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 ! "#$%&'()
+, -&./'&%,! ;&$% X1, . . . , Xn J$9'(5&))5' C9', C= (6 D',K
/'$%'$ /&, .C, α ∈ Nn

0 %&' L9MC,01$-'$

X =







X1
:::

Xn






, α =







α1
:::

αn






, Xα := Xα1

1 · . . . ·Xαn

n , α! := α1! · . . . · αn! .NOP

GC, r ∈ N0 9'0'&
4$' P
(n)
r %'$ C?Q'M56,,+1) %',  !"!#$%$% &!'(%!"$ )!"

*+,- r &$ C[X1, . . . , Xn]= +7(6 )&5 NOP

P
(n)
r =

{

P (X) =
∑

α∈Nn

0

p(α)Xα ; p(α) ∈ C, α1 + . . . + αn = r

}

.N P

R'M+$$57&
4 -&75 %+$$

dim P
(n)
r = ♯{α ∈ Nn

0 ; α1 + . . . + αn = r} =

(

n + r − 1
r

)

.NSP

0,%%#! {(htX)r ; h ∈ Rn} ./0 $.% 1+2$3#$%-$%/(/0$" )!% P
(n)
r :

4$5$./6 #$ %'$ ;5+$%+,%9'0'&
4$1$-'$ NOP 1$% N P %'E$&','$ /&, '&$ ;M+7+,K
A,6%1M5 +1. P

(n)
r %1,
4

〈

P (X), Q(X)

〉

=
∑

α∈Nn

0

α! · p(α) · q(α) = P

(

(

∂
∂X1

, . . . , ∂
∂Xn

)t
)

Q(X).

#$(9'(6$%',' -&75 %+$$ .C, +77' P (X) ∈ P
(n)
r = h ∈ Rn

〈

P (X), (htX)r

〉

= r! · P (h).
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#$% U &$' ()* (htX)r+ h ∈ Rn+ ,-./$01,**2$ C34*2$'',-5 ()* P
(n)
r 6 7,** /%82

.9' :$&$0 P (X) ∈ U
⊥

P (h) = 0 .9' ,88$ h ∈ Rn.

;%*$ <*&-=2%)* *,
? n @$%/2 @-0,55$* 5%2 &$5 <&$*2%2A20,2@ 0).)'2 P ≡ 0+
,80) U = P

(n)
r 6 2

B%' *$**$* P (X) ∈ P
(n)
r  !"#$%&'
 + C$**

∆P (X) ≡ 0, ∆ =
∂2

∂X2
1

+ . . . +
∂2

∂X2
n

.

∆ %02 ,80) &$' 9D8%
?$  !"#!
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H
(n)
r := {P (X) ∈ P

(n)
r ; ∆P (X) ≡ 0}

$%* 4*2$'',-5 ()* P
(n)
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H
(n)
0 = C, H

(n)
1 = CX1 + . . . + CXn , H

(1)
r = {0} .9' r ≥ 2.
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?'$%D-*/ ()* H
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(n−1)
r × P

(n−1)
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(P (X)
∣

∣

∣

Xn=0
,
∂(P (X))

∂Xn

∣

∣

∣

Xn=0

)

,

+&% 1'$#$"* &'#2' 3+" 4+5,$""62#+/

7+8+&'/ #$%
∼

X = (X1, . . . , Xn−1)
t6 B%' 0
?'$%D$* P (X) ∈ P

(n)
r %* &$' H)'5

P (X) =
r

∑

j=0

Pj(
∼

X)Xj
n , Pj(

∼

X) ∈ P
(n−1)
r−j .

B$/$* ∆Pr = ∆Pr−1 = 0 .)8/2 0).)'2

∆P (X) =
r−2
∑

j=0

(

∆Pj(
∼

X)
)

Xj
n +

r
∑

j=2

j(j − 1)Pj(
∼

X)Xj−2
n

=

r−2
∑

j=0

[

∆Pj(
∼

X) + (j + 2)(j + 1)Pj+2(
∼
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]

Xj
n .
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∼

X) =
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∼
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(n−1)
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(n−1)
r−1 D$8%$D%/ 0%*&6 7%$ G$?,-12-*/ .)8/2 *-* 5%2

P0(
∼

X) = P (X)
∣

∣

∣

Xn=0
, P1(

∼

X) =
∂P (X)

∂Xn

∣

∣

∣

Xn=0
.
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 !"!##$"%  !" n ≥ 2# r ≥ 1 $%&'

12/ H
(n)
r =

(

n + r − 2
r

)

+

(

n + r − 3
r − 1

)

.

#2* 35//$& &6& 76 $2&$* &8.7-2
+$& :$4
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+$& <5-=&5>
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&$'(%  !" n ≥ 2 ()* r ∈ N0 +%)* ,-(%./&0)'1

'2) P (X) ∈ H
(n)
r .

'22) P (X) %+' 0%)0 0)*&%
30 4%)0/"5678%)/'%6) !80" C .6) 96&:)670) *0"
 6"7 (utX)r# ;680% u ∈ Cn 7%' utu = 0.

<0;0%+= '22) =⇒ '2)@ A0& ;$*$
+&$. 12*$3.

∆(utX)r = r(r − 1) · utu · (utX)r−2 = 0, 0-45 (utX)r ∈ H
(n)
r .

'2) =⇒ '22)@ B$2 U 1$* C5& (utX)rD u ∈ CnD utu = 0D 06E%$4F0&&.$ G&.$**06/
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(n)
r ? H8* h ∈ Rn−1 4$2 γ = ±i

√
hth? I0&& %2-.

u =

(

h
γ

)

∈ Cn, utu = 0, φ((utX)r) =

(

(ht
∼

X)r, γr(ht
∼

X)r−1
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2& 1$* :$7$2
+&6&% 1$* <*5F542.25&? J-45 $&.+,-. φ(U) 12$ K-$/$&.$

((ht
∼

X)r, 0), (0, (gt
∼

X)r−1), h, g ∈ Rn−1 ,

6&1 &0
+ 1$/ L$//0 $2& K*7$6%$&1$&4=4.$/ C5& P
(n−1)
r × P

(n−1)
r−1 ? J64

φ(U) = P
(n−1)
r × P

(n−1)
r−1

E5-%. U = H
(n)
r /2. 1$* <*5F542.25&? 2

)% *+,'$ -,.+,/ (0 +$"1!/.2
+,/ 4!#5/!1,/% H8* S ∈ Pos (n; R) 4$2
S1/2 12$ $2&1$6.2% ;$4.2//.$ M601*0.N6*7$- &0
+ "?('!)? O4. P (X) ∈ H

(n)
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1$P&2$*$& N2* 12$ >30'/?@0%30 %) S A(7 3/"76)%+
30) 96&:)67 P (X) 16*
+

Θ(τ ; S, P ) :=
∑

g∈Z
n

P (S1/2g) eπiτS[g].'")

I2$ Q$2+$ 1$* J;45-6.;$.*,%$ 2& '") N2*1 35/F03. %-$2
+/,R2% 2& (τ, S) ;$>
4
+*,&3. 16*
+

C ·
∑

g∈Zn

(gtg)r/2 · e−εgtg < ∞, C > 0, ε > 0.
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"#$% &$' Θ(·; S, P ) (%#%)%*+( &, τ ∈ H- ./0/,

Θ0,q(τ ; S) =
∑

g∈Zn

eπiτS[g]+2πigtq

/*(1#'/, 2&* 13
( ,%
(

Θ(τ ; S, P ) = (2πi)−r · P
(

S1/2 ∂
∂q

)

Θ0,q(τ ; S)
∣

∣

∣

q=0
, ∂

∂q
=

(

∂
∂q1

, . . . , ∂
∂qn

)t
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 !"#$ S ∈ Pos (n; Z)  !"#$! %&$ %&'()$%*#" +),'! P (X) ∈ H
(n)
r ('-  !"#$!(

r > 0. /#&&  '*-
Θ(·; S, P ) ∈ Sr+n/2

('- $!"  !"#$%#01&-,'
3*%& 

Θ(τ ; S, P ) =

∞
∑

m=1





∑

g∈D(S,2m)

P (S1/2g)



 · e2πimτ .576

4!,!'+. 81, /*(9#' 576 :3*
( /&,/ ;)%*:,3,0 &, 5<6 )&' P (0) = 0- =1*>?/*
(&,13$ 0&#' %@/,?1* Θ(τ +1; S, P ) = Θ(τ ; S, P )- 8&' A1'B  -C /*0&?' $&
( 13$ 5 6
3,: :/* D(/'1ED*1,$F%*)1'&G%,$F%*)/#  -7576 /*0&?' $&
(

Θ(−1/τ ; S, P ) = (2πi)−r · P
(

S1/2 ∂
∂q

)

·Θ0,q(−1/τ ; S)
∣

∣

∣

q=0

= (2πi)−r · P
(

S1/2 ∂
∂q

)

· τn/2 ·Θq,0(τ ; S−1)
∣

∣

∣

q=0
.

H>* u ∈ Cn )&' utu = 0 0&#'
(

utS1/2 ∂
∂q

)2

eπiτS−1[g+q]

= (2πiτ) ·
(

utS1/2 ∂
∂q

)

(

utS1/2 · S−1(g + q)
)

eπiτS−1[g+q]

=
(

2πiτ · utS1/2 · S−1S1/2u + (2πiτ · utS1/2S−1(g + q))2
)

· eπiτS−1[g+q]

= (2πiτ)2 · (utS1/2S−1(g + q))2 · eπiτS−1[g+q].

H>* r ∈ N /*0&?' /&,/ I,:3J'&%,
(

utS1/2 ∂
∂q

)r

eπiτS−1[g+q] = (2πi)r ·
(

utS1/2S−1(g + q)
)r · eπiτS−1[g+q].

8&' A1'B < F%#0' :1*13$

P (S1/2 ∂
∂q

)eπiτS−1[g+q]|q=0

= (2πiτ)r · P (S1/2S−1(g + q)) · eπiτS−1[g+q]
∣

∣

∣

q=0

= (2πiτ)r · P (S1/2 · S−1g) · eπiτS[S−1g].
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#$%$&' (%)*+, -$. -/, 0(% 1&2',/,&,/3. h = S−1g

Θ(−1/τ ; S, P ) = τ r+n/2 ·
∑

g∈Zn

P (S1/2 · S−1g) · eπiτS[S−1g]

= τ r+n/2 ·Θ(τ ; S, P ). 2

4&. 2(,%$
),( -$. '6(7/(++ 89% u ∈ Cn

P (X) = (utX)2 − 1
n

utu ·X tX ∈ H
(n)
2 .

1(,7, -$. :(,7, u = S1/2v; v ∈ Cn; '3 83+<, -/, 0/('(- P 0$'

 !"!##$" %&  !" #$%$& '$"(%$) *+,-.%*/("$ S ∈ Pos (n; Z) *+% v ∈ Cn ',/0

Θ(τ ; S, P ) =
∑

g∈Z
n

((vtSg)2 − 1
n

S[v] · S[g]) · eπiτS[g] ∈ S2+n/2 .

 !" n = 8, 16, 24 ',/0 Θ(·; S, P ) ≡ 0 *+% 1!" (//$ m ∈ N

∑

g∈D(S,2m)

(vtSg)2 = 1
n

S[v] · ♯(S, 2m) .

2$3$,&4 #(% =&'$,7 83+<, $&' 0(- 1$,7 '3>/( S6 = S10 = S14 = {0} <(-*?
@@@ABA A 2

4&. 2(,%$
),(. >/% '6(7/(++ S = S8 $&'  ACDEFA

 !"!##$" '&  !" #$%$& v ∈ C8 ',/0
∑

g∈Z
8

((vtS8g)8 − 1
128

(vtS8v)4(gtS8g)4) · eπiτS8[g] = cv ·∆∗(τ)

-,0

cv =





∑

g∈D(S8,2)

(vtS8g)8



− 30(vtS8v)4 .

2$3$,&4 G9% u ∈ C8 H(%/I7/(%, -$. +(/
), P (X) ∈ H
(8)
8 89%

P (X) = (utX)8 − 7
5
(utu) · (utX)6 · (X tX) + 7

12
(utu)2 · (utX)4 · (X tX)2

− 7
96

(utu)3 · (utX)2 · (X tX)3 + 1
768

(utu)4 · (X tX)4 .

J(<(. S12 = C∆∗ 83+<, -/, 0(- 1$,7

Θ(τ ; S8, P ) = cu ∆∗(τ), cu =
∑

g∈D(S8,2)

P (S
1/2
8 g).
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#$% &'()*
,(' -*%

Q(X) = (utX)6 − 15
16

(utu) · (utX)4 · (X tX) + 45
224

(utu)2 · (utX)2 · (X tX)2

− 5
896

(utu)3 · (X tX)3 ∈ H
(8)
6 ,

Q(X) = (utX)4 − 1
2
(utu) · (utX)2 · (X tX) + 1

40
(utu)2 · (X tX)2 ∈ H

(8)
4

Q(X) = (utX)2 − 1
8
(utu) · (X tX) ∈ H

(8)
2 .

.'/'% S6 = S8 = S10 = {0} 012/( Θ(·; S8, Q) ≡ 0 03) 45'6' Q7 8$6 4')  !"#$%#9
:%(;5
<2$%/ 5% =1)122*) 8 ')/5&( 65
, 4*%% *$
,

∑

g∈Z
8

(S8[g])rQ(S1/2g) · eπiτS[g] ≡ 0 03) r ∈ N0.

>$)
, ?524$%/ /''5/%'(') @5%'*)<1-&5%*(51%'% 012/( 6
,25'A5
,

Θ(τ ; S8, P ) =
∑

g∈Z
8

(

(utS
1/2
8 g)8 − 1

128
(utu)4(gtS8g)4

)

· eπiτS8[g].

#$% 6'(B( -*% u = S1/2v $%4 &'%$(B( ♯(S8, 2) = 240 /'-CA =1)122*)  7D87 2

.C,2( -*% 6E'B5'22 v ∈ D(S8, 2)F 61 <*%% -*% B'5/'%F 4*66
∑

g∈D(S8,2)

(vtS8g)8 = 624

/52(F *261 cv = 144 5% =1)122*) ?7 >*%% ')/5&( '5% G')/2'5
, 4')  !"#$%#9
=1'HB5'%('% 5% =1)122*) ? B$6*--'% -5( =1)122*)  7D8 4*6

 !"!##$" %&  !" v ∈ D(S8, 2)# !$ %&'" ()* +'', m ∈ N





∑

g∈D(S8,2m)

(vtS8g)8



− 480 ·m4 · σ3(m) = 144 · τ(m) .
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