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Abstract

In this paper I give an elementary proof of congruence identity
p(11n + 6) = 0(modl11).

Let n be a positive integer, let p(n), denotes the number of unrestricted
representations of n as a sum of positive integers, where representations with
different orders of the same summands are not regarded as distinct. We call
p(n) the partition function.

In 1919, Ramanujan [1], [2, pp.210-213] announced that he had found three

simple congruences satisfied by p(n), namely,

p(5n +4) = 0(mod 5)
p(Tn+5) = 0(mod 7)
p(11n + 6) = 0(mod 11)

He gave the proofs of the first two of the above congruences in [1] and later
in a short one page note [3], [2, p.230] announced that he had also found a
proof of the third identity above. Of the proofs given for the third identity
above, the most elementary proof is due to L. Winquist [4] and uses Win-

quist’s Identity. Another elementary approach of proving the third identity

1



has been devised by Berndt, S. H. Chan, Z.-G. Liu, and H. Yesilyurt [5], who
established a new identity for (¢;¢)LY. Hirschhorn [6] has devised a common
approach to proving all three congruences.

In this paper, I prove the third congruence identity above on the same line of
the elementary proofs of the first two congruence identities which are given
in [7,pp.103-104]. To do so, I give a review of g-series, P, Q, and R series and
several Lemmas and a Theorem whose proof can be found in [7].
Definition 1: Define,

(@o = (a:q)o =1, (@) = (a5 ) = I[mt(1 — ag"), n > 1,

(@ = (@0 = T[20(1 —ag"), gl <1

We call q the base.

The generating function for p(n), due to Euler, is given by

(11) Zo:(]p(n)qn == (q;;)oo - l%ql—lqz ﬁ,

where we define p(0) = 1. To see this, observe that the factor

1 00 ik
q]

1—¢F = 24j=0
generates the number of k’s that appear in a particular partition of n. Each
partition of n appears only once if the right side of (1.1) is interpreted in this
manner.
Here also is an introduction to P, Q, and R series.

Definition 2: For each positine integer r, define

Br 0o T T
(1.2) S, = =gy + X2y 1ok

where B, is the r-th Bernoulli number.
Definition 3: The classical Eisenstein series FEs,(q), where n is a positive

integer, are defined by



(13) E2n(Q> = _%5271—1

Also,

(14) P =P(q) = By(q) =1 — 24 5, k = —248],
(1.5) Q = Q(q) = Ealg) = 1+ 240533, £4 = 2408;,
(1.6) R = R(q) = Eg(q) =1 — 5043, & 1_qk = —50455.

Lemma 1: We have
P _ P?—

(17) qd7q = 12Q7

(1.8) ¢ = £&R

qdq 3
—02
(1.9) ¢4 = PEZ&

Proof: [7, pp.89-92].

Lemma 2: We have

(1.10) Eyp = QR.

Proof: [7, pp.93-96].

Theorem 1: We have

(1.11) @*(q) — R*(q) = 1728q(q; 9)%

Proof: [7, pp.92-93].

We shall see congrences of the form,

(1.12) Y a,q" = X b,q" (mod m)

The latter is equivalent to the condition a,, = b,(mod m), for every integer
n appearing as an index in either power series.

We also denote a power series in q with integer coeficients J = J(q).

So, here is our Theorem and its proof.

Theorem 2: We have

(1.13) p(11n + 6) = 0(mod 11).

Proof: Using (1.11), (1.1), definition 1, and Fermat’s Little theorem, we



have

(1.14) (@° — R = (41234 )oo 552 pln) g™ (mod 11),
Using Definition 1.2 and (1.10), we have

(1.15) QR = 1(mod 11).

Also, differentiating both sides of (1.15), we have

(1.16) + R%2 = 0(mod 11).

From now congruence means mod 11.

Using (1.15) and Binomial theorem, we have,

(1.17) (Q* — R?)® = Q" — 5Q"° + 10Q° + 1 4+ 5R° — R'.
Using (1.9), (1.15) and (1.16), we have

~20Q"1%2 = PQ™ - Q"

Similarly,

2012 = PQ7 - Q.

~20Q% = PQ* - Q"

Using the latter 3 identities, we have

(1.18) Q' —5Q" +10Q° = PQ' —5PQ" +10PQ*+2q(Q" — 5Q° +10Q) 52
Using (1.8) and like the derivation of the latter identity, we have
(1.19) PQ™ —5PQ" + 10PQ* = Q" — 5Q° + 10 + 3¢(Q"" — 5Q° + 10Q) %2
Using (1.9), (1.15), (1.16), and (1.8) again we get

(1.20) Q1 = 5Q° = PQ™ — 5PQ* + 2¢(Q° — 5Q) 42

(1.21) PQ"—5PQ* = Q° — 5+ 3¢(Q° — 5Q) 4!

(1.22) Q° = PQ? + 2002

(1.23) PQ2 =1+ 3qu—q

Combining (1.18)-(1.23), we have

(1.24) QY —5QY™ +10Q° + 1 = —4 + ¢(5QM" +2Q° — 3@)%



Similarly,
(1.25) =R +5R® = —PR® + 5PR® + 3q(— R + 5R?) 4%
(1.26) —PR® +5PR* = —R° + 5 + 2¢(—R" + 5R?) %8
(1.27) ~R® = ~PR® — 3R*%

(1.28) —PR® = —1 — 2¢R*%L

Combining (1.25)-(1.28), we have

(1.29) —R' +5R® = 4+ q(—5R" — 2R*)4E.

Using (1.24), and (1.29) in (1.17) we have,

(Q* — R?)® = ¢(5Q" +2Q° — 3Q)%2 + q(—5R" — 2R*)*
Multipling both sides of the latter equation by 8(3)(7

<N

&

~—

=168 and using the
Power Rule, we have
— d
(1.30) 3(Q* — R?)° = qd—‘;.
Using (1.14) and (1.30), we have,
3(¢"" 4" ) oo 2o p(11k + 6)¢" 1 = 0(mod 11).

The conclusion follows from the latter.e
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