, b say,
and then let S be the set of positive integers which are relatively prime to 6. In
order to apply the results from the previous section, one needs firstly to find Hg(X)
explicitly, secondly to estimate B(Hg(X), N), and finally to provide an upper bound
for D(Hg(X), N). Then insert the results in the statements of Theorems 5.1 and 5.2.

Let us consider the prime decomposition of the number 20, say

Tk

2b=pi'py’* - by,
with p1 = 2 and po,...,py distinct odd primes, and rq,...,r, > 1. Denote by =

pip2 - Pk-
A brief computation shows that

Hs(X) = Zixdn? (6.1)

dlbg n=1

If b = 1 we are in the case of the unrestricted partition function p(n). In that case
bop =2sod=1ord=2, and the right side of (6.1) reduces to the right side of (4.4).

(From (6.1) one easily obtains an asymptotic formula for B(Hg(X), N). More pre-
cisely, one has

B(Hs(X),N) ~ VN> % =VN]] (1 + %) : (6.2)

d|bo p|2b

where the product is over all prime factors of 2b. In order to bound D(Hg(X), N) one
needs to take an integer a, with 1 < a < N and then bound the number of solutions
of the equation

a=dm?* — d'n? (6.3)
with d, d" divisors of by and n, m positive integers bounded, say, by v/N.

If d = d" we may proceed as with (4.6), since in this case m — n and m + n are
divisors of a. In case d # d’, we first divide (6.3) by the greatest common divisor of d
and d’. So we may assume in the following that d and d’ are relatively prime, and not
both of them equal to 1. Then D := dd’ > 1 and D will be a divisor of by, Next, we
multiply (6.3) by d, and obtain an equation of the form

ad = z* — Dy, (6.4)

where z = dm and y = n. Then we treat the equation (6.4) in the same way we treated
(4.7), working this time in the ring of integers of the real quadratic field Q(v/D). One
finds in this way that the number of solutions to (6.3) is O, (N m) for any fixed
¢ > 2log 2. Therefore

D(Hs(X),N) = Oy, (N*mgligw) . (6.5)
Using (6.2) and (6.5) in Theorem 5.1 and Theorem 5.2 we obtain the following results.
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Theorem 6.1. Let b be a positive integer, and let S denote the set of positive integers
which are relatively prime to b. Then, for each fixed c, with ¢ > 2log2, and for N
sufficiently large in terms of b and c,

#{n < N :ps(n) is odd} > N7 Togia, (6.6)
Theorem 6.2. Let b be a positive integer and let S denote the set of positive integers

—1
which are relatively prime to b. Then, for each fized ¢ with ¢ < (2 [Tp(1+ 1/\/@) ,
and for N sufficiently large in terms of b and c,

#{n < N : pg(n) is even} > ¢V N. (6.7)

7. PARTITIONS IN PARTS SQUARE FREE AND COPRIME TO A GIVEN NUMBER

In this section we take S to be the set of square free numbers which are relatively
prime to a given positive integer b. In the case b = 1, we had investigated this problem
in [24].

Is is easy to see that, for any positive integer b,

He(X)= 3 XWrid, (7.1)

n17...,nk:1

where pq,...,p, are as in the previous section.

In order to provide an asymptotic result for B(Hg(X), V), note that the inequality
pit - ppt < N s equivalent to nylogp; + - - - + nyg log pr, < log N. This means that we
need to count lattice points (nq, ..., n,) inside a k—dimensional body which looks like
a tetrahedron. The number of lattice points inside this body will equal the volume
of the body, plus an error bounded in terms of the surface area of the body. The
volume of the body is of size log" N (times a constant ¢ which depends on the numbers
logp1,...,logpx). The surface area will be bounded by log" ! N. Therefore we can
derive an asymptotic formula,

B(Hs(X),N) ~ clog" N. (7.2)
Here the constant ¢ equals the volume of the body  in R* given by
Q={(zy,...,2x) €eRF 1y, ... 2, > 0,21 logpy + -+ + 2 logpp < 1.
A linear change of variables y; = z;logp;,j = 1,..., k, transforms our body to

{(y17ayk)ERkyl7ayk207yl++yk§1}7

which has volume ;. Hence ¢ = 1/(k!logp; ---logpy). If we denote by w(n) the
number of distinct prime factors of a positive integer n, then k = w(2b), and (7.2) may

be written in the form
(log N)M(Zb)
w(2b)! T [0 logp

In order to obtain via Theorem 5.1 a nontrivial lower bound for the number of n < N
with pg(n) odd, we need for D(Hg(X), N) an upper bound which is of smaller order

B(Hs(X),N) ~ (7.3)
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of magnitude than the size of B(Hg(X), N). Generalizing the reasoning employed in
[24], we obtain a bound of the form

#{n < N :ps(n) odd } > (log V)51, (7.4)
where [z] denotes the greatest integer < x. The reasoning is as follows. We need to
bound the number of solutions ny,...,ng, mq,...,my of a diophantine equation of the
form

a:pflnl ...p;:'k _p?l ...pzk_
We write the set {1,...,k} as a disjoint union of three sets:
M, = {] tmy > TL]'},

My = {j : m; <ny},
and

M;={j:m; =n;}.
For any j € M, n; is uniquely determined by @, more precisely p?j is the largest
power of p; which divides a. Similarly, for any j € M,, m; is uniquely determined by

a. Dividing the above equation by the factors of the above two types, we are left with
an equation of the form:

a’:<Hp§”'> <Hp§”'— Hpﬁ-j),

JEM3 jeMy JEM;

Wheretj =m; —"n; lfj < Ml,tj =MNn; —my lfj EMQ, andtj =n; =m; lfj € Mg.
Here the point is that any of the three products [[,.,,, pz-j, [Licas, pzj and [,y p;j, is
uniquely determined by the other two (and by @’ of course). We now choose that set
among My, My and M3 which has the largest number of elements. That set will have
at least k/3 elements. The other two sets together will have at most [2k/3] elements.
We allow the parameters ¢; , with j in the union of those two sets, to move freely.
Then the remaining ¢; will be uniquely determined, as was observed above. Now each
t; is bounded by log N. Tt follows that D(Hg(X), N) will be bounded by (log N)2*/3].
This in turn gives the lower bound stated above for the number of odd values of pg(n).
We have obtained the following results.

Theorem 7.1. Let b be a fized positive integer and denote by S the set of square free
positive integers which are relatively prime to b. Then for N large in terms of b,

#{n < N : ps(n) is odd} > (log N)=E)T2/3 (7.5)

Theorem 7.2. Let b be a fized positive integer and denote by S the set of square
free positive integers which are relatively prime to b. Then for each fized ¢, with ¢ <
(1/2)w(2b) [ 1,0 log p, and for N large enough in terms of b and c,

cN

#{n < N :pg(n) is even } > ————.
{ S( ) } (IOgN)w(Qb)

(7.6)
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