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Cones, Crystals, and Patterns

By Peter Littelmann

Introduction

Let G be a semisimple algebraic group and let be V a a simple G-module
of highest weight λ. We consider the crystal graph C of V (or rather the crystal
graph of the corresponding simple module for the quantum group Uq(Lie G)).
There are two obvious options for an algorithm to determine the graph: One
is to develop a combinatorial theory that mimics the crystal base and the
Kashiwara operators, the other is to encode more directly the information
provided by the crystal graph. For example, one could fix for every element of
the crystal a path in the graph that joins the given element with the highest
weight element in the graph.

A combinatorial model can be found for example in Lusztig’s articles (see
[18], [19]). A different approach is given by the path model (see [13] for the
path model and [9], [6] for the connection with the crystal graph). The latter
can be viewed as a generalization of the classical theory of Young tableaux
for GLn(C), it includes as special cases also the tableaux of Lakshmibai and
Seshadri (see [12] and [16]) and of Kashiwara and Nakashima (see [10]). So it
is natural to ask whether the other classical combinatorial tool, the Gelfand-
Tsetlin patterns and its generalizations (see for example [2]), find a natural
interpretation (and generalization) in the framework of crystal graphs.

The aim of this article is to give such an interpretation of the Gelfand-
Tsetlin patterns and to generalize the notion to other groups. We will describe
explicitly for each simple algebraic group (at least one type of) such a “gener-
alized” pattern, and we will show how to “translate” for classical groups the
new notion back into the patterns as they are described in [2].

The idea of the construction is rather obvious: Start with a crystal graph
of a representation, let b be an element of the crystal basis. If b is not the
highest weight element, then there is at least one incoming arrow with color a
simple root α1. Denote by n1 the maximal integer such that b1 := en1

α1
(b) 6= 0,

where eα1 denotes the Kashiwara operator on the crystal basis. By continuing
with b1 in the same way, we obtain a sequence of integers (n1, . . . , nr) such
that enr

αr
. . . en1

α1
(b) is the highest weight element in the graph. To make the

construction uniform for all elements of the crystal base, one fixes a reduced
decomposition of the longest word in the Weyl group W and applies the root
operators according to the appearance in this decomposition (for details see
section 1). Let S ⊂ ZN , N the length of the longest word in W , be the
collection of such sequences, and denote by C ⊂ RN the real cone spanned by
S. One can show that S is in fact the set of all integral points in this cone.
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The defining inequalities for the cone C depend of course of the chosen
decomposition. We show that there exists a special class of decompositions
(the nice decompositions) such that the corresponding cone has a very simple
description. For example, in the simply laced case, they are of the form:
a = (a1, . . . , an) ∈ C if and only if ai ≥ aj for all j > i such that βi > βj ,
where {β1, . . . , βN} are the positive roots, enumerated according to the fixed
reduced decomposition, and “>” is the height ordering on the roots.

It is not clear how to describe the inequalities for an arbitrary decompo-
sition. The fact that we can find a description in terms of the “root ordering”
for all rank two Kac-Moody algebras suggests that it should be possible to
find a similar description in general. The procedure described in section 1 to
determine the set of inequalities has the disadvantage that the list will be far
from being minimal. A conjecture for the set of inequalities defining C can be
found in [21], they can prove the conjecture for all rank two cases, the group
SLn and the affine Kac-Moody algebra of type A1

n−1.
The actual patterns, i.e., the integral sequences corresponding to elements

of the crystal base of a given representation of highest weight λ, are the integral
points of a polytope obtained as intersection of C with a set of half-spaces
(depending on λ). We also describe a simple way to associate a basis to the
patterns: Let vλ ∈ Vλ be a highest weight vector. Then the set of vectors

{va := F (a1)
α1

. . . F
(ap)
αp vλ | a an element of the associated polytope }

forms a basis of (a Kostant lattice in) Vλ. Here the F
(n)
α are the usual divided

powers of elements of a Chevalley basis of the Lie algebra of G.
Note that this description (or interpretation) of the Gelfand-Tsetlin pat-

terns provides a canonical bijection between the various tableaux for classical
groups and the corresponding Gelfand-Tsetlin patterns. Recall that it is rather
simple to write down an explicit bijection between Young tableaux and the
patterns for G = GLn(C), but already for the symplectic group this is quite
a difficult task. Only recently J. Sheats [23] announced a symplectic Jeu de
Tacquin that transforms the Zhelobenko patterns (or rather the corresponding
King tableaux) into De Concini tableaux.

For the group G = GLn(C), the connection between the cone C and the
Gelfand-Tsetlin patterns has been described already in [4], and the cone C has
been studied before in the simply laced case in [3]. The basis for Vλ indicated
above is a variation of the basis given in [11]. Another way to attach cones
to crystals was studied in [22]. The author would like to thank A. Berenstein
and A. Zelevinsky for very helpful and inspiring discussions, and R. Dehy for
plentiful discussions and for her tremendous help to reduce the number of
misprints to a minimum.

1. Graphs and adapted strings

Let g be a symmetrizable Kac–Moody algebra and denote by X its weight
lattice. We fix an enumeration of the simple roots α1, . . . , αn, and for a simple
root α let α∨ be its coroot. For the crystal graph of an irreducible highest
weight representation and for the path model, we use the notation as in [8]



CONES, CRYSTALS AND PATTERNS 3

and [13]. Once we have fixed a reduced decomposition w = si1 · · · sir of an
element w in the Weyl group W , we write just fi, ei for the (root-) operators
fαi , eαi .

We identify (see [8] or [6]) in the following the crystal graph with its
“realization” as path model. We recall quickly the notation introduced in [13].
Let XR be the real vector space X⊗ZR, and denote by Π the set of all piecewise
linear paths π : [0, 1] → XR (modulo reparametrization) such that π(0) = 0
and π(1) ∈ X. Let Π+ be the subset of paths contained in the dominant Weyl
chamber.

Let λ ∈ X+ be a dominant weight. We write λ � 0 for a generic regular
dominant weight, i.e., λ(α∨) � 0 for all simple roots α. We use the same
notation for paths: We write π � 0 if π ∈ Π+ and the endpoint of π is a
generic regular weight: π(1) � 0.

We introduced in [13] some operators on the set Π∪{0}. For every simple
root α we defined two operators eα and fα. Roughly speaking, these operators
contruct new paths out of the given one by replacing parts of the path by
their image with respect to the simple reflection sα. If it is not possible to
apply the construction to a given path, then the image of the path is defined
as the “extra” element 0. (This element has been introduced to underline the
similarity with the crystal basis). Further, if eαπ 6= 0, then on recovers the
old path by applying the other operator: fαeαπ = π, and if fαπ 6= 0, then
eαfαπ = π.

For a path π ∈ Π and a simple root α let mα be the minimum of the
function [0, 1] → R, t 7→ π(t)(α∨). Recall that if m and n are maximal such
that em

α π 6= 0 and fn
απ 6= 0, then m ∈ N is maximal such that m ≤ |mα|, and

n ∈ N is maximal such that n ≤ π(1)(α∨)−mα. As an immediate consequence
we see that if π ∈ Π+, then eαπ = 0 for all simple roots α. Further, if π ∈ Π
is such that eαπ = 0 and n = π(1)(α∨), then the set {π, fαπ, . . . , fn

απ} ∪ {0}
is stable under the operators eα, fα, and the weights which occur as endpoints
are exactly the weights on the α-string between λ := π(1) and sα(λ).

For π ∈ Π+ we denote by B(π) the set of paths obtained from π by
applying the root operators, i.e., B(π) ∪ {0} is the smallest subset of Π that
contains π and is stable under the root operators. Let λ := π(1) be the
endpoint of π. Recall that the multiplicity of the weight space Vλ(µ) in Vλ is
equal to the number of paths in B(π) that end in µ. Further, let G(π) be the
colored directed graph having B(π) as set of vertices, and we put an arrow
η

α−→η′ with color α between η, η′ ∈ B(π) if fα(η) = η′. Recall that G(π)
depends only on the endpoint of π, in fact, G(π) is the crystal graph of the
irreducible representation Vλ of highest weight λ = π(1).

Let λ ∈ X+ be a dominant weight. As the “path model” of the repre-
sentation Vλ we will most of the time choose the set B(πλ), where πλ is the
straight line πλ : [0, 1] 7→ XR, t 7→ tλ, joining the origin with λ.

Suppose λ, µ ∈ X+ are dominant weights, and let π ∈ B(πλ) and η ∈
B(πµ) be two paths of the corresponding path models. Recall ([13], Lemma
2.7) that the root operators act on the concatenation π ∗ η in the following
way: eα(π ∗ η) = π ∗ (eαη) if ∃ n ≥ 1 such that en

αη 6= 0 but fn
απ = 0, and
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eα(π ∗ η) = (eαπ) ∗ η else, and

fα(π ∗ η) =
{

(fαπ) ∗ η if ∃n ≥ 1 such that fn
απ 6= 0 but en

αη = 0;
π ∗ (fαη), otherwise.

Let x := fα1 . . . far and y := fγ1 . . . fγs be two monomials.

Proposition 1.1. If xπ1 6= 0 and xπ1 = yπ1 for some π1 ∈ Π+, then
xπ = yπ for all π ∈ Π+.

Proof. For π2 ∈ Π+ choose ν ∈ X+ such that µ1 := ν − π1(1) and µ2 :=
ν − π2(1) are dominant weights. If ρ1, ρ2 ∈ Π+ are such that ρ1(1) = µ1 and
ρ2(1) = µ2, then we get:

x(π1 ∗ ρ1) = (xπ1) ∗ ρ1, y(π1 ∗ ρ1) = (yπ1) ∗ ρ1,

and hence x(π1∗ρ1) = y(π1∗ρ1). Since π1∗ρ1(1) = π2∗ρ2(1), the corresponding
graphs G(π1 ∗ ρ1) and G(π2 ∗ ρ2) are isomorphic. Hence:

(1.1) x(π2 ∗ ρ2) = y(π2 ∗ ρ2).

If xπ2 = yπ2 = 0, then nothing is to prove. If (without loss of generality)
xπ2 6= 0, then x(π2 ∗ρ2) = (xπ2) ∗ρ2. Set η ∗ τ := y(π2 ∗ρ2), then (1.1) implies
that η = xπ2, τ = ρ2, and hence: y(π2 ∗ ρ2) = (yπ2) ∗ ρ2, so yπ2 = xπ2.

Fix a reduced decomposition w = si1 . . . sip of w ∈ W . For a tuple (a) =
(a1, . . . , ap) ∈ Np we write just fa for

fa := fa1
i1
· · · far

ir
.

Definition. A tuple (a) is called an adapted string of η := faπ if

η 6= 0 and ei1(f
a2
i2

fa3
i3

. . . f
ap

ip
π) = 0, ei2(f

a3
i3

. . . f
ap

ip
π) = 0, . . . , eip−1(f

ap

ip
π) = 0.

Remark 1.2. Note that a is uniquely determined by η: a1 is maximal
such that ea1

i1
(η) 6= 0, a2 is maximal such that ea2

i2
ea1
i1

(η) 6= 0, etc.

Lemma 1.3. Suppose η = faπ1, π1 ∈ Π+, is an adapted string. If
π2 ∈ Π+, then either faπ2 = 0 or η′ := faπ2 is the adapted string.

Proof. If η′ 6= 0, then let η′ = fmπ2 be the adapted string. Proposition 1.1
implies η = fmπ1. The equality fmπ1 = faπ1 implies a1 ≥ m1 by the definition
of the adapted string of η, and fmπ2 = faπ2 implies that m1 ≥ a1. It follows
that a1 = m1, and hence, by induction, a = m.

Definition. Let w = si1 · · · sip be a reduced decomposition, and for a dom-
inant weight λ let πλ ∈ Π+ be such that πλ(1) = λ. Denote by Sw the set of
all a ∈ Np such that a is the adapted string of faπ for some π � 0, and let Sλ

w

be the subset {a ∈ Sw | faπλ 6= 0}.

Remark 1.4. Lemma 1.3 implies that the definition above makes sense:
If a is the adapted string of faπ for some π ∈ Π+, then a is the adapted string
for all faπ′ such that faπ′ 6= 0. Since faπ′ 6= 0 for π′ � 0, one could replace
in the definition above “some” by “all π � 0”.

Suppose g is finite dimensional and let w0 be the longest element in the
Weyl group. For a dominant weight λ let Sλ

w0
→ B(πλ) be the canonical map
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a 7→ faπλ. Then [15] implies that the map Sλ
w0
→ B(πλ) is a bijection, so we

can naturally identify Sλ
w0

with the vertices of the crystal graph. For arbitrary
w (and arbitrary g) we can identify in the same way Sλ

w with the vertices of
the crystal graph of the Demazure module Vλ(w) of Vλ [7].

Definition. Let Cw ⊂ Rp be the real cone spanned by Sw. For a dominant
weight λ let Cw

λ ⊂ Cw be the polytope defined by: ap ≤ 〈λ, α∨ip〉 and

ap−1 ≤ 〈λ− apαip , α
∨
ip−1

〉, . . . , a1 ≤ 〈λ− apαip − . . .− a2αi2 , α
∨
i1〉

Proposition 1.5.
a) Cw is a rational cone and Sw is the set of integral points in Cw.
b) Sλ

w is the set of integral points in the rational polytope Cλ
w.

Proof. For η ∈ Π and k ∈ N set (kη)(t) := kη(t). Recall that k(fαη) =
fk

α(kη) and k(eαη) = ek
α(kη) [13] . Further, if η ∈ B(π) for some π ∈ Π+, then

the minimum of the function hη
α : t 7→ η(t)(α∨) is an integer for all simple

roots, and eα(η) = 0 if and only if the minimum is equal to 0. In particular:

eαη = 0 ⇔ minhη
α = 0 ⇔ minhkη

α = 0 ⇔ eα(kη) = 0

for all k ≥ 1. A vector a with integral co-ordinates is hence in Sw if and only
if ka ∈ Sw for some k ≥ 1, so Sw is the set of integral points in Cw.

The description of Sλ
w as integral points of Cλ

w is an immediate consequence
of the string property of the operators: Remember that if η ∈ Π is a path such
that eαη = 0, then fm

α η 6= 0 if and only if 0 ≤ m ≤ 〈µ, α∨〉, where µ := η(1) is
the endpoint of η. It remains to prove that Cw is rational, the rationality of Cλ

w

follows then easily. We give a set of inequalities defining Cw, the construction
is by induction on l(w). If w = sα, then Cw = R+

0 , the cone of non-negative
real numbers.

Suppose now w = si1 . . . sip is a reduced decomposition and p > 1. Let α

be the simple root such that α = αip , let ω be the corresponding fundamental
weight, and fix a dominant weight λ such that λ(α∨) = 0 but λ(γ∨) � 0 for
all simple roots γ 6= α. Set w′ := si1 . . . sip−1 .

The rules for the action of the root operators on the concatenation of two
paths implies for a ∈ Np and q � 0:

fa(πλ ∗ πqω) = (fa′πλ) ∗ (fk
απqω), a′ ∈ Np−1, k ∈ N.

where a′j = aj for αij 6= α, and k ≥ ap. The same rules imply: If a ∈ Sw, then
a′ ∈ Sw′ . Guided by this fact, we define a sequence mp, . . . ,m1 with mi ∈ Zi:
We set mp := a, and we define mj−1 = (mj−1

1 , . . . ,mj−1
j−1) for j ≤ p by

mj−1
k := min{mj

k,∆
j(k)}

where ∆j : {1, . . . , j − 1} → Z is the function defined as follows: For k < ` ≤ j

let s(k, `, j) be the sum mj
` −

∑
k<s≤` mj

sαis(α∨ij ), then

∆j(k) :=
{

max{s(k, `, j) | k < ` ≤ j, αi` = αij}, if αik = αij ;
mj

k, otherwise.

Lemma 1.6. a ∈ Sw if and only if ∆j(k) ≥ 0 ∀ 2 ≤ j ≤ p, 1 ≤ k ≤ j−1.
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Note that the mj
k depend on the a` in a piecewise linear way, and the

functions ∆j are piecewise linear. It follows that Cw is defined by a finite
number of rational, piecewise linear inequalities, and hence Cw is a finite union
of rational convex cones, which finishes the proof of the proposition.

Proof of the lemma. By induction it suffices to prove:

a ∈ Sw ⇐⇒ mp−1 ∈ Sw′ and ∆p(k) ≥ 0 for all 1 ≤ k ≤ p− 1

To simplify the notation we write in the following just m and ∆ for mp−1 and
∆p. Suppose first that a ∈ Sw. We will show:

fa(πλ ∗ πqω) = (fmπλ) ∗ (fk
απqω),

where k = ap + (ap−1 − mp−1
p−1) + . . . + (a1 − mp−1

1 ). This implies of course
m ∈ Sw′ and ∆(k) ≥ 0.

Remember that a′j = aj = mj and ∆(j) = aj ≥ 0 for αij 6= α. Assume
now that αi` = α and a′s = ms for all s > `. Since a′ ∈ Sw′ , this implies for m:
eα(fm`+1

i`+1
. . . f

mp−1

ip−1
πλ) = 0 and

f
a`+1

i`+1
. . . f

ap

ip
(πλ ∗ πqω) = (fm`+1

i`+1
. . . f

mp−1

ip−1
πλ) ∗ (f t

απqω), t = ap +
∑
s>`

(as −ms).

Now a ∈ Sw implies eα(fa`+1

i`+1
. . . f

ap

ip
(πλ ∗ πqω)) = 0. The equation above and

the rules for the action on the concatenation of two paths imply that this is
only possible if t ≤

∑
`<s<p(−msαis)(α∨). It follows that ∆(`) ≥ 0 because:∑

`<s<p

(−msαis)(α
∨)− t =

∑
`<s<p
αis 6=α

as|αis(α
∨)| −

∑
`<s<p
αis=α

ms −
∑

`<s≤p
αis=α

as = ∆(`)

Hence we get:

fa`
α (fm`+1

αi`+1
. . . f

mp−1
αp−1 πλ ∗ f t

απqω) = (fm`
α . . . f

mp−1
αp−1 πλ) ∗ (f t′

α πqω),

where m` = min{a`,∆(`)} and t′ = t + a` −m`, so m` = a′`. It follows now by
induction that a ∈ Sw implies m ∈ Sw′ and a′ = m.

Suppose now m ∈ Sw′ . We have to show that a ∈ Sw and a′ = m. Assume
j ≤ p− 1 and a′s = ms for all s > j. If αij 6= α, then

eij (f
aj+1

ij+1
. . . f

ap

ip
(πλ ∗ πqω)) = (eij (f

mj+1

ij+1
. . . f

mp−1

ip−1
πλ)) ∗ (f t

απqω) = 0,

because m ∈ Sw′ . Note further that we get obviously: a′j = aj = mj . If
αij = α, then m ∈ Sw′ implies ∆(j) ≥ 0 and

eα(fmj+1

ij+1
. . . f

mp

ip
πλ) = 0, eα(fmj+1

ij+1
. . . f

mp

ip
πλ ∗ f t

απqω) = 0,

where t = ap +
∑

s>j(as − ms), and hence: eα(faj+1

ij+1
. . . f

ap

ip
(πλ ∗ qπω)) = 0.

Further:

f
aj
α (fmj+1

ij+1
. . . f

mp

ip
πλ ∗ f t

απqω) = (fmj
α . . . f

mp−1

ip−1
πλ) ∗ (f t′

α πqω),

where mj = min{aj ,∆(j)} = a′j and t′ = t + aj −mj . It follows that a ∈ Sw

and a′ = m, which finishes the proof of the lemma.
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The proof above shows that Cw is a finite union of rational convex cones.
In fact, it can be shown that Cw is convex. Though we will not need the convex-
ity of Cw, we will roughly outline the proof as it was pointed out to the author
by A. Berenstein and A. Zelevinsky. The main point in the demonstration is
the theorem below, which proves that Sw is a semi-group.

In the case where the root system is simply laced this has been proved in
[3] (Theorem 2.1, Proposition 4.1), the proof in the general case will appear
in a forthcoming paper by A. Berenstein. The author would like to thank
A. Berenstein and A. Zelevinsky for helpful discussions and for communicating
the proof of the semi-group property.

Theorem 1.7. (A. Berenstein, A. Zelevinsky) Sw is a semi-group.

Corollary 1. Cw and Cλ
w are convex.

Proof of the corollary. To prove the convexity of Cw, it is sufficient to
consider rational points in Cw. By Proposition 1.5, we know that Sw coincides
with the set of integral points in Cw, and hence it is sufficient to prove that
for any two integral points a, b ∈ Cw and any rational number r, 0 ≤ r ≤ 1,
ra+(1−r)b ∈ Cw. Since Cw is a cone, this is the same as to say that for any two
non negative integers p, q and any two points a, b ∈ Sw, the point pa+qb ∈ Cw.
Since this is again an integral point in Cw, the claim is equivalent to the claim
that Sw is a semi-group. The fact that Cλ

w is a convex rational polytope follows
then immediately from the convexity of Cw.

The algorithm to determine the defining equations of the cone described
above is rather involved, and the set of equations one gets seems to be far
from being a minimal set. In the following we will study a special class of
reduced decompositions (as mentioned in the introduction) where the cone has
a particularly simple structure. These “nice decompositions” are associated to
a sequence of Levi subgroups G ⊃ L1 ⊃ L2 . . . ⊃ Ln = T , where the Levi
subgroups correspond to so-called braidless fundamental weights.

In the following we will first study the rank two case which will help us
understand the structure of the cone for the nice decomposition. In the exmples
later we will for each simple algebraic group describe explicitely at least one
cone associated to a nice decomposition.

2. The rank two case

In this section we suppose that g is a symmetrizable Kac–Moody algebra of
rank two. We write only fi, si, . . . for fαi , sαi . . .. We fix a decomposition of
an element w = s1s2 . . . ∈ W . Let ≥ be the usual order on the set of weights
defined by λ ≥ µ if λ− µ is a sum of positive roots. The following proposition
expresses the inequalities defining the cone of adapted strings in terms of the
usual ordering on the set of roots. The proposition is a reformulation of the
results in [7] and the proof is a variation of the proof given in [13].

Proposition 2.1. a ∈ Cw if and only if

a2s1(α2) ≥ a3α1, a3s1s2(α1) ≥ a4s1(α2), a4s1s2s1(α2) ≥ a5s1s2(α1), . . . .
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Proof. Set x := 〈α1, α
∨
2 〉〈α2, α

∨
1 〉, y0 := 1 and yj := 1 − (1/xyj−1). One

checks easily by induction that

(sisj)k(αi) = (xk−1|〈αi, α
∨
j 〉|

2k−2∏
l=1

yl)αj + (xk
2k−1∏
l=1

yl)αi,

sj(sisj)k(αi) = (xk|〈αi, α
∨
j 〉|

2k∏
l=1

yl)αj + (xk
2k−1∏
l=1

yl)αi.

So sj(sisj)k(αi) is obtained from (sisj)k(αi) by multiplying the coefficient of αj

by xy2k−1y2k, and (sisj)k+1(αi) is obtained from sj(sisj)k(αi) by multiplying
the coefficient of αi by xy2ky2k+1. Since yp ≥ yq for q ≥ p (see [7] or [13]),
it follows that: If a, b > 0 are such that a(sisj)k(αi) ≥ bsi(sjsi)k−1(αj), then
a(sisj)l(αi) ≥ bsi(sjsi)l−1(αj) and asj(sisj)l(αi) ≥ b(sjsi)l(αj) for all l < k.

The proof of the proposition is by induction on l(w). Suppose l(w) > 1
and π � 0, we may assume that the proposition is true for w′ ∈ W such that
l(w′) = l(w)− 1. Let f (a)π be such that e2(fa3

1 fa4
2 . . . π) = 0, e1(fa4

2 . . . π) = 0,
. . .. The discussion above shows that to prove the proposition it is sufficient
to prove that, under these conditions, e1(fa2

2 fa3
1 . . . π) = 0 is equivalent to:

a2s1(α2) ≥ a3α1, a3s1s2(α1) ≥ a4s1(α2), a4s1s2s1(α2) ≥ a5s1s2(α1), . . .

Denote by φk : [0, 1] → R the map such that

fak
i f

ak+1

j ...π(t) = f
ak+1

j ...π(t)− φk(t)αi.

The integrality property implies e1(fa2
2 . . . π) = 0 ⇔ 〈fa2

2 . . . π(t), α∨1 〉 ≥ 0 for
all t ∈ [0, 1]. But this is equivalent to

min{〈fa4
2 . . . π(t)− φ3(t)α1 − φ2(t)α2, α

∨
1 〉 | t ∈ [0, 1]} ≥ 0.

Suppose the minimum is attained at t = t0. Since 〈fa4
2 . . . π(t), α∨1 〉 ≥ 0 by

assumption and 〈α2, α
∨
1 〉 < 0, we can choose t0 such that φ3 is not locally

constant in t0. But then 〈fa4
2 . . . π(t0), α∨1 〉 = φ3(t0) (by the definition of φ3),

so the minimum above is equal to

min{−〈α2, α
∨
1 〉φ2(t)− φ3(t) | t ∈ [0, 1]}.

A map ϕ : [0, 1] → R2 can be written as ϕ(t) = ϕ1(t)α1+ϕ2(t)α2, where ϕ1, ϕ2

are R-valued functions. We write ϕ ≥ 0 if ϕ1(t), ϕ2(t) ≥ 0 for all t ∈ [0, 1]. So
the condition above can be written as:

(2.1) φ2(t)s1(α2)− φ3(t)α1 ≥ 0.

For t = 1 we get φ2(1) = a2, φ3(1) = a3 and thus the necessary condition:

a2s1(α2) ≥ a3α1.

Note that 〈fa3
1 fa4

2 . . . π(t), α∨2 〉 ≥ φ2(t), so

〈fa3
1 fa4

2 . . . π(t), α∨2 〉s1(α2)− φ3(t)α1 ≥ φ2(t)s1(α2)− φ3(t)α1.

Suppose the right side attains its minimum in t0 ∈ [0, 1]. Since φ2, φ3 ≥ 0, we
may assume that t0 = 1 or φ2 is not locally constant in t0. But then

φ2(t0) = 〈fa3
1 fa4

2 . . . π(t0), α∨2 〉,
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so the minima of the left and right side are the same. It follows that (2.1) is
satisfied if and only if:

a2s1(α2) ≥ a3α1 and 〈fa3
1 fa4

2 . . . π(t), α∨2 〉s1(α2)− φ3(t)α1 ≥ 0.

The latter can be rewritten as:(
〈fa5

1 . . . π(t), α∨2 〉 − φ3(t)〈α1, α
∨
2 〉 − φ4(t)〈α2, α

∨
2 〉

)
s1(α2)− φ3(t)α1

=
(
〈fa5

1 . . . π(t), α∨2 〉 − φ4(t)
)
s1(α2) + φ3(t)s1s2(α1)− φ4(t)s1(α2) ≥ 0.

As above, by choosing an appropriate t0 ∈ [0, 1], one proves that this map is
non-negative if and only if

(2.2) φ3(t)s1s2(α1)− φ4(t)s1(α2) ≥ 0.

For t = 1 we get: a3s1s2(α1) ≥ a4s1(α2). Proceeding in an same way, we see
that the condition e1(fa2

2 . . . π) = 0 is equivalent to the conditions:

a2s1(α2) ≥ a3α1, a3s1s2(α1) ≥ a4s1(α2), . . . .

Suppose now that g finite dimensional and w = w0 is the longest element
W . We write only C1 or C2 for the cone of adapted strings, depending on the
chosen decomposition w0 = s1s2 . . . or w0 = s2s1 . . . (α2 is the long root).

Corollary 2.
i) If g is of type A2 and w0 = s1s2s1 = s2s1s2, then:

C1 = C2 = {(a) ∈ R3 | a2 ≥ a3},

ii) If g is of type C2 and w0 = s1s2s1s2 = s2s1s2s1, then:

C1 = {(a) ∈ R4 | 2a2 ≥ a3 ≥ 2a4}, C2 = {(a) ∈ R4 | a2 ≥ a3 ≥ a4}.

iii) If g of type G2 and w0 = s1s2s1s2s1s2 = s2s1s2s1s2s1, then

C1 = {(a) ∈ R6 | 6a2 ≥ 2a3 ≥ 3a4 ≥ 2a5 ≥ 6a6}
C2 = {(a) ∈ R6 | 2a2 ≥ 2a3 ≥ a4 ≥ 2a5 ≥ 2a6}.

We have a canonical bijection φ : C1 → C2, where φ(a) is such that
faπ = fφ(a)π for π � 0. We will now describe this bijection. The same
arguments as in the proof of Proposition 2.1 (compare [13]) yield for w ∈ W :

Lemma 2.2. Suppose e1(fa2
2 fa3

1 . . . π) = 0, e2(fa3
1 . . . π) = 0, . . .. If m

is maximal such that em
2 (fa1

1 fa2
2 fa3

1 . . . π) 6= 0, then (−m) is the minimum of
the coefficients of a1s2(α1)− a2α2, a2s2s1(α2)− a3s2(α1), . . . .

If g is of type A2, then the lemma above implies together with a simple
weight argument (see also [3]):

Proposition 2.3. The bijection C1 → C2 is the piecewise linear map:

(a1, a2, a3) 7→ (max{a3, a2 − a1}, a1 + a3,min{a2 − a3, a1}).
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Proposition 2.4. If g is of type C2, then the bijection C1 → C2 is the
piecewise linear map:

n1 = max{p4, p3 − p2, p2 − p1}, n2 = max{p3, p1 − 2p2 + 2p3, p1 + 2p4}
n3 = min{p2, 2p2 − p3 + p4, p4 + p1}, n4 = min{p1, 2p2 − p3, p3 − 2p4}.

and its inverse is the piecewise linear map C2 → C1:

p1 = max{n4, 2n3 − n2, n2 − 2n1}, p3 = min{n2, 2n2 − 2n3 + n4, n4 + 2n1}
p2 = max{n3, n1 + n4, n1 + 2n3 − n2}, p4 = min{n1, n3 − n4, n2 − n3}.

Proof. The formula for p1 follows from Lemma 2.2, and since p1 + p3 =
n2 + n4, we get also the formula for p3. If q � 0 and n ∈ C2, then Lemma 2.2
and [13], Lemma 2.7, imply: fn1

2 fn2
1 fn3

2 fn4
1 (πqω1 ∗ πqω2) =

f
min{n1,n2−n4−(n3−n4)}
2 fn2

1 fn4
2 fn4

1 πqω1 ∗ f
n3−n4+n1−min{n1,n2−n4−(n3−n4)}
2 πqω2

and for p ∈ C1 we get: fp1
1 fp2

2 fp3
1 fp4

2 (πqω1 ∗ πqω2) =

fp1
1 f

min{p2,p3−p4}
2 fp3

1 πqω1 ∗ f
p4+p2−min{p2,p3−p4}
2 πqω2 .

This implies: max{p4, p2−p3 +2p4} = max{n3−n4, n1−n2 +2n3−n4}. Since
p2 + p4 = n1 + n3, it follows:

p4 = max{n3 − n4, n1 − n2 + 2n3 − n4} −max{0, n1 + n3 − p3}.

But p3 = n2 + n4 − p1 = min{n2, 2(n2 − n3) + n4, 2n1 + n4}, so we get:

p4 = −n4 + max{n3, n1 − n2 + 2n3} − n1 − n3+

min{n1 + n3, n2, 2n2 − 2n3 + n4, 2n1 + n4}
= min{n1 + n3 − n4, n2 − n4, 2n2 − 2n3, 2n1} −min{n1, n2 − n3}.

By discussing the cases n1 ≤ n2 − n3 and n1 ≥ n2 − n3 separately, one sees
easily that p4 = min{n1, n3−n4, n2−n3}. Since p2 + p4 = n1 + n3, this yields
also the formula for p2, so this finishes the proof for the second map.

By comparing fp1
1 fp2

2 fp3
1 fp4

2 (πqω2 ∗ πqω1) and fn1
2 fn2

1 fn3
2 fn4

1 (πqω2 ∗ πqω1),
the same arguments yield the formula for the inverse map.

Using the Young tableaux in [14], a similar kind of formula can be deduced
for g of type G2. We state here just the formula for the first term, the formula
is a consequence of Lemma 2.2.

Lemma 2.5. Suppose g is of type G2, p ∈ C1 and n ∈ C2 (α2 is the long
root) are such that fnπ = fpπ for π � 0. Then

p1 = max{n6, 3n5 − n4, 2n4 − 3n3, 3n3 − 2n2, n2 − 3n1}
n1 = max{p6, p5 − p4, 2p4 − p3, p3 − 2p2, p2 − p1}.

3. The braidless weights

Let h be a Cartan subalgebra of a semisimple Lie algebra g. Denote by Φ the
root system, by X the weight lattice, and fix a set of simple roots ∆. We call
a fundamental weight ω braidless if for any τ ∈ W the following holds:
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(∗) If α, γ ∈ ∆ are such that 〈τ(ω), α∨〉 > 0, 〈τ(ω), γ∨〉 > 0, then 〈γ, α∨〉 = 0.

If g =
⊕

gi is a decomposition of g into simple ideals, then ω is braidless
for g if and only if ω is braidless for one of the gi. Denote by αω the unique
simple root such that 〈ω, α∨〉 6= 0, let Pω be the associated maximal parabolic
subgroup, and denote by Nω the nilpotent radical of the Lie algebra Lie Pω.
We use the enumeration of the fundamental weights as in [1].

Lemma 3.1. A fundamental weight ω of a simple Lie algebra g is
braidless if and only if ω is a minuscule weight of g, or ω = ω1 for g of type
Bn, or ω = ωn for g of type Cn, or ω is arbitrary and g is of rank at most two.

Proof. Recall that ω is called minuscule if |〈τ(ω), β∨〉| ≤ 1 for all positive
roots and all τ ∈ W . Now 〈τ(ω), α∨〉 > 0 and 〈τ(ω), γ∨〉 > 0 for two simple
roots such that 〈α, γ∨〉 6= 0 would imply |〈τ(ω), sα(γ)∨〉| > 1. So 〈α, γ∨〉 = 0,
and minuscule weights are braidless.

It is obvious that ω is braidless if rk g = 2. Suppose now rk g > 2 and ω

is braidless but not minuscule. Let β be a positive root such that 〈ω, β∨〉 > 0,
i.e., the root space gβ corresponding to β is contained in Nω. By Weyl group
invariance we may assume: 〈β, α∨〉 ≥ 0 for all α 6= αω.

Suppose 〈β, α∨ω〉 < 0, so the root system Φ′ spanned by β and αω is of
type A2 or B2. Note if we take the intersection of the real span of Φ′ with Φ,
then we get again a root system of rank two, which can only be the same root
system. So Φ′ is a root subsystem of Levi type, i.e., there exists a τ ∈ W

such that τ(αω) and τ(β) are simple roots. It follows that 〈τ(ω), τ(α∨ω)〉 > 0,
〈τ(ω), τ(β∨)〉 > 0, in contradiction to the assumption that ω is braidless.

So β is hence a dominant root. If g is of simply laced type, then β is the
highest root. Since β is unique, this implies that β is conjugate to αω by Wω,
i.e., β is of the form αω +

∑
α 6=αω

aαα, and ω is hence minuscule.
If g is not simply laced and if the representation of Lω ⊂ Pω on Nω is

irreducible, then the highest root is of the form αω +
∑

α 6=αω
aαα. So (using

for example the tables in [1]) one finds that ω = ω1 for g of type Bn, or ω = ωn

for g of type Cn. One checks easily that these two are braidless weights.
Suppose now the representation is not irreducible. The arguments above

show that the positive roots in Nω are conjugate by Wω to the dominant roots,
so Nω = N1

⊕
N2, where N1 = ⊕gα is the sum of all root spaces corresponding

to short roots in Nω and N2 = ⊕gα is the sum of all root spaces in Nω of the
long roots. Now if g is of type Cn, one sees easily that the submodule generated
by the highest root contains always the root spaces of short roots and long
roots unless ω = ω1, which is a minuscule weight. If g is of type Bn, then the
submodule generated by the root α contains always the root spaces of short
roots and long roots unless ω = ωn, which is a minuscule weight. It remains
to consider the case F4. The decomposition of Nω = N1

⊕
N2 implies that

the highest root is of the form β = 2αω +
∑

α 6=αω
aαα, so ω = ω1, ω4. But the

Lω-submodule generated by αω contains in both cases long and short roots.

Lemma 3.2. Suppose ω is braidless. Denote by ωW the minimal
representatives of the left Wω-classes in W . If τ ∈ ωW , then a reduced de-
composition of τ is unique up to the exchange of orthogonal simple reflections.
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Proof. It is well-known that one can pass from one reduced decomposition
to another by exchanging orthogonal simple reflections or by using the braid
relations, i.e., in a reduced decomposition one replaces

sα1 . . . sαr(sasγsa . . .)sαr+1 . . . sαt by sα1 . . . sαr(sγsαsγ . . .)sαr+1 . . . sαt .

But such a braid relation can occur in a reduced decomposition if and only if

〈sαr . . . sα1(ω), α∨〉 > 0 , 〈sαr . . . sα1(ω), γ∨〉 > 0,

which is not possible because ω is a braidless weight.

Let w be the longest word in Wω and let τ be the longest word in ωW .
Fix a reduced decomposition τ = sα1 . . . sαr . The set of positive roots N(Φ)
below is exactly the set of positive roots in Nω:

N(Φ) := {β1 := w(α1), β2 := wsα1(α2), . . . , βr := wsα1 . . . sαr−1(αr)}

Lemma 3.3.
i) If 〈αi, α

∨
i+1〉 = 0 and both have the same length, then βi and βi+1 are not

comparable in the usual partial order.
ii) 〈αi, α

∨
i+1〉 = 〈αi+1, α

∨
i 〉 = −1 =⇒ βi > βi+1.

iii) 〈αi, α
∨
i+1〉 = −1, 〈αi+1, α

∨
i 〉 = −2, αi+2 = α∨i =⇒ 2βi > βi+1 > 2βi+2.

iv) 〈αi, α
∨
i+1〉 = −2, 〈αi+1, α

∨
i 〉 = −1 and αi+2 = α∨i =⇒ βi > βi+1 > βi+2.

Proof. We prove first ii). Note that

(∗) 〈sαi−1 . . . sα1(ω), α∨i 〉 > 0 implies 〈sαi−1 . . . sα1(ω), α∨i+1〉 = 0.

The latter can not be positive because ω is braidless. Similarly, if the latter is
negative, then there exists a reduced decomposition:

sα1 . . . sαi−1 = sα′1
. . . sα′i−2

sαi+1 ,

and hence sα′1
. . . sαi+1sαisαi+1 would be a reduced decomposition for an ele-

ment in ωW , which leads again to a contradiction. Now (∗) implies that

sα1 . . . sαi−1sαi+1 = sγsα1 . . . sαi−1

for some simple root γ 6= αω. Note that sγ = sα1 . . . sαi−1sαi+1sαi−1 . . . sα1

implies γ = sα1 . . . sαi−1(αi+1). It follows that

βi+1 = wsα1 . . . sαi(αi+1) = wsα1 . . . sαi−1(αi + αi+1) = βi + w(γ) < βi,

because w(γ) is the negative of a simple root. As above one proves for iii), iv):

sα1 . . . sαi−1sαi+1 = sγsα1 . . . sαi−1

for some simple root γ 6= αω. So for iii) we get:

βi+1 = wsα1 . . . sαi(αi+1) = wsα1 . . . sαi−1(2αi + αi+1) = 2βi + w(γ),

βi+2 = wsα1 . . . sαisαi+1(αi+2) = wsα1 . . . sαi−1(αi + αi+1) = βi + w(γ).

This implies: 2βi > βi+1. Since w(γ) is the negative of a simple root we get:

βi+1 = 2βi + w(γ) > 2βi + 2w(γ) = 2βi+2
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and hence 2βi > βi+1 > 2βi+2. Similarly, we get for iv):

βi+1 = wsα1 . . . sαi(αi+1) = wsα1 . . . sαi−1(αi + αi+1) = βi + w(γ),

βi+2 = wsα1 . . . sαisαi+1(αi+2) = wsα1 . . . sαi−1(αi + 2αi+1) = βi + 2w(γ).

and hence βi > βi+1 > βi+2. It remains to prove i) for rk g > 2. By exchanging
orthogonal reflections if necessary, we may assume that the decomposition

sα1 . . . sαj (sαj+1 . . . sαk
)(sαk+1

. . . sαi)sαi+1(sαi+2 . . .)

is such that the following sets of roots are pairwise orthogonal to each other:

∆1 := {αj+1, αj+2, . . . , αk−1, αk, αi+1}, ∆2 := {αk+1, αk+2, . . . , αi−1, αi}

Further, for l = j + 1, . . . , k, i + 1 there exists an p, j ≤ p < l such that
〈αl, α

∨
p 〉 < 0, and for k + 1 ≤ l ≤ i there exists an p, p = j or k + 1 ≤ p < l,

such that 〈αl, α
∨
p 〉 < 0. Also, we may assume that for j +1 ≤ l ≤ k there exists

an p, j < p ≤ k or p = i + 1, such that 〈αl, α
∨
p 〉 < 0, and for k + 1 ≤ l ≤ i− 1

there exists an q, l < q ≤ i such that 〈αl, α
∨
q 〉 < 0.

We will show that βi and βi+1 are obtained from βj by subtracting certain
simple roots. The conditions above imply that one can find two sequences:

j := p0 < . . . < pr−1 ≤ k, pr := i + 1; j := q0, k + 1 ≤ q1 < . . . < qt := i,

such that 〈αps , α
∨
ps−1

〉 < 0 but 〈αps , α
∨
l 〉 = 0 for ps−1 < l < ps, and similar,

〈αqs , α
∨
qs−1

〉 < 0, but 〈αqs , α
∨
l 〉 = 0 for qs−1 < l < qs.

This implies that in the Dynkin diagram the node of αj is connected with
two other nodes (which are orthogonal to each other), and these two roots are
(successively) connected to the nodes of αi and αi+1. Since these two are of
the same length, the roots αj , αi, αi+1 are all of the same length.

The sets ∆1,∆2 are disjoint, so at least one of the two contains only roots
of the same length as αj . Without loss of generality we may assume that ∆2

is this set. Note if αl ∈ ∆1 is the only simple root of different length (the
case F4 has been excluded), then we may assume without loss of generality
that 〈αl−1, α

∨
l 〉 < 0: The conditions on the set ∆1 imply that there exists

an j ≤ l′ < l with this property, by exchanging orthogonal reflections (i.e.,
“moving sαl

to the left”) if necessary we may assume that l′ = l − 1.
Now consider the root βqs , suppose it is of the same length as βi, βi+1 and

βj . By the definition of βqs and the choice of qs−1 we get

βqs = wsα1 . . . sαj . . . sαqs−1
(αqs).

If αqs−1 and αqs are of the same length, then the arguments above proving
ii) show that βqs = βqs−1 − γ for some simple root. Note that βqs and βqs−1

are of the same length. If αqs−1 and αqs are not of the same length, then we
know that qs−2 = qs−1− 1, and necessarily αqs−2 = αqs . The arguments above
proving iii), iv) show that βqs = βqs−2 − γ or βqs = βqs−2 − 2γ for some simple
root, and βqs and βqs−2 are of the same length.

So we have shown inductively that βi+1 = βj −
∑

aγγ for some simple
roots γ and βi = βj −

∑
aγ′γ

′ for some simple roots γ′.
But remember that the arguments to prove ii)–iv) show that the simple

roots γ are of the form wsα1 . . . sαj−1(δ), where δ is a linear combination of αj

and the roots in ∆1, and the γ′ are of the form wsα1 . . . sαj−1(δ
′), where δ′ is
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a linear combination of αj and the roots in ∆2. Since the part of the linear
combination coming from ∆1 respectively ∆2 is always nonzero, it follows that
the γ′ are linearly independent of the γ and vice versa. Since the γ and γ′ are
simple roots, this implies that βi and βi+1 are not compatible.

Fix a reduced decomposition τ = sα1 . . . sαr , and suppose rk g > 2.

Lemma 3.4.
i) If αj, j ≥ 2, is such that αi 6= αj for all i < j, then there exists exactly

one αl, 1 ≤ l < j, such that 〈αj , α
∨
l 〉 6= 0.

ii) Suppose α := αp = αq, but αi 6= α for all p < i < q. Then either
there exist two (not necessarily different) simple roots αi, αj, p < i < j < q,
which are not orthogonal to α, or there exists only one simple root αi with this
property, in which case the root system spanned by α, αi is of type B2.

Proof. It is evident in the situation in i) that there exists at least one
simple root αi, 1 ≤ i < j not orthogonal to αj , otherwise the decomposition
would not be reduced. Now if αi is not orthogonal to αj , then 〈αi, α

∨
j 〉 ≤ −1,

and hence 〈sαi . . . sα1(ω), α∨j 〉 > 0, so sα1 . . . sαisαj is a reduced decomposition
in ωW . Since the decomposition of τ is unique up to the exchange of orthogonal
reflections, this proves i).

Consider the situation in ii). There exists at least one αi which is not
orthogonal to α. If there is only one, then, by exchanging orthogonal reflections
(i.e., by moving sαp = sα to the right and sαq = sα to the left), we can assume
that the decomposition is of the form . . . sαsαisα . . ., which is only possible if
α, αi form a root system of type B2.

It remains to prove that there are at most two such roots. Suppose there
are at least two such roots, let αi, αj , p < i < j < q, be such that i, j are
minimal with this property. Now

(1) −2 ≤ 〈sαp . . . sα1(ω), α∨p 〉 < 0

implies (2) : 〈sαj . . . sαi . . . sαp . . . sα1(ω), α∨p 〉 ≥ 0. If the latter is positive, then
sα1 . . . sαi . . . sαjsα is a reduced decomposition and hence, by the uniqueness
of the decomposition, we have proved the lemma.

If (2) is positive (for example if the lower bound in (1) is −1), then the
lemma is proved. It remains to consider the remaining non-minuscule cases.
Suppose g is of type Bn and ω = ω1. Then 〈σ(ω), α∨〉 = −2 for some σ ∈ W

only if α = αn is the short root. Now τ = s1 . . . sn . . . s1 and sn occurs hence
only once in the decomposition.

Suppose g is of type Cn and ω = ωn, we may assume that i = p + 1 in (2).
If (1) = −2 and (2) = 0, then α is a short root, 〈sαp+1 . . . sα1(ω), α∨p 〉 = −1,
and hence 〈αp+1, α

∨〉 = 〈αj , α
∨〉 = −1. It follows that both are short roots.

Since sα1 . . . sαpsαp+1 is a reduced decomposition and ω is braidless, we know
〈sαp−1 . . . sα1(ω), α∨p+1〉 = 0, and hence 〈sαp . . . sα1(ω), α∨p+1〉 = 〈−2αp, α

∨
p+1〉 =

2. But this would imply 〈sαp+1 . . . sα1(ω), α∨p 〉 = 0, which is a contradiction.

4. Cones for nice decompositions

Let g be semisimple and denote by D its Dynkin diagram. We call a simple
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root α braidless if the corresponding fundamental weight ωα is so. We write
D − {α} for the diagram obtained by removing the node of α from D.

Suppose that the set of simple roots of G admits an enumeration

∆ = {α1, . . . , αn} such that αi is braidless for D − {α1, . . . , αi−1}

for all i = 1, . . . , n. We call this a good enumeration.

Remark 4.1. Note that all simple Lie algebras admit such a good enu-
meration except the ones of type E8 and F4. We will describe such good enu-
merations in the later sections for the respective types. The groups of type E8

and F4 will be discussed separately.

Let Wi be the Weyl group generated by the simple reflections sα1 , . . . , sαi ,
and let iWi be the set of minimal representatives in Wi of Wi−1\Wi. We fix
a reduced decomposition of the longest word w0 which is compatible with this
enumeration, i.e., the decomposition

w0 = s1︸︷︷︸
τ1

s2s1 · · ·︸ ︷︷ ︸
τ2

· · · sj1 · · · sjr︸ ︷︷ ︸
τj

· · · sn1 · · · snt︸ ︷︷ ︸
τn

is such that τj is the longest word in jWj . This decomposition is, up to
the exchange of orthogonal reflections, uniquely determined by this condition
(Lemma 3.2), we call this the nice decomposition associated to the good enu-
meration. Let C0 ⊂ RN be the cone of strings adapted to this decomposition.

Let Φ+ = {β1, . . . , βN} be the enumeration of the positive roots corre-
sponding to this decomposition, i.e.,

β1 = α1, β2 := s1(α2), β3 := s2s1(α2) . . . .

The defining inequalities for the cone C0 are closely related to the usual order-
ing on the set of roots. Denote by 〈β, δ〉 the root system spanned by the roots
β, δ. For g of type G2 let C be the cone in Corollary 2.1, else let C be the cone
of all N -tuples a ∈ RN such that ai ≥ 0 for all i = 1, . . . , N , and for all i < j

such that βi is not orthogonal to βj :

ai ≥ aj if 〈βi, βj〉 is of type A2 and βi > βj ;
ai ≥ aj if 〈βi, βj〉 is of type C2, βi is long and βj is short, and βi > 2βj ,

or, βi is short and βj is long, and 2βi > βj but βi 6≥ βj ;
ai ≥ 2aj if 〈βi, βj〉 is of type C2, βi is short, βj is long, and βi > βj ;
2ai ≥ aj if 〈βi, βj〉 is of type C2, βi is long and βj is short,

and βi > βj but βi 6≥ 2βj .

Theorem 4.2. C = C0 is the cone of adapted strings.

Remark 4.3. Let C ′ be the cone associated to the reduced decomposition
obtained from the given one by exchanging two orthogonal simple reflections
(let us say the j-th and j + 1-st) in the reduced decomposition of one of the
τp. Note that the map RN → RN , which exchanges the j-th and j + 1-st
coordinate, induces a bijection C → C ′: The inequalities above are defined
only for ak, al such that βk, βl are not orthogonal to each other. But if αij , αij+1

are orthogonal to each other, then so are βj and βj+1.



16 PETER LITTELMANN

On the other hand, recall that the root operators commute if the corre-
sponding simple roots are orthogonal to each other. It follows that a tuple
a = (a1, . . . , aj , aj+1, . . . , aN ) is adapted to the first decomposition if and only
if a′ = (a1, . . . , aj+1, aj , . . . , aN ) is adapted to the second.

Proof. The theorem is obviously correct for g of rank 1, for g of rank 2
one checks easily that the cone defined above is the one given in Corollary 2.1.

Suppose now g is of rank n > 2, set w = τ1 · · · τn−1, and let τn = si1 · · · sit

be a reduced decomposition. Denote by l the Levi subalgebra associated to
the roots α1, . . . , αn−1, then w = τ1 · · · τn−1 provides a nice decomposition of
the longest word of the Weyl group of l. It follows from the Demazure type
formula and the restriction rule for crystal graphs (or the path model, see [7]
or [13]), that n = (n1, . . . , nN ) is adapted if and only if

(n1, . . . , nN−t) is adapted for l and (0, . . . , 0, nN−t+1, . . . , nN ) ∈ C0.

So to prove the theorem, by induction it is sufficient to prove that an element
of the form a = (0, . . . , 0, a1, . . . , at) is adapted if and only if a ∈ C.

By abuse of notation we will just say in the following that a = (a1, . . . , at)
is adapted. Also, let β1, . . . , βt be the induced enumeration of the roots in
the Lie algebra of the unipotent radical of Pωn , i.e., β1 = w(αi1), β2 =
wsi1(αi2), . . .. We denote by Cn ⊂ C the cone such that the first N − t coor-
dinates are equal to 0. We identify Cn with the subcone defined in Rt by the
inequalities above corresponding to the roots β1, . . . , βt in the Lie algebra of the
unipotent radical of Pωn , and the condition that all entries are non-negative.
To prove that a ∈ Nt is adapted, we have to prove that for π � 0:

eα(fa1
i1

. . . fat
it

π) = 0 ∀α 6= αn; and eij−1(f
aj

ij
. . . fat

it
π) = 0 for j = 2, . . . , t.

To simplify the notation, we write

eαa or eα(aj , . . . , at) instead of eα(fa1
i1

. . . fat
it

π) or eα(faj

ij
. . . fat

it
π).

Suppose α = αij and α′ = αij−1 are not orthogonal to each other. By decreas-
ing induction (the case k = t − 1, t being trivial) we may assume that if α, α′

are of the same length, then eik(ak+1, . . . , at) = 0 for k ≥ j and a ∈ Cn. And
if α, α′ have different lengths and α′ = αij+1 , then eik(ak+1, . . . , at) = 0 for
k ≥ j + 1 and a ∈ Cn.

Lemma 4.4. If α, α′ have the same length, then eα(aj−1, aj , . . .) = 0 for
a ∈ Cn only if eα′(aj+1, . . .) = 0. If α, α′ are of different length and α′ = αij+1,
then eα(aj−1, aj , . . .) = 0 for a ∈ Cn only if eα(aj+2, . . . , at) = 0.

Proof. If α, α′ have the same length, then so have βj and βj−1. Since α is
not orthogonal to α′, the same is true for βj−1 and βj . By Lemma 3.4, we know
that βj−1 ≥ βj . Since eα(aj+1, . . .) = 0 by assumption, it follows by section 2
that eα(aj−1, . . .) = 0 if and only if aj−1 ≥ aj and eα′(aj+1, . . . , at) = 0.

If α, α′ have different lengths, then so have βj and βj−1. Since ω is braid-
less and αij−1 = αij+1 , we know that Nj := 〈sαij−2

. . . sαi1
(ω), α∨ij 〉 = 0. By

induction we can suppose that eα′(aj+2, . . .) = 0 and eα(aj+1, . . .) = 0. Sec-
tion 2 implies: eα(aj−1, aj , . . . , at) = 0 if and only if also eα(aj+2, . . .) = 0,
and aj−1 ≥ aj ≥ aj+1 respectively 2aj−1 ≥ aj ≥ 2aj+1, depending on whether
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βj or βj−1 is a long root. Since a ∈ Cn, the conditions on the coefficients are
satisfied in both cases, which finishes the proof of the lemma.

Consider the last condition: eα(. . .) = 0 respectively eα′(. . .) = 0, of the
lemma. If all the simple roots occurring later in the decomposition are different
from α respectively α′, then this condition is trivially fulfilled. If not, then,
after may be exchanging orthogonal reflections, Lemma 3.4 implies that we
can transform this condition into one of the following, depending on the length
of the roots. Here γ = α or α′:

i) eγ(ak, ak+1, . . .) = 0, k > j, γ = αik+1
, and αik , αik+1

span a root system
of type A2.

ii) eγ(ak, ak+1, ak+2, . . .) = 0, k > j, and αik = αik+2
, γ = αik+1

span a root
system of type C2.
A priori, there could be a third case: eγ(ak, ak+1, . . .) = 0, k > j, αik and

γ = αik+1
span a root system of type C2, and 〈sik+2

. . . sit(ω), α∨ik〉 = 0. (Note
that the latter being negative would imply we are in case ii), and the latter can
not be positive because ω is braidless). But this would imply that sγsik . . . sit

is reduced in W/Wω. We will show that this leads to a contradiction:
If we start with the situation α = αij , α

′ = αij−1 span a root system of
type A2, then γ = α′ and we would have a reduced decomposition of the form
. . . sα′sα . . . sα′sik . . . sit , where all the reflection coming between sα and sα′ are
orthogonal to sα′ , which can not be since ω is braidless.

If we start with the situation α = αij , α
′ = αij−1 = αij+1 span a root

system of type C2, then γ = α and we would have a reduced decomposition
of the form . . . sα′sαsα′ . . . sαsik . . . sit , where all the reflection coming between
sα′ and sα are orthogonal to sα, which can not be since ω is braidless.

Now in the cases i) and ii), we can apply the lemma above again. By
repeating the argument we get:

Corollary 1. If α = αij , α′ = αij−1 span a root system of type A2, then
eα′(aj+1, . . .) = eα(aj+1, . . .) = 0 for a ∈ Cn. If α = αij , α′ = αij−1 = αij+1

span a root system of type C2, then eα′(aj+2, . . .) = eα(aj+2, . . .) = 0 for a ∈ Cn.

Proof. (of the theorem, continuation) An immediate consequence of the
corollary and section 2 is of course: If α = αij , α

′ = αij−1 are of the same
length, then a ∈ Cn implies eα′(aj , . . .) = 0, and if the two roots have different
lengths, then eα′(aj , . . .) = 0 and eα(aj+1, . . .) = 0. So by induction we get:
eij (aj+1, . . .) = 0 for j = 1, . . . , t − 1. Further, the corollary and Lemma 3.4
also imply that eαa = 0 for all α 6= αn, so we have proved:

a ∈ Cn =⇒ a is adapted.

It remains to prove that the converse is true, we may suppose that rk g ≥ 3.
Suppose first α = αij , γ = αij+1 , α is not orthogonal to γ and

τn = . . . sαsγ . . . or τn = . . . sαsγsα . . . ,

where α, γ are of different lengths in the latter case. Lemma 3.3 implies for
Cn the inequalities: aj ≥ aj+1 respectively aj ≥ aj+1 ≥ aj+2 or 2aj ≥ aj+1 ≥
2aj+2, depending on which of the roots is the long one. Since ω is braidless,
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we know that if we insert a sγ , then, using the braid relations, we get:

. . . sγsαsγ . . . = sδτn respectively . . . sγsαsγsα . . . = sδτn

for some simple root δ 6= αn. Using the “braid relations” for the root operators
(section 2), we know that eγ(aj . . .) 6= 0 would imply eδa 6= 0. So if a is adapted,
then we know that eγ(aj . . .) = 0, which in turn implies that the inequalities
aj ≥ aj+1 respectively aj ≥ aj+1 ≥ aj+2 or 2aj ≥ aj+1 ≥ 2aj+2 (depending on
which of the roots is the long one) are necessary conditions.

Suppose now βj , βk, j < k, span a root system of type A2 and βj > βk. If
k = j + 1 (modulo the exchange of orthogonal reflections), then we are in the
situation above, so we know already that the condition aj ≥ aj+1 is a necessary
condition for a to be adapted. If k 6= j + 1 (modulo exchange), then (modulo
exchange) there exists a sequence i1 = j < i2 < . . . < ir = k such that βip is
not orthogonal to βip+1 but orthogonal to all βl for ip < l < ip+1. If all the
roots are of the same length, then Lemma 3.3 implies βi1 > βi2 > . . . > βir

and, by the discussion above, we know that aj = ai1 ≥ . . . ≥ air = ak. In
particular, aj ≥ ak, is a necessary condition for a to be adapted.

Suppose βip and βip+1 are not of the same length, let p be minimal with
this property. The arguments above show that ai1 ≥ . . . ≥ aip . Note that
there is only one simple root which is not of the same length as all the other
simple roots, and the corresponding node is an extremal node of the Dynkin
diagram. Since the long roots in the Cn-case respectively the short roots in
the Bn-case are orthogonal to each other, we know that αi1 , αir 6= αn. By
the minimality of p we know also that αip 6= αn, but αip+1 = αn and hence
αip = αn−1. Note that p + 1 < r because αip+1 , and hence βip+1 , has not
the right length. Since all other simple roots are orthogonal to αn, it follows
that αip+2 = αn−1. The discussion above shows that aip ≥ aip+2 is a necessary
condition for a to be adapted. Repeating the arguments, we see that aj ≥ ak

is a necessary condition for a to be adapted.
Suppose now βj , βk, j < k, span a root system of type C2 and βk is not

orthogonal to βj . If k = j +1 (modulo the exchange of orthogonal reflections),
then we can assume that αij and αij+1 form a root system of type C2, and we are
in one of the cases discussed at the beginning. If k 6= j +1 (modulo exchange),
then (modulo exchange) there exists a sequence i1 = j < i2 < . . . < ir = k such
that βip is not orthogonal to βip+1 but orthogonal to all βl for ip < l < ip+1.
Since the long roots in the Cn-case and the short roots in the Bn-case are
orthogonal to each other, we may further assume that either βj , βir−1 or βi2 , βk

are of the same length. It follows then easily from the discussion above that,
depending on the length of the roots, aj ≥ ak, 2aj ≥ ak respectively aj ≥ 2ak,
is a necessary condition for a to be adapted.

5. Example: Sln+1 and the Gelfand-Tsetlin Patterns

We consider in this section the case g = sln+1. The following description of
the cone and its connection with the classical Gelfand-Tsetlin patterns can be
found in [4], we include this section for completeness. Let εi be the projection
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of a diagonal matrix onto its i-th entry. We fix as Borel subalgebra the up-
per triangular matrices and as Cartan subalgebra the diagonal matrices. The
dominant weights are then of the form:

λ1ε1 + . . . + λnεn, where λ1 ≥ . . . ≥ λn ≥ 0.

The enumeration of the simple roots α1 = ε1− ε2, . . . , αn = εn− εn+1 is a good
enumeration, the corresponding nice decomposition is

w0 = s1(s2s1)(s3s2s1)(. . .)(snsn−1 . . . s2s1),

and the corresponding enumeration of the positive roots is:

β1 = ε1 − ε2; β2 = ε1 − ε3, β3 = ε2 − ε3; β4 = ε1 − ε4, . . . , β6 = ε3 − ε4;

. . . ; βN−n+1 = ε1 − εn+1, . . . , βN = εn − εn+1;

where N := 1
2n(n + 1). We write fi, ei for the operators fαi , eαi . Let ∆ be

the triangle consisting of left justified rows of boxes, having n-boxes in the first
row, (n − 1) in the second, . . .. For a ∈ R

1
2
n(n+1) denote by ∆(a) the filling

of ∆ with the coefficients of a: row-wise, from the bottom to the top, and in
each row from the right to left.

Example. Suppose n = 4, for a = (2, 3, 2, 5, 4, 1, 3, 3, 1, 1) we write

∆(a) =

1 1 3 3
1 4 5
2 3
2

.

We identify a ∈ RN with its triangle ∆(a) = (ai,j), where ai,j denotes the
j-th entry in the i-th row. Theorem 4.2 implies:

Theorem 5.1. C is the cone of triangles ∆ = (ai,j) such that the
entries are non-negative and weakly increasing in the rows.

Denote by s(ai,j) the sum of the entries above ai,j : s(ai,j) :=
∑i

k=1 ak,j .
We set ai,j := 0 for i + j > n + 1 or i = 0 or j = 0, and set an+1 := 0. A
small weight calculation shows that the polytope Cλ (Proposition 1.5 b)) for
a dominant weight λ = λ1ε1 + . . . + λnεn can be described in terms of the
triangles as follows:

Corollary 1. Cλ is the convex polytope of all triangles ∆(ai,j) such
that the entries in the rows are non-negative and weakly increasing, and

ai,j ≤ λj−λj+1+s(ai,j−1)−2s(ai−1,j)+s(ai−1,j+1) ∀1 ≤ i ≤ n, 1 ≤ j ≤ n+1−j.

Another way to describe the convex polytope Cλ is the following. Recall
that a triangular pattern P = (gi,j) ∈ RN+n+1, 0 ≤ i ≤ n, 1 ≤ j ≤ n + 1 − i,
is called a Gelfand-Tsetlin pattern of type λ if the entries are non-negative
and weakly decreasing in the rows, the first row is given by the coordinates
of λ (i.e., λ1 = g0,1, λ2 = g0,2, . . .), and the entries satisfy the “betweenness”
condition:

gi,j ≥ gi+1,j ≥ gi,j+1 ∀0 ≤ i ≤ n, 1 ≤ j ≤ n− i + 1.
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Example. A Gelfand-Tsetlin pattern of type λ = 9ε1 +7ε2 +5ε3 +2ε4 +ε5:

P =

9 7 5 2 1
8 7 3 2
7 4 2
5 3
3

.

Let GT (λ) be the convex polytope of Gelfand-Tsetlin patterns of type λ.
Let lj be the Levi subalgebra associated to the simple roots α1, . . . , αj , and let
l′j be its derived algebra. For a ∈ Cλ and ∆ := ∆(a) set

aj = ( 0︸︷︷︸
1

, 0, 0︸︷︷︸
2

, . . . 0, 0, . . . , 0︸ ︷︷ ︸
j

, aj+1,1, . . . , aj+1,j+1︸ ︷︷ ︸
j+1

, . . . , an,1, . . . , an,n︸ ︷︷ ︸
n

)

The defining equations of Cλ show immediately that aj ∈ Cλ. Remember
that integral elements of this form correspond to those paths faj

πλ such that
eαr(faj

πλ) = 0 for j = 1, . . . , j. It follows that the integral points in Cλ of
this form are in one-to-one correspondence with the simple lj-submodules of
Vλ, the highest weight of the corresponding module is the endpoint of the path
faj

πλ. Fix a ∈ Cλ and let ∆(a) = (ai,j) be the associated triangle. Denote by
P (a) the triangle defined in the following way. Let gi,j ∈ R be given by:

λ = g0,1ε1 + . . . + g0,nεn+1

λ−
∑n

l=1 a1,lαl = g1,1ε1 + . . . + g1,nεn+1

λ−
∑n

l=1 a1,lαl −
∑n−1

l=1 a2,lαl = g2,1ε1 + . . . + g2,nεn+1

. . . = . . .

λ−
∑n

k=1

∑n+1−k
l=1 ak,lαl = gn,1ε1 + . . . + gn,nεn+1

then P (a) is the triangle (gi,j), where 0 ≤ i ≤ n, 1 ≤ j ≤ n + 1 − i. A sim-
ple inductive procedure shows that the inequalities in Corollary 5.1 transform
under this map into the inequalities defining the Gelfand-Tsetlin patterns:

Corollary 2. The map ∆(a) → P (a) induces a bijection between the
convex polytope Cλ and the convex polytope GT (λ). Further, this map induces
a bijection between the integral points in Cλ and the integral points in GT (λ).

Example. Suppose n = 5, and let λ be the dominant weight λ = 9ε1 +
7ε2+5ε3+2ε4+ε5. The triangle ∆(a) associated to a = (2, 3, 2, 5, 4, 1, 3, 3, 1, 1)
has been presented above. It is easy to see that ∆(a) ∈ Cλ. The associated
GT-pattern P (a) is the pattern in the example above.

6. Example: The symplectic and the odd orthogonal Lie algebra

Let g = sp2m or g = so2m+1. The simple roots are αm = ε1 − ε2, . . . , α2 =
εm−1 − εm, α1 = 2εm respectively α1 = εm. (This is different from the usual
enumeration in [1] !). The enumeration is good, the corresponding nice decom-
position is:

w0 = s1(s2s1s2)(. . .)(sm−1 . . . s1 . . . sm−1)(smsm−1 . . . s1 . . . sm−1sm).
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The corresponding enumeration of the positive roots for sp2m is:

β1 = 2εm; β2 = εm−1 + εm, β3 = 2εm−1, β4 = εm−1 − εm; . . . ;

βN−2m+2 = ε1 + ε2, . . . , βN−m+1 = 2ε1, . . . , βN = ε1 − ε2.

where N = m2, and for so2m+1 we get the following enumeration:

β1 = εm; β2 = εm−1 + εm, β3 = εm−1, β4 = εm−1 − εm; . . . ;

βN−2m+2 = ε1 + ε2, . . . , βN−m+1 = ε1, . . . , βN = ε1 − ε2.

We write just fi, ei for the operators fαi , eαi . Let ∆ be the triangle consisting
of centered rows of boxes, having (2m− 1)-boxes in the first row, (2m− 3) in
the second, . . ., and 1 box in the bottom row. For a ∈ Rm2

denote by ∆(a)
the triangle obtained by filling the coefficients of a in the boxes of ∆ row-wise,
from the bottom to the top, and in each row from the left to the right.

Example. Suppose m = 3: If (a) = (2, 1, 1, 0, 7, 7, 4, 3, 3), then set:

∆(a) =
7 7 4 3 3

1 1 0
2

We will use the following conventions for the triangles:
We identify a ∈ RN with its triangle ∆(a) = (ai,j), where ai,j denotes the

j-th entry in the i-th row. If 1 ≤ j ≤ m, then we write sometimes j instead
of 2m− j, and we write aj and ai,j for a2m−j respectively ai,2m−j . If we write
∆ = (ai,j), then it is understood that 1 ≤ i ≤ m and i ≤ j ≤ i. If an element
ai,j occurs in a formula where the pair (i, j) does not satisfy these inequalities,
then put ai,j = 0. Theorem 4.2 implies:

Theorem 6.1. For g = sp2m, the cone C of adapted strings is the cone
of triangles ∆(a) = (ai,j) such that the entries are non-negative and weakly
decreasing in the rows. For g = so2m+1, the cone C of adapted strings is the
cone of triangles ∆(a) = (ai,j) such that the entries are non-negative and

2ai,i ≥ . . . ≥ 2ai,m−1 ≥ ai,m ≥ 2ai,m+1 ≥ . . . ≥ 2ai,2m−i ∀ i = 1, . . . ,m− 1.

We use the following abbreviations for j < m and c = 2 for g = sp2m,
c = 1 for g = so2m+1):

s(ai,j) := ai,j +
i−1∑
k=1

(ak,j +ak,j), s(ai,j) :=
i∑

k=1

(ak,j +ak,j), s(ai,m) :=
i∑

k=1

cak,m.

As in the case of sln, a simple weight calculations shows (recall that the enu-
meration of the fundamental weights is different from the one in [1]):

Corollary 1. Fix a dominant weight λ = λ1ω1 + . . . + λmωm. Then
Cλ is the convex polytope of all triangles ∆(ai,j) ∈ C such that

ai,j ≤λm−j+1 + s(ai,j−1)− 2s(ai−1,j) + s(ai−1,j+1)

ai,j ≤λm−j+1 + s(ai,j−1)− 2s(ai,j) + s(ai,j+1)

ai,m ≤λ1 + ds(ai,m−1)− ds(ai−1,m)
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where d = 1 for g = sp2m and d = 2 for g = so2m+1.

The triangles above can be translated into Gelfand-Tsetlin patterns as in
the case of sln. Only, one has to “insert” extra rows. These patterns consist
of pairs of rows of decreasing length, and they are usually written in a shape
that looks like half a pattern for sl2m.

Example. Suppose m = 3:

9 5 1
6 5 0
5 3
5 2
3
1

We use the following convention: If we write P = (yi,j , zi,j), then it is
understood that 1 ≤ i ≤ m, i ≤ j ≤ m, and we put yi,j = zi,j = 0 else.

Definition. ([2]) A pattern P = (yi,j , zi,j) is called a BC–Gelfand-Tsetlin
pattern if the entries satisfy the “betweenness” condition:

yi,j ≥ zi,j , zi−1,j , zi,j ≥ yi,j+1, yi+1,j+1 and zi,m ≥ 0.

The pattern is called of highest weight λ if λ = y1,1ε1 + . . . + y1,mεm is a
dominant weight for g. Denote by GT (λ) the set of all BC–Gelfand-Tsetlin
patterns of highest weight λ.

We associate to an element a ∈ Rm2
a pattern P (a) = (yi,j , zi,j) of highest

weight λ = y1,1ε1 + . . . + y1,mεm as follows: Denote by ∆(a) the associated
triangle. Then let the yi,j be defined by:

yi,1ε1 + . . . + yi,mεm = λ−
i−1∑
k=1

(
ak,mα1 +

m−1∑
j=k

(ak,j + ak,j)αm−k+1

)
.

and let the zi,j be defined by: Set λ(i) := yi,iε1 + . . . + yi,mεm, then

zi−1,1ε1 + . . . + zi,mεm = λ(i)−
(ai,m

2
α1 +

m−1∑
j=i

ai,jαm−j+1

)
.

Remember that for the pattern P (a) = (yi,j , zi,j) we need only those with
1 ≤ i ≤ m, i ≤ j ≤ m, because the yi+1,j , zi,j are obtained from the yi−1,j by
subtracting a linear combination of the αk, 1 ≤ k ≤ m − i + 1. In fact, it is
easy to see that one recover ∆(a) (and hence a) from P (a).

A simple inductive procedure shows that the inequalities in Corollary 6.1
transform under this map into the inequalities defining the G-T patterns:

Corollary 2. The map ∆(a) → P (a) induces a bijection between the
convex polytope Cλ and the convex polytope GT (λ). Further, for g = sp2m, this
map induces a bijection between the integral points in Cλ and the integral points
in GT (λ). For g = so2m+1, the map induces a bijection between the integral
points in Cλ and the points in GT (λ) with the property that all coefficients
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are in Z≥0 + 1
2Z≥0, and, except for the z1,m, z2,m, . . . , zm,m, all coefficients are

either integral or in 1
2 + Z≥0.

Example. Suppose m = 3, g = sp2m, and let λ be the dominant weight
λ = 9ε1 + 5ε2 + ε3. The triangle ∆(a) associated to a = (2, 1, 1, 0, 7, 7, 4, 3, 3)
has been presented above, it is an element of Cλ. The associated GT-pattern
P (a) is the pattern in the example above.

7. Example: The even orthogonal Lie algebra

In this section we consider the orthogonal algebra g = so2m The simple roots
are αm = ε1−ε2, . . . , α2 = εm−1−εm and α1 = εm−1+εm. (This is different from
the usual enumeration in [1] !). The enumeration is good, the corresponding
nice decomposition is:

w0 = s1s2(s3s1s2s3)(s4s3s1s2s3s4)(. . .)(sm . . . s4s3s1s2s3s4 . . . sm)

The corresponding enumeration of the positive roots for so2m is:

β1 = εm−1 + εm, β2 = εm−1 − εm; β3 = εm−2 + εm−1, β4 = εm−2 − εm

β5 = εm−2 + εm, β6 = εm−2 − εm−1; . . .

βN−2m+3 = ε1 + ε2, . . . , βN−m = ε1 + εm−1, βN−m+1 = ε1 − εm

βN−m+2 = ε1 + εm, βN−m+3 = ε1 − εm−1, . . . , βN = ε1 − ε2;

where N = m2 − m. We write fi, ei for the operators fαi , eαi . Let ∆ be
the triangle consisting of centered rows of boxes, having (2m− 2)-boxes in the
first row, (2m − 4) in the second, . . ., and 2 boxes in the bottom row. For
a ∈ Rm2−m denote by ∆(a) the triangle obtained by filling the coefficients of a

in the boxes of ∆ row-wise, from the bottom to the top, and from the left to
the right. Example (m = 4): If (a) = (4, 2, 5, 4, 3, 2, 7, 5, 4, 4, 3, 2), then

∆(a) :=
7 5 4 4 3 2

5 4 3 2
4 2

.

We identify a ∈ RN with its triangle ∆(a) = (ai,j), where ai,j denotes the
j-th entry in the i-th row. If we write ∆ = (ai,j), then it is understood that
1 ≤ i ≤ m− 1 and i ≤ j ≤ 2m− 2. If 1 ≤ j ≤ m− 1, then we write sometimes
j for 2m− 1− j. Theorem 4.2 implies:

Theorem 7.1. For g = so2m, the cone C of adapted strings is the cone
of triangles ∆(a) = (ai,j) such that the ai,j ≥ 0 and for all 1 ≤ i ≤ m− 1:

ai,i ≥ . . . ≥ ai,m−2 ≥
{

ai,m−1

ai,m

}
≥ ai,m+1 ≥ . . . ≥ ai,2m−i−1.
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With the following abbreviations (j < m− 1)we get as before:

s(ai,j) := ai,j +
i−1∑
k=1

(ak,j + ak,j), s(ai,j) :=
i∑

k=1

(ak,j + ak,j),

s(ai,m−1) = s(ai,m−1) :=
i∑

k=1

(ak,m−1 + ak,m)

t(ai,m−1) :=
i∑

k=1

ak,m−1, t(ai,m) :=
i∑

k=1

ak,m.

Corollary 1. Fix a dominant weight λ = λ1ω1 + . . . + λmωm. Then
Cλ is the convex polytope of all triangles ∆(ai,j) ∈ C such that

ai,j ≤λm−j+1 + s(ai,j−1)− 2s(ai−1,j) + s(ai−1,j+1) for j ≤ m− 2;

ai,j ≤λm−j+1 + s(ai,j+1)− 2s(ai,j) + s(ai,j−1) for j ≤ m− 2;

ai,m−1 ≤λ2 + s(ai,m−2)− 2t(ai−1,m−1)

ai,m ≤λ1 + s(ai,m−2)− 2t(ai−1,m)

Definition. ([2]) A pattern P = (yi,j , zk,l), 1 ≤ i ≤ m, i ≤ j ≤ m and
1 ≤ k ≤ m − 1, i ≤ l ≤ m − 1 is called a D–Gelfand-Tsetlin pattern if the
entries satisfy the “betweenness” condition: y1,j ≥ z1,j and yi,j ≥ zi,j , zi−1,j

for 2 ≤ i ≤ m− 1, zi,j ≥ yi,j+1, yi+1,j+1 for 1 ≤ i ≤ m− 1, and{
yi,m + yi+1,m + min{yi,m−1, yi+1,m−1} ≥ zi,m−1 if i < m− 1,
ym−1,m + ym,m + ym−1,m−1 ≥ zm−1,m−1.

The pattern is called of highest weight λ if λ = y1,1ε1 + . . . + y1,mεm is a
dominant weight for g. Denote by GT (λ) the set of all D–Gelfand-Tsetlin
patterns of highest weight λ.

We associate to an element a ∈ Rm2−m a pattern P (a) = (yi,j , zi,j) of high-
est weight λ = y1,1ε1 + . . . + y1,mεm as follows: Denote by ∆(a) the associated
triangle. Then let the yi,j be defined by:

yi,1ε1 + . . . + yi,mεm = λ−
i−1∑
k=1

(
ak,mα1 + ak,m−1α2 +

m−2∑
j=k

(ak,j + ak,j)αm−k+1

)
,

and let the zi,j be defined by: zi,i = yi,i − ai,i, zi,j = yi,j + ai,j−1 − ai,j for
i + 1 ≤ j ≤ m− 2, and zi,m−1 = yi,m + min{ai,m−2 − ai,m−1, ai,m − ai,m+1} for
i < m− 1.

It is easy to see that one can recover ∆(a) (and hence a) from P (a). A sim-
ple inductive procedure shows that the inequalities in Corollary 7.1 transform
under this map into the inequalities defining the patterns:

Corollary 2. The map ∆(a) → P (a) induces a bijection between the
convex polytope Cλ and the convex polytope GT (λ). Further, the map induces
a bijection between the integral points in Cλ and the points in GT (λ) with the
property that either all coefficients are integral, or all are in 1

2 + Z.

Example. Suppose m = 4, let λ be the dominant weight λ = 9ε1 + 7ε2 +
5ε3 + 2ε4. The triangle ∆(a) associated to a = (1, 1, 3, 1, 2, 1, 3, 2, 2, 1, 1, 1) is
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an element of Cλ, the associated GT-pattern P (a) is:

∆(a) =
3 2 2 1 1 1

3 1 2 1
1 1

, P (a) =

9 7 5 2
8 7 6
8 5 1
7 2
6 2
5
2

Remark 7.2. The bijection above induces a canonical bijection between
the Lakshmibai-Seshadri tableaux for classical groups and the Gelfand-Tsetlin
patterns for classical groups. In particular, it defines for g = sp2m a canonical
bijection between the Lakshmibai-Seshadri tableaux and the King tableaux
(a tableau oriented version of the Gelfand-Tsetlin patterns). (See [14] for the
connection of the Lakshmibai-Seshadri tableaux with the crystal base, or, more
generally, combine [16] with the isomorphism of graphs proved in [9].)

8. Example: E6 and E7

The following enumerations of the roots for the root system of type E6 respec-
tively E7 are a “good” enumeration:

α1

|
α5 − α4−α3 − α2 − α6

α1

|
α5 − α4−α3 − α2 − α6 − α7.

The corresponding nice decompositions of w0 are:

E6 : τ · s6s2s3s1s4s5s3s4s2s3s1s6s2s3s4s5,

E7 : σ · s7s6s2s3s1s4s5s3s4s2s3s1s6s2s3s4s5s7s6s2s3s1s4s3s2s6s7,

here τ respectively σ are the longest words in the Weyl group of the Levi
subgroups of type D5 respectively E6. We describe in the following only the
cone Cn, to get the full cone one has just to add the corresponding cone for D5

respectively E6 (see the proof of Theorem 4.2). A small calculation provides
by Theorem 4.2 the following descriptions of the cones of adapted strings:

Theorem 8.1. For g = E6, the cone C6 ⊂ R16 is given by the following
inequalities:

a1 ≥ a2 ≥ a3 ≥
{ a4

a5

}
≥ a7 ≥

{ a8

a9

}
≥ a10 ≥

{ a11

a13

}
≥ a14 ≥ a15 ≥ a16;

a5 ≥ a6 ≥ a8; a9 ≥ a12 ≥ a13.
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Theorem 8.2. For g = E7, the cone C7 ⊂ R27 is given by the following
inequalities:

a1 ≥ a2 ≥ a3 ≥ a4 ≥
{ a5

a6

}
≥ a8 ≥

{ a9

a10

}
≥ a11 ≥

{ a12

a14

}
≥

≥ a15 ≥
{ a16

a20

}
≥ a21 ≥

{ a22

a23

}
≥ a24 ≥ a25 ≥ a26 ≥ a27;

a6 ≥ a7 ≥ a8; a10 ≥ a13 ≥
{ a14

a18

}
≥ a19 ≥ a20; a16 ≥ a17 ≥ a23.

9. Example: A cone for F4 and E8

We fix the following enumerations of the roots for the root system of type F4

respectively E8:

α3 − α2 => α1 − α4

α1

|
α5 − α4−α3 − α2 − α6 − α7 − α8.

and we fix the following decompositions of w0:

F4 : τ · s4s1s2s3s1s2s1s4s1s2s3s1s2s1s4,

E8 : σ · s8s7s6s2s3s1s4s5s3s4s2s3s1s6s2s3s4s5s7s6s2s3s1s4s3s2s6s7s8

s7s6s2s3s1s4s5s3s4s2s3s1s6s2s3s4s5s7s6s2s3s1s4s3s2s6s7s8.

Here τ respectively σ are the longest words in the Weyl group of the Levi
subgroups of type B3 respectively E7. We describe in the following only the
cone Cn, to get the full cone one has just to add the corresponding cone for
B3 respectively E7. Note that the enumeration of the simple roots for the sub-
diagrams of the Levi subalgebras is a good enumeration.

Theorem 9.1. For g = F4, the cone C4 ⊂ R15 is given by the following
inequalities: ai ≥ 0 for i = 1, . . . , 15, and a5 ≥ a9; a7 ≥ a12;

a1 ≥ a2 ≥ a3 ≥
{ a4

a5

}
≥ a6 ≥ a7; a9 ≥ a10 ≥

{ a11

a12

}
≥ a13 ≥ a14 ≥ a15;

a5 + a7 ≥ a8 ≥ a9 + a12; 2a6 ≥ a7 + a9 ≥ 2a10.

Remark 9.2. Though the decomposition above is not “nice”, the algo-
rithm developed in section 4 yields the first inequalities. To get the full set of
linear inequalities defining the cone one has just to add the last 4 inequalities.

Proof. Note first that the decomposition is such that w0 = τs4ξs4ξs4,
where ξ is such that s3s2s3ξ is a nice decomposition of the longest word of
the Weyl group of B3 (the nice decomposition is the one associated to the
enumeration α1−α2 => α3!). If a ∈ C4, then we have obviously e1(a8, . . .) = 0.
Using the “braid relations” (Propositions 2.3, 2.4), it is easy to see that we have
also e2(a8, . . .) = e3(a8, . . .) = 0 as necessary conditions. Since α2, α3 commute
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with α4, the latter conditions are equivalent to e2(a7, . . .) = e3(a7, . . .) = 0.
Now we can apply Theorem 4.2 for the case g = B3 to get the necessary and
sufficient conditions for a7, . . . , a14. Again by Theorem 4.2, the conditions

e1(a8, . . .) = e2(a8, . . .) = e3(a8, . . .) = 0 and e1a = e2a = e3a = 0

imply that the same inequalities have to be satisfied by a2, . . . , a7.
It remains to get the necessary and sufficient conditions for the remaining

coefficients. The first necessary condition is obviously e4(a9, . . .) = 0, we will
come back to this one later. The next condition is e1(a8, . . .) = 0. Since
e4(a10, . . .) = e1(a10, . . .) = 0, this is (by section 2) equivalent to a8 ≥ a9.

Consider the conditions e4(a2, . . .) = 0 and e1(a1, . . .) = 0. The latter
is equivalent (section 2) to a1 ≥ a2 and e4(a3, . . .) = 0, so it is sufficient to
consider the condition e4(a3, . . .) = 0. Now α4 is orthogonal to α3, α2, so the
latter is equivalent to e4(a5, . . .) = 0. If we set (braid relations, section 2)

n = (a1, a2, a3, a4, a5,max{a9, a8 − a7}, a6, a7 + a9,min{a8 − a9, a7}, . . .)

to be the sequence associated to s4s1s2s3s1s4s2s1s4s2s3s1s2s1s4, then we see
that e4(a5, . . .) = 0 is equivalent to a5 ≥ max{a9, a8 − a7} and

e1(n6, . . .) = e1(a6, a7 + a9,min{a8 − a9, a7}, a10, a11, a12, a13, a14, a15) = 0.

After exchanging s4 and s2 (the 9th and 10th reflection) in the expression
above, this condition is (by section 2) equivalent to 2a6 ≥ a7 + a9 ≥ 2a10 and

e1(min{a8 − a9, a7}, a11, a12, a13, a14, a15) = 0

(the corresponding reduced expression is s4s3s1s2s1s4). After exchanging the
commuting reflections s3 and s1, we see (by section 2) that this condition is
equivalent to min{a8 − a9, a7} ≥ a12 and e4(a11, a13, a14, a15) = 0 (the corre-
sponding reduced expression is s3s2s1s4). Now the latter condition is equiva-
lent to a14 ≥ a15.

Since e4(a11, a13, a14, a15) = 0 implies e4(a9, . . .) = 0, the first condition is
also satisfied if a14 ≥ a15. Hence the inequalities are necessary and sufficient
conditions for a to be an adapted string.

The same arguments (only this time ξ is part of a nice decomposition of
the longest element for W of type E7, see the section before) give the following
description of the cone C8 for g of type E8:

Theorem 9.3. For g = E8, the cone C8 ⊂ R57 is given by the
following inequalities: The elements (a2, . . . , a28) and (a30, . . . , a56) satisfy the
inequalities for E7 in Theorem 8.2 and a1 ≥ a2; a29 ≥ a30; a56 ≥ a57; and

α19 ≥ max{a30, a29 − a28}; min{a23, a25 + a33 − a34} ≥ a35

α20 ≥ max{a31, a28 + a30 − a27}; min{a25, a26 + a32 − a33} ≥ a37;
α21 ≥ max{a32, a27 + a31 − a26}; min{a26, a27 + a31 − a32} ≥ α39;
α22 ≥ max{a33, a26 + a32 − a25}; min{a27, a28 + a30 − a31} ≥ α42;
α24 ≥ max{a34, a25 + a33 − a23}; min{a28, a29 − a30} ≥ α47.

Remark 9.4. Again, the decomposition above is not “nice”. But if one
just applies the algorithm developed in section 4, one sees that the list of in-
equalities obtained by the algorithm coincides nearly with the list given above,
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one has just to add the last ten inequalities to get the full list. This sec-
ond coincidence suggests that for any reduced decomposition of w0, which is
compatible with a maximal decreasing sequence of Levi subgroups, the set of
inequalities given by the algorithm in section 4 should be a subset of the set
of inequalities defining the cone of adapted strings.

10. Cones and bases for representations

Let g = n−⊕ h⊕ n+ be the usual triangular decomposition of a symmetrizable
Kac-Moody algebra g such that b = h ⊕ n+. Fix a reduced decomposition
w = si1 . . . sip and let Sw be the corresponding set of adapted strings. In this
section we associate to the points in Sλ

w a basis of the submodule Vλ(w).
The following theorem and its proof is a variation of a the theorem of

Lakshmibai [11]. Note that if the root system is simply laced and the decom-
position of w0 is “nice” in the sense of section 4, then the same arguments as
in [17] give an elementary proof of the theorem below.

We fix a basis of Eα ∈ gα, Fα ∈ g−α and α∨ ∈ h for α simple such
that [Eα, Fα] = α∨. Let UZ, U+

Z and U−
Z be the corresponding Z-forms of the

enveloping algebras U(g), U(n+) respectively U(n−).
For a simple root αj we write sometimes just Fj instead of Fαj . For a ∈ Sw

denote by F a the element

F a :=
F a1

i1

a1!
. . .

F
ap

ip

ap!
∈ U(n−).

Corresponding to the chosen decomposition let U−
Z (w) ⊂ U−

Z be the submodule
spanned by these monomials of the form F a. Note that U−

Z (w0) = U−
Z in the

finite dimensional case for the longest word w0 in the Weyl group.

Theorem 10.1.
i) The elements {F a | a ∈ Sw} form a basis of U−

Z (w).
ii) Let vλ ∈ Vλ be a highest weight vector and denote by VZ,λ the Kostant

lattice U−
Z vλ. The vectors {Fnvλ | n ∈ Sλ

w} form a basis of the Demazure
module VZ,λ(w) := Vλ(w) ∩ VZ,λ.

The theorem follows by specialization at q = 1 from the theorem below,
which is a “quantum version” of the statement above. Let Uq be the cor-
responding q-analog of U , by abuse of notation we use the same notation:
Fj , Ej ,Kj ,K

−1
j for the generators. Let A be the ring Z[q, q−1] of Laurent

polynomials, and let UA, U+
A and U−

A be the corresponding A-forms. For a
dominant weight λ ∈ X+ denote by Vλ the corresponding irreducible represen-
tation of Uq (over Q(q)). Fix a highest weight vector vλ, and denote by VA,λ

the lattice U−
A vλ ⊂ Vλ.

As above, for a ∈ Sw denote by F a the monomial

F a :=
F a1

i1

[a1]!
. . .

F
ap

ip

[ap]!
∈ U−

A .

where [a] := (qa − q−a)/(q − q−1). The notion of a Demazure module etc.
generalizes in the obvious way.
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Theorem 10.2.
i) The elements {F a | a ∈ Sw} form an A-basis of U−

A (w).
ii) The elements {F avλ | a ∈ Sλ

w} form an A-basis of the Demazure module
VA,λ(w) := Vλ(w) ∩ VA,λ.

The theorem is an easy consequence of the following proposition. For
a ∈ Sw let ba be the corresponding element in the crystal base CB of U−

q , and
let G(ba) ∈ U−

A be the corresponding element of the global crystal basis [8].
Or, in Lusztig’s language, let it be the corresponding element of the good basis
of U−

A [20]. Recall that G(ba)vλ = 0 for a 6∈ Sλ
w. So if a ∈ Sλ

w, then we write
also G(ba) ∈ Vλ for the corresponding element G(ba)vλ in the representation
space. Let “≥” be the lexicographic ordering on Np

Proposition 10.3. Suppose a ∈ Sλ
w. Then

F avλ = G(ba) +
∑
a<a′

a′∈Sλ
w

c(a, a′)G(ba′),

where the coefficients are elements in A.

Proof of the theorem. Kashiwara [7] has proved that the elements G(ba),
a ∈ Sλ

w, form a Q(q)-basis of Vλ(w), and Hansen [5] has proved that they form
in fact an A-basis. The proposition above implies that if we express the F avλ as
linear combinations in the G(ba), then the corresponding matrix is unipotent,
and the entries off the diagonal are in A. It follows that the elements F avλ,
a ∈ Sλ

w, form an A-basis of VA,λ(w), which proves part ii). The first part is
now simple consequence of this by passing to the limit “λ →∞”.

Proof of the proposition. We proceed by induction on l(w). If l(w) = 0,
nothing is to prove. Suppose now l(w) ≥ 1, and assume the proposition is
true for w′ = si2 . . . sip . Choose a ∈ Sλ

w, a = (a1, . . . , ap). Note that a′ :=
(a2, . . . , ap) ∈ Sλ

w′ . So by induction we can write:

F a′vλ = G(ba′) +
∑

a′<m′

m∈Sλ
w′

c(a′,m′)G(bm′).

Suppose first a1 = 0, so F avλ = F a′vλ. Let m′ = (m2, . . . ,mp) ∈ Sλ
w′ be such

that c(a′,m′) 6= 0. Note that m′ ∈ Sλ
w′ does not imply (0,m2, . . . ,mp) ∈ Sλ

w.
Set η := fm2

i2
. . . f

mp

ip
πλ.

If m := (0,m2, . . . ,mp) ∈ Sλ
w, then G(bm′) = G(bm) and m > a (because

m′ > a′).
Suppose (0,m2, . . . ,mp) 6∈ Sλ

w, then the adapted string of η (with respect
to the decomposition of w) is of the form m = (m1, k2, . . . , kp) with m1 > 0. In
particular, m > a. Since G(bm′) = G(bm), the equation above can be rewritten
as

F avλ = G(ba) +
∑
m>a

m∈Sλ
w

c(a,m)G(bm).
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Suppose now a1 > 0, set a′ = (0, a2, . . . , ap). By the discussion above we get:

F avλ =
F a1

i1

[a1]!
F a′vλ =

F a1
i1

[a1]!
G(ba′) +

∑
m′>a′

m′∈Sλ
w

c(a′,m′)
F a1

i1

[a1]!
G(bm′)

By [8] we know that

F a1
i1

[a1]!
G(bm′) = c(a1,m

′)G(b(m′
1+a1,m′

2,...,m′
p)) +

∑
p∈Sλ

w

p1>m′
1+a1

c(a1, p)G(bp),

where the coefficient c(a1,m
′) = 1 if m′

1 = 0, and all coefficients are elements
of A [8], [5]. Now p1 > a1 implies p > a, and if m′

1 ≥ 1, then m′
1 + a1 > a1

and all terms in the sum above are > a. If m′
1 = 0, then recall that m′ > a′,

which implies (a1,m
′
2, . . . ,m

′
p) > a. So the equation above yields:

F avλ = G(ba) +
∑
p>a

p∈Sλ
w

c(a, p)G(bp).

Département de Mathématiques et IRMA
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