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Cones, Crystals, and Patterns

By PETER LITTELMANN

Introduction

Let G be a semisimple algebraic group and let be V' a a simple G-module
of highest weight A. We consider the crystal graph C of V' (or rather the crystal
graph of the corresponding simple module for the quantum group U, (Lie G)).
There are two obvious options for an algorithm to determine the graph: One
is to develop a combinatorial theory that mimics the crystal base and the
Kashiwara operators, the other is to encode more directly the information
provided by the crystal graph. For example, one could fix for every element of
the crystal a path in the graph that joins the given element with the highest
weight element in the graph.

A combinatorial model can be found for example in Lusztig’s articles (see
[18], [19]). A different approach is given by the path model (see [13] for the
path model and [9], [6] for the connection with the crystal graph). The latter
can be viewed as a generalization of the classical theory of Young tableaux
for GL,(C), it includes as special cases also the tableaux of Lakshmibai and
Seshadri (see [12] and [16]) and of Kashiwara and Nakashima (see [10]). So it
is natural to ask whether the other classical combinatorial tool, the Gelfand-
Tsetlin patterns and its generalizations (see for example [2]), find a natural
interpretation (and generalization) in the framework of crystal graphs.

The aim of this article is to give such an interpretation of the Gelfand-
Tsetlin patterns and to generalize the notion to other groups. We will describe
explicitly for each simple algebraic group (at least one type of) such a “gener-
alized” pattern, and we will show how to “translate” for classical groups the
new notion back into the patterns as they are described in [2].

The idea of the construction is rather obvious: Start with a crystal graph
of a representation, let b be an element of the crystal basis. If b is not the
highest weight element, then there is at least one incoming arrow with color a
simple root a. Denote by n; the maximal integer such that by := ep!(b) # 0,
where e, denotes the Kashiwara operator on the crystal basis. By continuing
with by in the same way, we obtain a sequence of integers (nq,...,n,) such
that e} ...egl(b) is the highest weight element in the graph. To make the
construction uniform for all elements of the crystal base, one fixes a reduced
decomposition of the longest word in the Weyl group W and applies the root
operators according to the appearance in this decomposition (for details see
section 1). Let S C ZM, N the length of the longest word in W, be the
collection of such sequences, and denote by C' € RY the real cone spanned by
S. One can show that § is in fact the set of all integral points in this cone.
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The defining inequalities for the cone C depend of course of the chosen
decomposition. We show that there exists a special class of decompositions
(the nice decompositions) such that the corresponding cone has a very simple
description. For example, in the simply laced case, they are of the form:
a = (a,...,a,) € Cif and only if a; > a; for all j > i such that 5; > 3;,
where {f1,...,0n} are the positive roots, enumerated according to the fixed
reduced decomposition, and “>” is the height ordering on the roots.

It is not clear how to describe the inequalities for an arbitrary decompo-
sition. The fact that we can find a description in terms of the “root ordering”
for all rank two Kac-Moody algebras suggests that it should be possible to
find a similar description in general. The procedure described in section 1 to
determine the set of inequalities has the disadvantage that the list will be far
from being minimal. A conjecture for the set of inequalities defining C' can be
found in [21], they can prove the conjecture for all rank two cases, the group
SL, and the affine Kac-Moody algebra of type AL ;.

The actual patterns, i.e., the integral sequences corresponding to elements
of the crystal base of a given representation of highest weight A, are the integral
points of a polytope obtained as intersection of C' with a set of half-spaces
(depending on A). We also describe a simple way to associate a basis to the
patterns: Let vy € V) be a highest weight vector. Then the set of vectors

{vq := Fo(flll) e Fézp)vA | @ an element of the associated polytope }

forms a basis of (a Kostant lattice in) V). Here the F{" are the usual divided
powers of elements of a Chevalley basis of the Lie algebra of G.

Note that this description (or interpretation) of the Gelfand-Tsetlin pat-
terns provides a canonical bijection between the various tableaux for classical
groups and the corresponding Gelfand-Tsetlin patterns. Recall that it is rather
simple to write down an explicit bijection between Young tableaux and the
patterns for G = GL,(C), but already for the symplectic group this is quite
a difficult task. Only recently J. Sheats [23] announced a symplectic Jeu de
Tacquin that transforms the Zhelobenko patterns (or rather the corresponding
King tableaux) into De Concini tableaux.

For the group G = GL,,(C), the connection between the cone C and the
Gelfand-Tsetlin patterns has been described already in [4], and the cone C' has
been studied before in the simply laced case in [3]. The basis for V) indicated
above is a variation of the basis given in [11]. Another way to attach cones
to crystals was studied in [22]. The author would like to thank A. Berenstein
and A. Zelevinsky for very helpful and inspiring discussions, and R. Dehy for
plentiful discussions and for her tremendous help to reduce the number of
misprints to a minimum.

1. Graphs and adapted strings

Let g be a symmetrizable Kac—-Moody algebra and denote by X its weight
lattice. We fix an enumeration of the simple roots aq, ..., ay, and for a simple
root a let ¥ be its coroot. For the crystal graph of an irreducible highest
weight representation and for the path model, we use the notation as in [8]
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and [13]. Once we have fixed a reduced decomposition w = s;, ---s;, of an

r

element w in the Weyl group W, we write just f;,e; for the (root-) operators
fai7 Ca-

We identify (see [8] or [6]) in the following the crystal graph with its
“realization” as path model. We recall quickly the notation introduced in [13].
Let X be the real vector space X ®zR, and denote by II the set of all piecewise
linear paths 7 : [0,1] — Xg (modulo reparametrization) such that 7(0) = 0
and m(1) € X. Let II'™ be the subset of paths contained in the dominant Weyl
chamber.

Let A € X be a dominant weight. We write A > 0 for a generic regular
dominant weight, i.e., A(aY) > 0 for all simple roots «. We use the same
notation for paths: We write 7 > 0 if 7 € II™ and the endpoint of 7 is a
generic regular weight: m(1) > 0.

We introduced in [13] some operators on the set IIU{0}. For every simple
root o we defined two operators e, and f,. Roughly speaking, these operators
contruct new paths out of the given one by replacing parts of the path by
their image with respect to the simple reflection s,. If it is not possible to
apply the construction to a given path, then the image of the path is defined
as the “extra” element 0. (This element has been introduced to underline the
similarity with the crystal basis). Further, if eq,m # 0, then on recovers the
old path by applying the other operator: f,e,m = m, and if f,m # 0, then
eafam =m.

For a path m € II and a simple root « let m, be the minimum of the
function [0,1] — R, ¢ +— m(¢)(a"). Recall that if m and n are maximal such
that e!m # 0 and fI'm # 0, then m € N is maximal such that m < |m,|, and
n € N is maximal such that n < 7(1)(a") —mg. As an immediate consequence
we see that if m € II™, then e,m = 0 for all simple roots a. Further, if 7 € II
is such that e,m = 0 and n = 7(1)(a"), then the set {m, for,..., A7} U{0}
is stable under the operators e, f,, and the weights which occur as endpoints
are exactly the weights on the a-string between A := 7(1) and s, ().

For m € IIT we denote by B(m) the set of paths obtained from 7 by
applying the root operators, i.e., B(w) U {0} is the smallest subset of II that
contains 7 and is stable under the root operators. Let A\ := m(1) be the
endpoint of . Recall that the multiplicity of the weight space V(i) in V) is
equal to the number of paths in B(7) that end in p. Further, let G(7) be the
colored directed graph having B(w) as set of vertices, and we put an arrow
n—=sn' with color a between 7,7’ € B(w) if fa(n) = 1'. Recall that G(r)
depends only on the endpoint of 7, in fact, G() is the crystal graph of the
irreducible representation V) of highest weight A = 7(1).

Let A € XT be a dominant weight. As the “path model” of the repre-
sentation V) we will most of the time choose the set B(m)), where 7y is the
straight line 7 : [0,1] — Xg, ¢t — ¢\, joining the origin with .

Suppose A, € Xt are dominant weights, and let 7 € B(my) and n €
B(m,) be two paths of the corresponding path models. Recall ([13], Lemma
2.7) that the root operators act on the concatenation 7 % 7 in the following
way: eq(mxn) = 7x*(eqn) if 3 n > 1 such that el'n # 0 but fm = 0, and
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eq(m*1n) = (eqm) x 1 else, and

fam)xn if 3n > 1 such that fI'7 # 0 but eln = 0;
faolmxm) = “ “
o\THI = 7% (fan), otherwise.

Let x := fo, ... fa, and y := f,, ... f,, be two monomials.

PRroroOSITION 1.1. If xmy # 0 and xm = ymy for some my € IIT, then
xm = yx for all m € IIT.

Proof. For my € IIT choose v € X+ such that py := v — 71 (1) and pg :=
v — mo(1) are dominant weights. If p1, po € IIT are such that p;(1) = 1 and
p2(1) = pa, then we get:

x(my* pr) = (@xmy) * p1,  y(myx p1) = (ymi) * p1,

and hence z(mxp1) = y(m1*p1). Since mxp1(1) = makpa(1), the corresponding
graphs G (1 * p1) and G (72 * p2) are isomorphic. Hence:

(11) [E(ﬂg*pg) :y(ﬂg*pg).

If xmgy = ymy = 0, then nothing is to prove. If (without loss of generality)
xmy # 0, then x(mg x pa) = (xm2) * pa. Set nx 7 := y(mwa * p2), then (1.1) implies
that n = zmy, T = po, and hence: y(ma * p2) = (ym2) * p2, SO yme = xm. O

Fix a reduced decomposition w = s;, ...s;, of w € W. For a tuple (a) =
(a1,...,ap) € NP we write just f2 for

fﬂ = ffll .. fz(jf
Definition. A tuple (a) is called an adapted string of n := for if
n# 0 and e;, (fi2 fi? .. .fiipﬂ) =0,e;, (... fP7)=0,... ,eip_l(fg)pw) = 0.

tp
Remark 1.2. Note that a is uniquely determined by 7: a; is maximal
such that e}’ (n) # 0, az is maximal such that e;”ef! () # 0, etc.

i 11

LEMMA 1.3. Suppose n = fom, m € IIT, is an adapted string. If
w9 € IIT, then either femy = 0 or 1 := f%mry is the adapted string.

Proof. If ' # 0, then let y = f™m5 be the adapted string. Proposition 1.1
implies n = f™m. The equality f™m; = f%r; implies a; > m1 by the definition
of the adapted string of n, and f™my = f2my implies that my > a;. It follows
that a; = my, and hence, by induction, a = m. O

Definition. Let w = s;; -+ - s;, be a reduced decomposition, and for a dom-
inant weight A let 7\ € II*T be such that 75(1) = A. Denote by S,, the set of
all @ € NP such that a is the adapted string of fer for some 7 > 0, and let S
be the subset {a € S, | femy # 0}.

Remark 1.4. Lemma 1.3 implies that the definition above makes sense:
If a is the adapted string of f%r for some 7 € IIT, then a is the adapted string
for all f%r’ such that f2r’ # 0. Since f%r’ # 0 for ©’ > 0, one could replace
in the definition above “some” by “all w > 0”.

Suppose g is finite dimensional and let wy be the longest element in the
Weyl group. For a dominant weight A let S{L\,O — B(m)) be the canonical map
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a — fory. Then [15] implies that the map Sj, — B(,) is a bijection, so we
can naturally identify Sfl‘,o with the vertices of the crystal graph. For arbitrary
w (and arbitrary g) we can identify in the same way S; with the vertices of
the crystal graph of the Demazure module V) (w) of V) [7].

Definition. Let Cy, C R? be the real cone spanned by S,,. For a dominant
weight A let CYy C C,, be the polytope defined by: a, < (A, al\é) and

v Y%
ap—1 < (A —apa,, o, ), a1 < (A= ap, — . — Ay, )

PROPOSITION 1.5.
a) Cy is a rational cone and S, is the set of integral points in C,,.
b) S) is the set of integral points in the rational polytope Cy.

Proof. For n € Il and k € N set (kn)(t) := kn(t). Recall that k(f.n) =
fE(kn) and k(eqn) = eX(kn) [13] . Further, if n € B(n) for some 7 € TIT, then
the minimum of the function hg : t — n(t)(a") is an integer for all simple
roots, and e, (n) = 0 if and only if the minimum is equal to 0. In particular:

ea =0 minh’ =0 minh* =0 < e,y(kn) =0

for all £ > 1. A vector a with integral co-ordinates is hence in S, if and only
if ka € S, for some k > 1, so Sy, is the set of integral points in C,,.

The description of S} as integral points of C7) is an immediate consequence
of the string property of the operators: Remember that if € II is a path such
that e,n = 0, then fn # 0 if and only if 0 < m < (u, "), where p :=n(1) is
the endpoint of 7. It remains to prove that C,, is rational, the rationality of C;)
follows then easily. We give a set of inequalities defining C,,, the construction
is by induction on I(w). If w = s,, then Cy, = R{, the cone of non-negative
real numbers.

Suppose now w = s;, ... s;, is a reduced decomposition and p > 1. Let «
be the simple root such that o = «;,, let w be the corresponding fundamental
weight, and fix a dominant weight A such that A(a¥) = 0 but A(yV) > 0 for
all simple roots v # a. Set w’ := s, ...5;,_,.

The rules for the action of the root operators on the concatenation of two
paths implies for ¢ € NP and ¢ > 0:

fg(ﬂ—)\ * 7rqw) = (fg/ﬂ)\) * (féﬂ—qw)a Ql S Np_lv k eN.

where a; = a; for a;; # o, and k > ap. The same rules imply: If a € S, then

a' € Syy. Guided by this fact, we define a sequence m?, ..., m! with m? € Z':
We set m,, := a, and we define mi—1 = (mjl_l, .. ,m;j) for j < p by

mifl = min{mi, AT (k)}

where A7 : {1,...,j — 1} — Z is the function defined as follows: For k < ¢ < j

let s(k, ¢,7) be the sum my — 37, ., mia;, (o), then
max{s(k, £, j) | k <l <j, 0 =y}, if ay = ai;

N (k) = {

mfc , otherwise.

LEMMA 1.6.  a € Sy ifand only if AJ(k) >0V2<j<p1<k<j-1.
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Note that the mi depend on the ay in a piecewise linear way, and the
functions A’ are piecewise linear. It follows that C,, is defined by a finite
number of rational, piecewise linear inequalities, and hence C, is a finite union
of rational convex cones, which finishes the proof of the proposition. O

Proof of the lemma. By induction it suffices to prove:
aeS, <— mPleS, and AP(k) >0forall1<k<p-—1

To simplify the notation we write in the following just m and A for m?~! and
AP, Suppose first that a € S,,. We will show:

JHTA* ) = (f7ma) * (fquW)a

where k = a, + (ap—1 — mg:l) + ...+ (a — mP™ ). This implies of course
m € S, and A(k:) > 0.

Remember that o = a; = m; and A(j) = a; > 0 for a;; # . Assume
now that «;, = o and a, = my for all s > . Since a’ € S, this implies for m:
ea(fZijl f:}f;lwk) =0 and

fqz+1 "'filj,p(’ﬂ)\ " qu) _ (fme+1 -.-f;:f;lﬂ)‘) * (f(iﬂqw), t=ap+ Z(as —myg).

1041 2+1

s>0
Now a € S,, implies eq( Z}"’:ll e fiip () * Tg)) = 0. The equation above and
the rules for the action on the concatenation of two paths imply that this is
only possible if t <37, (—msa;,)(a”). It follows that A(f) > 0 because:

Z (—msai)(@) —t = Z as|a, (a¥)] — Z ms — Z as = A(L)

{<s<p {<s<p {<s<p {<s<p
o Fa Qi = Q=0

Hence we get:

_ _ ’
far(fam !y - fa 5 max famqw) = (f& - fap 5 o) * (o mqw),

where my = min{ay, A(¢)} and t' =t + ay — my, so my = aj,. It follows now by
induction that a € S,, implies m € S,y and @’ = m.

Suppose now m € S,y. We have to show that a € S,, and @’ = m. Assume
j <p—1and aj =m;g for all s > j. If o;; # «, then

iy (F8 o 0 (% ) = (e, (F1F o f ) o (flmga) = O,

because m € S,s. Note further that we get obviously: a;- =aj = my;. If

aj; = , then m € S,y implies A(j) > 0 and

m; m m; m t
ea(fij_ijl e fz‘ppTr)\) =0, ea(fij_ifl ce fz‘ppﬂ')\ * faﬂ'qw) =0,

where ¢ = a, + > .. ;(as — ms), and hence: eq( AR ..f;;p(Tr)\ * qmy)) = 0.

Ti+1
Further:

. . . _ /
STk fem) = (R ST ) * (fl ),

where m; = min{a;, A(j)} = @} and ¢’ =t + a; — m;. It follows that a € S,
and @’ = m, which finishes the proof of the lemma. O
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The proof above shows that C, is a finite union of rational convex cones.
In fact, it can be shown that C,, is convex. Though we will not need the convex-
ity of C\,, we will roughly outline the proof as it was pointed out to the author
by A. Berenstein and A. Zelevinsky. The main point in the demonstration is
the theorem below, which proves that &, is a semi-group.

In the case where the root system is simply laced this has been proved in
[3] (Theorem 2.1, Proposition 4.1), the proof in the general case will appear
in a forthcoming paper by A. Berenstein. The author would like to thank
A. Berenstein and A. Zelevinsky for helpful discussions and for communicating
the proof of the semi-group property.

THEOREM 1.7.  (A. Berenstein, A. Zelevinsky) S, is a semi-group.
COROLLARY 1. Cyw and C) are convex.

Proof of the corollary. To prove the convexity of C,,, it is sufficient to
consider rational points in Cy,. By Proposition 1.5, we know that S,, coincides
with the set of integral points in C,, and hence it is sufficient to prove that
for any two integral points a,b € C,, and any rational number r, 0 < r < 1,
ra+(1—r)b € Cy. Since Cy, is a cone, this is the same as to say that for any two
non negative integers p, ¢ and any two points a,b € S,,, the point pa+qgb € Cy,.
Since this is again an integral point in C,, the claim is equivalent to the claim
that S,, is a semi-group. The fact that C}) is a convex rational polytope follows
then immediately from the convexity of C,. O

The algorithm to determine the defining equations of the cone described
above is rather involved, and the set of equations one gets seems to be far
from being a minimal set. In the following we will study a special class of
reduced decompositions (as mentioned in the introduction) where the cone has
a particularly simple structure. These “nice decompositions” are associated to
a sequence of Levi subgroups G D Ly D Lo... D L, = T, where the Levi
subgroups correspond to so-called braidless fundamental weights.

In the following we will first study the rank two case which will help us
understand the structure of the cone for the nice decomposition. In the exmples
later we will for each simple algebraic group describe explicitely at least one
cone associated to a nice decomposition.

2. The rank two case

In this section we suppose that g is a symmetrizable Kac-Moody algebra of
rank two. We write only f;,s;,... for fa,,5q,.... We fix a decomposition of
an element w = s182... € W. Let > be the usual order on the set of weights
defined by A > p if A — p is a sum of positive roots. The following proposition
expresses the inequalities defining the cone of adapted strings in terms of the
usual ordering on the set of roots. The proposition is a reformulation of the
results in [7] and the proof is a variation of the proof given in [13].

PrOPOSITION 2.1. a € Cy, if and only if

azs1(g) > azaq, assisa(o) > assi(ae), ass15251(0e) > assisa(o), ...
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Proof. Set x := (a1, ay){az,aY), yo := 1 and y; :== 1 — (1/zy,;_1). One
checks easily by induction that
2k—2 2k—1

(sis5)" (o) = (" aw, o) [ w)ey + (% [ w)ew,
=1 =1

2k 2k—1
sj(si55)" (i) = (@i, &) [T ) + (@ T w)ews
=1 =1

So s;(si57)*(a;) is obtained from (s;s7)*(c;) by multiplying the coefficient of «;
by xyor_1yok, and (sisj)kﬂ(ai) is obtained from sj(sisj)k(ai) by multiplying
the coefficient of a; by xyaryor+1. Since y, > y, for ¢ > p (see [7] or [13]),
it follows that: If a,b > 0 are such that a(s;s;)¥(c;) > bsi(s;5:) " 1(;), then
a(s;s;) ;) > bsi(sjs:) " (ay) and as;(sis;) (i) > b(s;s:)! (o) for all I < k.
The proof of the proposition is by induction on I(w). Suppose [(w) > 1
and 7 > 0, we may assume that the proposition is true for w’ € W such that
I(w') = 1(w) — 1. Let f@7 be such that ea(f* fo*...7) =0, e1(fs*...7) = 0,
. The discussion above shows that to prove the proposition it is sufficient

to prove that, under these conditions, e;(fy?f;®...7) = 0 is equivalent to:

azsi(ae) > asaq, agsisa(ar) > agsi(az), agsisesi(ae) > assisa(ay), ...
Denote by ¢* : [0,1] — R the map such that
a a k
FERF L (t) = f L (t) — oF ().

The integrality property implies e1(f52...7) = 0 < (f3?...7(t),ay) > 0 for
all t € [0,1]. But this is equivalent to

min{(fg* ... 7(t) — ¢*(t)ay — ¢*(t)az,a)) | t €[0,1]} > 0.

Suppose the minimum is attained at ¢ = to. Since (f3*...7(t),ay) > 0 by
assumption and (a2,a)) < 0, we can choose ty such that ¢ is not locally
constant in tg. But then (f5*...7(to), o)) = ¢3(to) (by the definition of ¢?),
so the minimum above is equal to

min{— (s, aY)6*(t) — 6*(1) | ¢ € [0, 1]}.

A map ¢ : [0,1] — R? can be written as p(t) = @1 (t)a1 + @2 (t)az, where @1, 0o
are R-valued functions. We write ¢ > 0 if ¢;1(t), p2(t) > 0 for all ¢ € [0,1]. So
the condition above can be written as:

(2.1) ¢*(t)s1(a2) — ¢°(t)or > 0.
For t = 1 we get ¢%(1) = ag, ¢3(1) = a3 and thus the necessary condition:
azsi(o2) > azoq.
Note that (f{*fy*...7(t),ay) > ¢*(t), so
(ffefst .. m(t), o3)s1(ag) — ¢ (t)ar > ¢*(t)s1(a2) — ¢ ().

Suppose the right side attains its minimum in ¢ € [0, 1]. Since ¢2, ¢ > 0, we
may assume that tg = 1 or ¢? is not locally constant in tg. But then

¢*(to) = (fi*f3* ... m(t), a3),
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so the minima of the left and right side are the same. It follows that (2.1) is
satisfied if and only if:

azsi(az) > azaq and (ff? f3*. Lom(t), o )s1 (o) — ¢3(t)oz1 > 0.
The latter can be rewritten as:

((ff° . (1), a3) = ¢°(H)(an, a3) — ¢*(H){az, a3))s1(a2) — ¢ ()
— (< %t o) — ¢4(t))51(a2) + qb?’(t)slsQ(ozl) — (;54(t)31(a2) > 0.

As above, by choosing an appropriate ty € [0, 1], one proves that this map is
non-negative if and only if

(2.2) *(t)s1s3(a1) — ¢4(8)s1(az) = 0.

For t =1 we get: azsyse(ay) > ags1(az). Proceeding in an same way, we see
that the condition e;(fy?...7) = 0 is equivalent to the conditions:

azsi(ae) > asaq, agsisa(ag) > agsi(az), .. ..

O

Suppose now that g finite dimensional and w = wq is the longest element
W. We write only C; or Cy for the cone of adapted strings, depending on the
chosen decomposition wy = $182... or wy = $281 ... (ag is the long root).

COROLLARY 2.
i) If g is of type Ay and wo = s15281 = S25182, then:

Cy=0Cy=A{(a) € R3 | az > as},
it) If g is of type Co and wy = s1528182 = S2518281, then:
C1 ={(a) € R" | 2a2 > a3 > 2a4}, C2 ={(a) €R' | az > ag > a4}
iii) If g of type Go and wy = $15251525152 = S25152518281, then

Ch = {(g) S R | 6as > 2a3 > 3a4 > 2a5 > 6(16}
Cy = {(a) € R® | 2a9 > 2a3 > ay > 2a5 > 2a¢}.

We have a canonical bijection ¢ : C7; — C3, where ¢(a) is such that
fer = fo@x for 7 > 0. We will now describe this bijection. The same
arguments as in the proof of Proposition 2.1 (compare [13]) yield for w € W:

LEMMA 2.2. Suppose e1(f32 f1?...m) = 0,e2(f1?...m) =0,.... If m
is maximal such that e5*(fi* f32 f1*...7) # 0, then (—m) is the minimum of
the coefficients of ayse(a) — agag, azsesi(ag) —agsa(ay), .. ..

If g is of type Ao, then the lemma above implies together with a simple
weight argument (see also [3]):

PropPOSITION 2.3. The bijection C1 — Co is the piecewise linear map:

(a1,a2,a3) — (max{as,as — a1}, a1 + as, min{as — as, a;}).
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PRrROPOSITION 2.4. If g is of type Ca, then the bijection C1 — Cy is the
piecewise linear map:
n1 = max{ps, p3 — p2,p2 — p1}, N2 = max{ps,p1 — 2p2 + 2p3,p1 + 2pa}
ng = min{py, 2ps — p3 + pa,pa + p1}, na = min{p1, 2p2 — p3, p3 — 2pa}.
and its inverse is the piecewise linear map Cy — Cf:
p1 = max{ng, 2ng — na,na — 2n1}, ps = min{ng, 2ne — 2n3 + ng, N4 + 201}

P2 = max{ng,nl + ng,n1 + 2nz — TLQ}, P4 = min{nl,ng — Nyg,N9 — ng}.

Proof. The formula for p; follows from Lemma 2.2, and since p; + p3 =
ng + ny4, we get also the formula for ps. If ¢ > 0 and n € C5, then Lemma 2.2
and [13], Lemma 2.7, imply: f3™ f12 f3° f1* (Tguw, * Tqwy) =

min{ni,no—n4—(n3—n4)} png rng png n3—ng+n1—min{ni ,ne—ng—(n3—ng)}
2 J12 157 [ g * [y Tquwy

. P1 £P2 £P3 pP4 —
and for p € Cy we get: f1' 52 f1° f3" (Tquwy * Tqwy) =
p1 pmin{p2,p3—pa} ¢ps pa+p2—min{p2,p3—pa}
1 Ja J17 Mgy * [ Tquws -

This implies: max{p4, p2 — ps+2p4} = max{ng —ng,n; —ng+2n3—ny}. Since
p2 4+ pg = n1 + ng, it follows:
p4 = max{ng — ng,n1 — n2 + 2nz — nyg} — max{0,n1 +n3z — p3}.
But p3 = na + ng4 — p1 = min{ng, 2(na — n3) + n4,2n1 + n4}, so we get:
ps = —nyg + max{ng,n; — ng + 2n3} —n; — n3+
min{n; + ng, n2, 2ny — 2ng + nyg, 2n1 + ny}
= min{ny + ng — ng, n2 — N4, 2ny — 2n3,2n1 } — min{ny, ny — n3}.

By discussing the cases ny < ng — nz and n; > ne — ng separately, one sees
easily that py = min{ny, n3 —n4,n2 —ns}. Since ps + ps = n1 + ng, this yields
also the formula for po, so this finishes the proof for the second map.

By comparing f{" f3° f{° 3" (Tqws * Tqw) and f3 f1 £3° f1* (Tqus * Tgwr),
the same arguments yield the formula for the inverse map. O

Using the Young tableaux in [14], a similar kind of formula can be deduced
for g of type Go. We state here just the formula for the first term, the formula
is a consequence of Lemma 2.2.

LEMMA 2.5.  Suppose g is of type G2, p € C1 and n € Ca (a2 is the long
root) are such that f%m = f2r for m > 0. Then

p1 = max{ng, 3ns — n4, 2n4 — 3ns, 3nsz — 2n2,n2 — 3n1}

n1 = max{pe, p5 — Pa,2ps — P3,P3 — 2P2,P2 — P1}-

3. The braidless weights

Let § be a Cartan subalgebra of a semisimple Lie algebra g. Denote by ® the
root system, by X the weight lattice, and fix a set of simple roots A. We call
a fundamental weight w braidless if for any 7 € W the following holds:
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(+) If a,y € A are such that {r(w),a") > 0, (r(w),7") > 0, then {,a") = 0.

If g = @ g; is a decomposition of g into simple ideals, then w is braidless
for g if and only if w is braidless for one of the g;. Denote by «,, the unique
simple root such that (w,a") # 0, let P, be the associated maximal parabolic
subgroup, and denote by N, the nilpotent radical of the Lie algebra Lie P,,.
We use the enumeration of the fundamental weights as in [1].

LEMMA 3.1. A fundamental weight w of a simple Lie algebra g is
braidless if and only if w is a minuscule weight of g, or w = w1 for g of type
B,, or w = wy, for g of type C,, or w is arbitrary and g is of rank at most two.

Proof. Recall that w is called minuscule if |(T(w), 3Y)| < 1 for all positive
roots and all 7 € W. Now (r(w),a") > 0 and (7(w),vY) > 0 for two simple
roots such that (a,vY) # 0 would imply [(1(w), s4(7)V)] > 1. So {a,7") =0,
and minuscule weights are braidless.

It is obvious that w is braidless if rkg = 2. Suppose now rkg > 2 and w
is braidless but not minuscule. Let 3 be a positive root such that (w,3") > 0,
i.e., the root space gg corresponding to 3 is contained in IV,,. By Weyl group
invariance we may assume: (3,a") > 0 for all a # .

Suppose (3,a)) < 0, so the root system ® spanned by 3 and a,, is of
type Ay or By. Note if we take the intersection of the real span of ®' with ®,
then we get again a root system of rank two, which can only be the same root
system. So @' is a root subsystem of Levi type, i.e., there exists a 7 € W
such that 7(a,) and 7(8) are simple roots. It follows that (r(w),7(a)))) > 0,
(t(w),7(8Y)) > 0, in contradiction to the assumption that w is braidless.

So ( is hence a dominant root. If g is of simply laced type, then 3 is the
highest root. Since § is unique, this implies that 3 is conjugate to ay,, by W,
i.e., B is of the form «y, + Za?éau aqa, and w is hence minuscule.

If g is not simply laced and if the representation of L, C P, on N, is
irreducible, then the highest root is of the form a,, + >, Za,, GaQ. So (using
for example the tables in [1]) one finds that w = w; for g of type B, or w = w,
for g of type C,. One checks easily that these two are braidless weights.

Suppose now the representation is not irreducible. The arguments above
show that the positive roots in N, are conjugate by W,, to the dominant roots,
so N, = N1 @ N3, where N; = @y, is the sum of all root spaces corresponding
to short roots in N, and Ny = Py, is the sum of all root spaces in N, of the
long roots. Now if g is of type Cy, one sees easily that the submodule generated
by the highest root contains always the root spaces of short roots and long
roots unless w = wy, which is a minuscule weight. If g is of type B, then the
submodule generated by the root « contains always the root spaces of short
roots and long roots unless w = w,,, which is a minuscule weight. It remains
to consider the case F4. The decomposition of N, = Nj @ No implies that
the highest root is of the form g = 2a,, + Za?éaw Ao, SO W = w1,wy. But the
L.,-submodule generated by ¢, contains in both cases long and short roots. [

LEMMA 3.2. Suppose w is braidless. Denote by “W the minimal
representatives of the left W, -classes in W. If T € YW, then a reduced de-
composition of T is unique up to the exchange of orthogonal simple reflections.
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Proof. 1t is well-known that one can pass from one reduced decomposition
to another by exchanging orthogonal simple reflections or by using the braid
relations, i.e., in a reduced decomposition one replaces

Say - Sar(SaSySa--)Sapi1 - Sa; DY Say---San(5y5a5y .. )Samy -+ - Say-
But such a braid relation can occur in a reduced decomposition if and only if
(Sap -+ Say (W), @) >0, (84, - - S0y (W),7") >0,
which is not possible because w is a braidless weight. O

Let w be the longest word in W,, and let 7 be the longest word in “W.
Fix a reduced decomposition 7 = g, ... Sq,. The set of positive roots N ()
below is exactly the set of positive roots in N,:

N(®) := {1 :=w(ar), B2 := wsa, (A2), ..., 0r := WSqay - - Sa,_, (r)}

LEMMA 3.3.
i) If {oy, ), 1) = 0 and both have the same length, then 3; and (i1 are not
comparable in the usual partial order.

i) (o, 0 ) = (Qit1,0)) = =1 = B; > Biq1.
iii) (i, i) = =1, (Qir1, o) = =2, aiye = af = 26; > Bit1 > 2012
w) (s, o)) = =2, (aip1,0)) = =1 and a2 = o = B > fig1 > Bige.

Proof. We prove first ii). Note that
(%) (Sas_y -8 (W), @) > 0 implies (s, ; ... Sa, (W), (1) = 0.

The latter can not be positive because w is braidless. Similarly, if the latter is
negative, then there exists a reduced decomposition:

Saq -+ Sy = Sall N Sa;_QSOéH-U

and hence s/ ... Sa;4;5a;5;,, would be a reduced decomposition for an ele-
ment in “W, which leads again to a contradiction. Now (%) implies that

Say -+ Sai_18ai41 = SySay - -+ Say_y

for some simple root v # . Note that s, = s, ...5q4; ;150,115 1 - - - Say
implies v = Sq, - .- Sq;_; (@it1). It follows that

Bit1 = WSqy - - - Sa; (Qit1) = WSqy - - - Sa, 4 (i + aig1) = G +w(v) < By,
because w(7y) is the negative of a simple root. As above one proves for iii), iv):
Say -+ Sa;_1Saip1 = SySay - - - Sa;_

for some simple root v # «,. So for iii) we get:

Bit1 = WSay - - Sa; (Qit1) = WSay - - - Sa;_, (204 + ait1) = 26; + w(7),

Bita = WSay - - - Sa;Saisy (Qig2) = WSay « - Say_, (i + ig1) = B +w(7).

This implies: 23; > (;11. Since w(7) is the negative of a simple root we get:

Biv1 = 20i +w(y) > 26; + 2w(y) = 2Bi+2
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and hence 23; > (3,11 > 20;12. Similarly, we get for iv):

Bit1 = WSay - - - Sa; (1) = WSy - - - Sa;_, (0 + 1) = B +w(7y),
Bite = WSay - - - Sa;Sa;1 ((iy2) = WSay « .- Sa;_y (4 + 2041) = Bi + 2w(7y).

and hence 3; > B;+1 > Bito. It remains to prove i) for rkg > 2. By exchanging
orthogonal reflections if necessary, we may assume that the decomposition

Say - - saj(sa].Jrl ... sak)(sakle .. .sai)sai+1(sai+2 ol

is such that the following sets of roots are pairwise orthogonal to each other:

Ar = {41, 0542, .-, 1, 0, 01}, Ao = {1, Qg2 .-, Q1,05 )

Further, for I = j 4+ 1,...,k,i + 1 there exists an p, j < p < [ such that
(al,a;x) <0,and for k+1 <[l <ithereexistsanp, p=jork+1<p<lI,
such that («y, a;/) < 0. Also, we may assume that for j+1 <[ < k there exists
an p, j <p < kor p=7i+1,such that (a;,ay) <0, and for k+1<1<i—1
there exists an ¢, [ < ¢ < such that (qy, aX) < 0.

We will show that 3; and ;11 are obtained from 3; by subtracting certain
simple roots. The conditions above imply that one can find two sequences:

Ji=po<...<pr—1 <k, pri=i+1l; ji=qo k+1<q <...<q:=1i

such that (a,,, o, ) < 0 but {(ap,,e) =0 for ps1 <1 < ps, and similar,
(ag,, oy |) <0, but (ag,,q) =0 for gs_1 <1 <gs.

This implies that in the Dynkin diagram the node of a; is connected with
two other nodes (which are orthogonal to each other), and these two roots are
(successively) connected to the nodes of o; and «a;41. Since these two are of
the same length, the roots o, o;, ;1 are all of the same length.

The sets A1, Ag are disjoint, so at least one of the two contains only roots
of the same length as «;. Without loss of generality we may assume that A
is this set. Note if oy € A is the only simple root of different length (the
case Fyq has been excluded), then we may assume without loss of generality
that (a;—1,0)') < 0: The conditions on the set A; imply that there exists
an j < !’ < | with this property, by exchanging orthogonal reflections (i.e.,
“moving s,, to the left”) if necessary we may assume that I’ =1 — 1.

Now consider the root 3,,, suppose it is of the same length as 3;, 3,11 and
B;. By the definition of §,, and the choice of g,_1 we get

Bys = WSay - Sa; - - - Sa,,_, ().

If g, , and o, are of the same length, then the arguments above proving
ii) show that 3, = fB,,_, — 7 for some simple root. Note that §,, and §,,_,
are of the same length. If o, , and o, are not of the same length, then we
know that g;—2 = gs—1 — 1, and necessarily o, , = og,. The arguments above
proving #i1), iv) show that §,, = f,,_, —~ or B, = Bq,_, — 27 for some simple
root, and 3,, and 3,,_, are of the same length.

So we have shown inductively that 3,41 = 3; — >_ a,v for some simple
roots v and f3; = 3; — > a7y for some simple roots ~'.

But remember that the arguments to prove ii)—iv) show that the simple
roots 7 are of the form wsy, ... 5q;_; (), where 0 is a linear combination of a;
and the roots in Ay, and the 4" are of the form wsy, ... sq;_, ('), where ¢’ is
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a linear combination of a; and the roots in A,. Since the part of the linear
combination coming from A; respectively A, is always nonzero, it follows that
the 7/ are linearly independent of the v and vice versa. Since the « and +' are
simple roots, this implies that 8; and ;11 are not compatible. O

Fix a reduced decomposition 7 = s4, ... Sq,, and suppose rkg > 2.

LEMMA 3.4.
i) If aj, 7 > 2, is such that oy # «  for all i < j, then there exists exactly
one oy, 1 <1< j, such that (o, o)) # 0.

i) Suppose o = o) = g, but a; # a for all p < i < q. Then either
there exist two (not necessarily different) simple roots oy, a5, p < i < j < g,
which are not orthogonal to o, or there exists only one simple root o; with this
property, in which case the root system spanned by «, «; is of type Ba.

Proof. Tt is evident in the situation in i) that there exists at least one
simple root oy, 1 < ¢ < j not orthogonal to «;, otherwise the decomposition
would not be reduced. Now if o is not orthogonal to «;, then (o, a}’} < -1,
and hence (sq, - - - S0, (W), af) > 0,80 54, . .. Sa;54; i3 a reduced decomposition
in “W. Since the decomposition of 7 is unique up to the exchange of orthogonal
reflections, this proves ).

Consider the situation in éi). There exists at least one «; which is not
orthogonal to a. If there is only one, then, by exchanging orthogonal reflections
(i.e., by moving s,, = s, to the right and s., = s, to the left), we can assume
that the decomposition is of the form ... s45q4,5q ..., which is only possible if
a, o form a root system of type Bo.

It remains to prove that there are at most two such roots. Suppose there
are at least two such roots, let a;,;, p < i < j < g, be such that 7, are
minimal with this property. Now

(1) —2 < (Say - Say (W), ) <0

implies (2) : (Sa; -+ Sa; -+ Sayp - - - Sa; (W), o) > 0. If the latter is positive, then
Say -+ Sa; + - Sa;Sa 1S A reduced decomposition and hence, by the uniqueness
of the decomposition, we have proved the lemma.

If (2) is positive (for example if the lower bound in (1) is —1), then the
lemma is proved. It remains to consider the remaining non-minuscule cases.
Suppose g is of type B, and w = wy. Then (o(w),a") = —2 for some 0 € W
only if @ = «, is the short root. Now 7 = s1...s,...s1 and s, occurs hence
only once in the decomposition.

Suppose g is of type C,, and w = wy,, we may assume that i = p+ 1 in (2).
If (1) = =2 and (2) = 0, then a is a short root, (sa,,, - --8a; (W), ) = —1,
and hence (api1,a") = (aj,a") = —1. Tt follows that both are short roots.
Since sq, - .. SapSap,, 18 a reduced decomposition and w is braidless, we know
(Sap_1 -+ Sa; (W), apyq) = 0, and hence (sq,, - - - 5, (W), @ 11) = (—20p, 0 1) =

2. But this would imply (sq,,, - - - Sa; (w), oy ) = 0, which is a contradiction. O

4. Cones for nice decompositions

Let g be semisimple and denote by D its Dynkin diagram. We call a simple
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root « braidless if the corresponding fundamental weight w, is so. We write
D — {a} for the diagram obtained by removing the node of « from D.
Suppose that the set of simple roots of G admits an enumeration

A ={aq,...,ay} such that «; is braidless for D — {aq, ..., @;—1}
forall i =1,...,n. We call this a good enumeration.

Remark 4.1. Note that all simple Lie algebras admit such a good enu-
meration except the ones of type Eg and F4. We will describe such good enu-
merations in the later sections for the respective types. The groups of type Eg
and F4 will be discussed separately.

Let W; be the Weyl group generated by the simple reflections sq,, ..., 5q;,
and let ‘W, be the set of minimal representatives in W; of Wi_1\W,;. We fix
a reduced decomposition of the longest word wqy which is compatible with this
enumeration, i.e., the decomposition

wo = 81 8281 ------ 8]1 .. S] .. Snl e Snt
~— ——— ~— —_——
T1 T2 Tj n

is such that 7; is the longest word in Y W;. This decomposition is, up to
the exchange of orthogonal reflections, uniquely determined by this condition
(Lemma 3.2), we call this the nice decomposition associated to the good enu-
meration. Let Cy C RY be the cone of strings adapted to this decomposition.

Let ®* = {f,...,0n} be the enumeration of the positive roots corre-
sponding to this decomposition, i.e.,

B = a1, f2:=s1(a2), B3 :=s2s1(a2)....

The defining inequalities for the cone Cj are closely related to the usual order-
ing on the set of roots. Denote by (3,0) the root system spanned by the roots
B3,9. For g of type Go let C be the cone in Corollary 2.1, else let C' be the cone
of all N-tuples a € R such that a; > 0 for all i = 1,..., N, and for all i < j
such that ; is not orthogonal to f;:

a; > a; if (8;, B;) is of type Ay and (3; > f;;
a; > a; if (8;, B;) is of type Ca, (; is long and f; is short, and 3; > 20;,
or, 3; is short and 3; is long, and 23; > 3; but §; 2 3;;
a; > 2a; if (8;, B;) is of type Ca, (; is short, (; is long, and f; > G};
2a; > a; if (8;,B;) is of type Ca, f; is long and f; is short,
. and 3; > ﬁj but 5; 2 Qﬁj.

THEOREM 4.2. C = Cy is the cone of adapted strings.

Remark 4.3.  Let C’ be the cone associated to the reduced decomposition
obtained from the given one by exchanging two orthogonal simple reflections
(let us say the j-th and j + 1-st) in the reduced decomposition of one of the
7p. Note that the map RY — RV, which exchanges the j-th and j + 1-st
coordinate, induces a bijection C' — C’: The inequalities above are defined
only for ag, a; such that B, B are not orthogonal to each other. But if o;,, c;
are orthogonal to each other, then so are 3; and (j41.
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On the other hand, recall that the root operators commute if the corre-
sponding simple roots are orthogonal to each other. It follows that a tuple
a=(a,...,a5,a41,...,ay) is adapted to the first decomposition if and only
if o = (a1,...,aj41,aj,...,an) is adapted to the second.

Proof. The theorem is obviously correct for g of rank 1, for g of rank 2
one checks easily that the cone defined above is the one given in Corollary 2.1.

Suppose now g is of rank n > 2, set w =711 --- T—1, and let 7, = 55, - - - S,
be a reduced decomposition. Denote by [ the Levi subalgebra associated to
the roots aq,...,ay—1, then w = 71 -+ - 7,1 provides a nice decomposition of
the longest word of the Weyl group of [. It follows from the Demazure type
formula and the restriction rule for crystal graphs (or the path model, see [7]
or [13]), that n = (n1,...,ny) is adapted if and only if

(n1,...,nn—¢) is adapted for l and (0,...,0,nN—¢t+1,...,nn) € Cp.

So to prove the theorem, by induction it is sufficient to prove that an element
of the form a = (0,...,0,aq,...,a) is adapted if and only if a € C.

By abuse of notation we will just say in the following that a = (a1, ..., a;)
is adapted. Also, let (1,...,0; be the induced enumeration of the roots in
the Lie algebra of the unipotent radical of P, , ie., /1 = w(way), P2 =
ws;, (i, ), . ... We denote by C,, C C the cone such that the first N — ¢ coor-
dinates are equal to 0. We identify C,, with the subcone defined in R? by the
inequalities above corresponding to the roots 31, ..., B in the Lie algebra of the
unipotent radical of F,,,, and the condition that all entries are non-negative.
To prove that a € N! is adapted, we have to prove that for = > 0:

ea(fit ... fMm) =0 Va # ayp; and 6ij71(f.aj...fat7r) =0forj=2,...,t

% i i i
To simplify the notation, we write

€al OF €q(ay, ..., ar) instead of eq(fiX" ... fii'm) or ea(f;;j o fitm).

Suppose a = «a;; and o = «;;_, are not orthogonal to each other. By decreas-
ing induction (the case k = ¢t — 1, ¢ being trivial) we may assume that if a, o/
are of the same length, then e;, (agt+1,...,a:) =0 for k > j and a € C),. And
if @, have different lengths and o’ = «;,,,, then e; (agy1,...,a;) = 0 for
k>j+1andac€ C,.

LEMMA 44.  If a, o/ have the same length, then eq(aj—1,aj,...) =0 for
a € Cy only if e (ajyr,...) =0. Ifa,a are of different length and o/ = oy,
then eq(aj—1,a;4,...) =0 for a € C), only if eq(ajio,...,at) =0.

Proof. If a, ¢’ have the same length, then so have §; and §;_1. Since a is
not orthogonal to o/, the same is true for 5;_; and 3;. By Lemma 3.4, we know
that 8;_1 > ;. Since eq(ajy1,...) = 0 by assumption, it follows by section 2

that eq(aj—1,...) =0 if and only if a;_1 > a; and ey (ajq1,...,a;) = 0.
If o, o/ have different lengths, then so have 3; and ;_1. Since w is braid-
less and oy, , = «;,,,, we know that N; := <SOCi]-_2 ce - Say, (w),aivj> = 0. By

induction we can suppose that ey (ajy2,...) = 0 and eq(aji1,...) = 0. Sec-
tion 2 implies: eq(aj—1,a;,...,a;) = 0 if and only if also eq(ajy2,...) = 0,
and a;_1 > a; > a;41 respectively 2a;_1 > a; > 2a;41, depending on whether
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B; or Bj_1 is a long root. Since a € C),, the conditions on the coefficients are
satisfied in both cases, which finishes the proof of the lemma. O

Consider the last condition: eq(...) = 0 respectively ey (...) = 0, of the
lemma. If all the simple roots occurring later in the decomposition are different
from « respectively o/, then this condition is trivially fulfilled. If not, then,
after may be exchanging orthogonal reflections, Lemma 3.4 implies that we
can transform this condition into one of the following, depending on the length
of the roots. Here v = « or o/:

i) ey(ag,ags1,...) =0, k> j, v = a4, and a;,, @, span a root system
of type As.

it) ey(ak, py1, apy2,-.-) = 0, k > j, and oy, = oy, _,, 7 = @;,,, span a root
system of type Cs.

A priori, there could be a third case: ey (ag,ar+1,...) =0, k> j, a;, and
v = a,, span a root system of type Cz, and (s;, ., ... 5 (w), a%@) = 0. (Note
that the latter being negative would imply we are in case ii), and the latter can
not be positive because w is braidless). But this would imply that sys;, ...s;,
is reduced in W/W,,. We will show that this leads to a contradiction:

If we start with the situation a = aij7a’ = «;;_, span a root system of
type Az, then v = o’ and we would have a reduced decomposition of the form
... Sa/Sa - .- 8a/ 8y, - - - Siy, where all the reflection coming between s, and s,/ are
orthogonal to s,/, which can not be since w is braidless.

If we start with the situation o = aij,o/ = j;_, = qj;,, span a root
system of type Cs, then v = « and we would have a reduced decomposition
of the form ...sy/8054 - - - SaSiy - - - Si,, Where all the reflection coming between
s and s, are orthogonal to s,, which can not be since w is braidless.

Now in the cases i) and i7), we can apply the lemma above again. By
repeating the argument we get:

COROLLARY 1. Ifa = a4, o = a;;_, span a root system of type Ao, then
ear(@jy1,...) = ealajy1,...) =0 foraec Cy. Ifa=oqa, o =, = a;;,,
span a root system of type Co, then ey (aj12,...) = eq(ajt2,...) =0 fora € Cp.

Proof. (of the theorem, continuation) An immediate consequence of the
corollary and section 2 is of course: If a = a;,,a’ = ay;_, are of the same
length, then a € C,, implies ey (a;,...) = 0, and if the two roots have different
lengths, then ey (aj,...) = 0 and eq(ajt+1,...) = 0. So by induction we get:
ei;(aj1,...) = 0 for j = 1,...,t — 1. Further, the corollary and Lemma 3.4
also imply that eqa = 0 for all a # ay,, so we have proved:

a € C;, = a is adapted.

It remains to prove that the converse is true, we may suppose that rkg > 3.
Suppose first a = «;;, 7 = i, @ is not orthogonal to v and

Tn = ...845y... OF Ty = ...845ySq -,

where «, are of different lengths in the latter case. Lemma 3.3 implies for
(), the inequalities: a; > a;11 respectively a; > ajy1 > ajq2 or 2a; > ajy1 >
2a;42, depending on which of the roots is the long one. Since w is braidless,
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we know that if we insert a s,, then, using the braid relations, we get:
... 8y805y ... = 85T, respectively ...5,54,5ySq ... = 85Ty

for some simple root § # «ay,. Using the “braid relations” for the root operators
(section 2), we know that e (a; ...) # 0 would imply esa # 0. So if a is adapted,
then we know that e, (a;...) = 0, which in turn implies that the inequalities
aj > aji1 respectively a; > aji1 > aji2 or 2a; > aji1 > 2a;42 (depending on
which of the roots is the long one) are necessary conditions.

Suppose now [3;, B, 7 < k, span a root system of type Ay and 3; > G;. If
k = j+ 1 (modulo the exchange of orthogonal reflections), then we are in the
situation above, so we know already that the condition a; > a1 is a necessary
condition for a to be adapted. If k # j + 1 (modulo exchange), then (modulo
exchange) there exists a sequence i1 = j < i9 < ... < i, = k such that Bi, is
not orthogonal to 3; ., but orthogonal to all §; for i, <1 < ipi1. If all the
roots are of the same length, then Lemma 3.3 implies 3;, > 5;, > ... > [,
and, by the discussion above, we know that a; = a;;, > ... > a;, = a;. In
particular, a; > ay, is a necessary condition for a to be adapted.

Suppose 3;, and 3;,,, are not of the same length, let p be minimal with
this property. The arguments above show that a;; > ... > a;,. Note that
there is only one simple root which is not of the same length as all the other
simple roots, and the corresponding node is an extremal node of the Dynkin
diagram. Since the long roots in the C,-case respectively the short roots in
the B,-case are orthogonal to each other, we know that «;, ,q;, # a,. By
the minimality of p we know also that «;, # an, but a;,,, = @, and hence
a;, = anp—1. Note that p + 1 < r because «;,,,, and hence 3;  ,, has not
the right length. Since all other simple roots are orthogonal to a,, it follows
that «;,,, = an—1. The discussion above shows that a;, > a;,,, is a necessary
condition for a to be adapted. Repeating the arguments, we see that a; > ay
is a necessary condition for a to be adapted.

Suppose now 3;, Bk, j < k, span a root system of type Co and S is not
orthogonal to ;. If k = j+1 (modulo the exchange of orthogonal reflections),
then we can assume that ;; and a;; ., form a root system of type Cz, and we are
in one of the cases discussed at the beginning. If k£ # j 4 1 (modulo exchange),
then (modulo exchange) there exists a sequence i; = j < iy < ... < i, = k such
that 3;, is not orthogonal to f3;,, but orthogonal to all §; for i, <1 < ipy1.
Since the long roots in the C,-case and the short roots in the B,-case are
orthogonal to each other, we may further assume that either 3;, 3;,_, or 3;,, B
are of the same length. It follows then easily from the discussion above that,
depending on the length of the roots, a; > ax, 2a; > ay, respectively a; > 2ay,
is a necessary condition for a to be adapted. O

5. Example: Sl,;1 and the Gelfand-Tsetlin Patterns

We consider in this section the case g = sl,+1. The following description of
the cone and its connection with the classical Gelfand-Tsetlin patterns can be
found in [4], we include this section for completeness. Let €; be the projection
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of a diagonal matrix onto its i-th entry. We fix as Borel subalgebra the up-
per triangular matrices and as Cartan subalgebra the diagonal matrices. The
dominant weights are then of the form:

A€l + ...+ Ap€p, Where A\ >...> )\, >0.

The enumeration of the simple roots a3 = €1 — €3, ...,y = €5 — €41 is a good
enumeration, the corresponding nice decomposition is

wo = $1(s251)(s35251)(...)(SnSn—1-..5281),
and the corresponding enumeration of the positive roots is:

Bir=¢€1—¢€; Po=¢€ —€3,03 =€ —¢€3; fa=¢€1 —€4,...,06 = €3 — €4
o BNont1 = €1 — €ny1, --. BN = € — €ng1;

where N := %n(n +1). We write f;, e; for the operators fo,, €s,. Let A be
the triangle consisting of left justified rows of boxes, having n-boxes in the first
row, (n — 1) in the second, .... For a € R2"(™ D) denote by A(a) the filling
of A with the coefficients of a: row-wise, from the bottom to the top, and in
each row from the right to left.

Ezample. Suppose n =4, for a = (2,3,2,5,4,1,3,3,1,1) we write
1[3]3]

415
3

Afa) =

’l\?[\))—‘b—‘

We identify a € RY with its triangle A(a) = (a; ), where a; j; denotes the
j-th entry in the ¢-th row. Theorem 4.2 implies:

THEOREM b5.1. C is the cone of triangles A = (a;;) such that the
entries are non-negative and weakly increasing in the rows.

Denote by s(a; ;) the sum of the entries above a;j: s(aij) = Sb_; Ak j-
We set a;; :=0fori+j>n+1ori=0o0rj =0, and set a,41 := 0. A
small weight calculation shows that the polytope Cy (Proposition 1.5 b)) for
a dominant weight A = Aje; + ... + A\y€e, can be described in terms of the
triangles as follows:

COROLLARY 1. C\ is the convex polytope of all triangles A(a; ;) such
that the entries in the rows are non-negative and weakly increasing, and

;5 § )\j—Aj+1—|—s(ai7j_1)—2s(ai_17j)+s(ai_17j+1) V1 S ') S n, 1 S] S n+1—j.

Another way to describe the convex polytope C) is the following. Recall
that a triangular pattern P = (g;;) € RNl 0<i<n, 1<j<n+1-1i,
is called a Gelfand-Tsetlin pattern of type A if the entries are non-negative
and weakly decreasing in the rows, the first row is given by the coordinates
of XA (i.e., A1 = go1,A2 = go,2,...), and the entries satisfy the “betweenness”
condition:

Gij > Giv15 > Gij+1 V0O<i<n, 1<j<n-—i+1l



20 PETER LITTELMANN

Example. A Gelfand-Tsetlin pattern of type A = 9e1 + 7e + 5eg + 264 +€5:

Let GT'()A) be the convex polytope of Gelfand-Tsetlin patterns of type .
Let [; be the Levi subalgebra associated to the simple roots aq, ..., a;, and let
[;. be its derived algebra. For a € C) and A := A(a) set

J— ) L

a 0 00 OOO a eesa a e Q

& (\ y YU,y s YUy s Uy 541,15 s Uj+1,54+1, y Un,l, ) n,n)
1 2 J j+1 n

The defining equations of Cy show immediately that a’/ € Cy. Remember
that integral elements of this form correspond to those paths f¢ 7y such that
Ca, (f¥m\) = 0for j = 1,...,7. It follows that the integral points in Cy of
this form are in one-to-one correspondence with the simple [;-submodules of
V), the highest weight of the corresponding module is the endpoint of the path
f¥my. Fix a € Cy and let A(a) = (a;;) be the associated triangle. Denote by
P(a) the triangle defined in the following way. Let g; ; € R be given by:

A = go,0€1 + ...+ 9on€n+1
n

A=> a0 = g11€1+ ...+ g1n€n+1
n n—1

A — 21:1 a1 o — lel a2 = g21€1+ ...+ g2n€n+l
n n+l1—k

A= hm ey ek = Ogni€1+ ...+ Gnn€nti

then P(a) is the triangle (g;;), where 0 < i <mn,1<j<n+1—i A sim-
ple inductive procedure shows that the inequalities in Corollary 5.1 transform
under this map into the inequalities defining the Gelfand-Tsetlin patterns:

COROLLARY 2.  The map A(a) — P(a) induces a bijection between the
convez polytope C and the convex polytope GT (). Further, this map induces
a bijection between the integral points in Cy and the integral points in GT(\).

Ezxample. Suppose n = 5, and let A be the dominant weight A = 9¢; +
Tea+5e3+2€4+€5. The triangle A(a) associated to a = (2,3,2,5,4,1,3,3,1,1)
has been presented above. It is easy to see that A(a) € C). The associated
GT-pattern P(a) is the pattern in the example above.

6. Example: The symplectic and the odd orthogonal Lie algebra

Let g = spy,,, or g = sogm+1. The simple roots are o, = €1 — €2,..., a9 =
€m—1 — €m, Q1 = 26y, respectively a1 = €,,. (This is different from the usual
enumeration in [1] ). The enumeration is good, the corresponding nice decom-
position is:

wo = $1(525152) (- ) (Sm—1---51-+-Sm—1)(SmSm—1---51 -+ - Sm—15m)-
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The corresponding enumeration of the positive roots for sps,,, is:

B1=2€n; Po=€n_1+¢€m, B3=2€n-1, B4 =¢€n-1—€mi ...}

ﬁN—2m+2 — €1+ €, ... ,ﬁN—m—l-l = 261, ey ﬁN = €1 — €9.
where N = m?, and for 509,41 We get the following enumeration:

Bl = €m, /82 = €m—1 T €m, ﬂS = €m—1, /84 =€m—1"—"6€Em; -3
BN—2mi2 =€1+¢€2, ...,BN-my1 =¢€1, ..., By = €1 — €.

We write just f;, e; for the operators f,,, eq,. Let A be the triangle consisting
of centered rows of boxes, having (2m — 1)-boxes in the first row, (2m — 3) in
the second, ..., and 1 box in the bottom row. For a € R™ denote by A(a)
the triangle obtained by filling the coefficients of g in the boxes of A row-wise,
from the bottom to the top, and in each row from the left to the right.

Ezample. Suppose m = 3: If (a) = (2,1,1,0,7,7,4,3,3), then set:

[7[7]4]3]3]
Afla)= |1]1]0

1
2

We will use the following conventions for the triangles:

We identify a € R with its triangle A(a) = (@), where a; ; denotes the
j-th entry in the i-th row. If 1 < j < m, then we write sometimes j instead
of 2m — j, and we write a; and @; ; for as,,—; respectively a; 2,—;. If we write
A = (a; ), then it is understood that 1 <7 <m and i < j < i. If an element
a;,j occurs in a formula where the pair (¢, j) does not satisfy these inequalities,
then put a; ; = 0. Theorem 4.2 implies:

THEOREM 6.1. For g = spy,,, the cone C of adapted strings is the cone
of triangles A(a) = (ai;) such that the entries are non-negative and weakly
decreasing in the rows. For g = soom11, the cone C of adapted strings is the
cone of triangles A(a) = (a; ;) such that the entries are non-negative and

QCLM Z e Z 2ai7m_1 Z a@m Z 2ai’m+1 Z e Z 2a2‘,2m_i Vi= 1, e, — 1.

We use the following abbreviations for j < m and ¢ = 2 for g = spg,,,
¢ =1 for g = so9m+1):

i—1 7 7
$(@ig) = Tig+ Y (ki +ny), 5(aij) =Y (akj+Try); 5(aim) =Y  Clkm.
k=1 k=1 k=1

As in the case of sl,,, a simple weight calculations shows (recall that the enu-
meration of the fundamental weights is different from the one in [1]):

COROLLARY 1. Fiz a dominant weight A = \wy + ...+ Apwm. Then
C\ is the convex polytope of all triangles A(a; ;) € C such that

@i j <Am—jr1 + 8(@ij-1) — 2s(a;—15) + s(ai-1+1)

a;j <Am—jy1+ 5(@i-1) — 2s(a; ;) + s(a;j4+1)
Qi <A1+ ds(@im—1) — ds(@i—1,m)
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where d =1 for g = spy,,, and d =2 for g = soom+1-

The triangles above can be translated into Gelfand-Tsetlin patterns as in
the case of sl,,. Only, one has to “insert” extra rows. These patterns consist
of pairs of rows of decreasing length, and they are usually written in a shape
that looks like half a pattern for slo,,.

Example. Suppose m = 3:

We use the following convention: If we write P = (y; j,2;;), then it is
understood that 1 < ¢ <m, i < j < m, and we put y; ; = 2;; = 0 else.

Definition. ([2]) A pattern P = (y; ;, 2. ;) is called a BC-Gelfand-Tsetlin
pattern if the entries satisfy the “betweenness” condition:

Yij = Zijs Zi-1,j Zij 2 Yij+1sYit1,5+41  and zp, > 0.

The pattern is called of highest weight X\ if A\ = y11€1 + ... 4+ Y1mem is a
dominant weight for g. Denote by GT'()\) the set of all BC-Gelfand-Tsetlin
patterns of highest weight .

We associate to an element a € R™" a pattern P(a) = (yi,j, 2i,5) of highest
weight A = y11€1 + ... 4+ Y1,mem as follows: Denote by A(a) the associated
triangle. Then let the y; ; be defined by:

i—1 m—1
Yii€l + ..+ Yimem = A — Z (armaon + Z(ak,j + T j) Uk 1)-
k=1 j=k

and let the z; ; be defined by: Set A(i) := y; €1 + ... + Yi,m€m, then

m—1
. a; _
Zi—1,1€1 + -« + Zim€m = )\(Z) — (%Oél + E ai,jam_jﬂ).
J=i

Remember that for the pattern P(a) = (i, 2i,j) we need only those with
1 <i<m,i<j<m,because the y;11,,2;; are obtained from the y;_1 ; by
subtracting a linear combination of the ay, 1 < k < m — ¢ + 1. In fact, it is
easy to see that one recover A(a) (and hence a) from P(a).

A simple inductive procedure shows that the inequalities in Corollary 6.1
transform under this map into the inequalities defining the G-T patterns:

COROLLARY 2.  The map A(a) — P(a) induces a bijection between the
convex polytope C'\ and the convex polytope GT (). Further, for g = spa,,, this
map induces a bijection between the integral points in Cy and the integral points
in GT(N). For g = soom+1, the map induces a bijection between the integral
points in C) and the points in GT'(\) with the property that all coefficients
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are in Z>q + %Zzo; and, except for the 21 m, 22,m, - - - Zm,m, all coefficients are
either integral or in & + Z>.

Ezxample. Suppose m = 3, g = sps,,, and let X\ be the dominant weight
A = 9¢1 + Heg + €3. The triangle A(a) associated to a = (2,1,1,0,7,7,4,3,3)
has been presented above, it is an element of C'y. The associated GT-pattern
P(a) is the pattern in the example above.

7. Example: The even orthogonal Lie algebra

In this section we consider the orthogonal algebra g = so02,, The simple roots
are Oy, = €1—€9, ..., 00 = €1 —€py and a1 = €, 1+€,,. (This is different from
the usual enumeration in [1] !). The enumeration is good, the corresponding
nice decomposition is:

wo = $152(83515283)(545351525384) (- ) (S, - - - S45351528384 - . . Sy
The corresponding enumeration of the positive roots for soa,, is:

B1=€m—1+€m, B2 =€n-1—€m; P3=€m—2+€m_1, B4 =€n—2—€m
ﬂf) = €m—2 t €m, ﬁﬁ = €m—2 — €m—1;
BN-om+3 =€1+ €, ....,BN-m = €1+ €m—1, BN—m+1 = €1 — €m

BN-—m+2 = €1+ €m; BN-m+3 = €1 — €m—1,..., 0N = €1 — €2;
where N = m? —m. We write fi, e; for the operators f,,, es,. Let A be
the triangle consisting of centered rows of boxes, having (2m — 2)-boxes in the
first row, (2m — 4) in the second, ..., and 2 boxes in the bottom row. For
a € R™ ™™ denote by A(a) the triangle obtained by filling the coefficients of a
in the boxes of A row-wise, from the bottom to the top, and from the left to
the right. Example (m =4): If (a) = (4,2,5,4,3,2,7,5,4,4,3,2), then

|7[5]4]4]3]2
Ala):= [5[4]3]2
4]2

We identify a € RY with its triangle A(a) = (a; ), where a;; denotes the
Jj-th entry in the i-th row. If we write A = (a;;), then it is understood that
1<i<m-landi<j<2m-—2. If1 <j <m—1, then we write sometimes
j for 2m — 1 — j. Theorem 4.2 implies:

THEOREM 7.1. For g = soom, the cone C of adapted strings is the cone
of triangles A(a) = (a; ;) such that the a; ; > 0 and for all 1 <i <m —1:

aim—1

Qi 2 oo 2 Aim—2 = { } Z Aimtl 2 v 2 Qi 2m—i—1-

aim
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With the following abbreviations (j < m — 1)we get as before:

i—1 7

S(ﬁi,j) =0 + Z(akd —i—aku‘), 8((1@7]') = Z(ak,j +ak7]’),
k=1 k=1
i

s(aim—1) = $(@im—1) = Z(ak,mfl + ag,m)

k=1
azm 1 Zakm 1, azm : Zakm
COROLLARY 1. Fiz a dominant weight A = \w1 + ... + Apwm- Then

C\ is the convex polytope of all triangles A(a; ;) € C such that
@iy <Am—jt+1 + 8(@ij—1) — 28(ai—1,5) + s(ai—1+1) for j<m —2;
i SAm—j1 + (i) — 25(@ij) + s(@;j-1) for j<m—2
@im—1 <2+ (@3 m—2) — 2t(ai—1,m—1)
@i <A1+ 5(@im—2) — 2t(ai—1,m)

Definition. ([2]) A pattern P = (y;j,2k,:), 1 < i < m,i < j < m and
1 <k<m-1,1<1[]<m-—11is called a D—Gelfand-Tsetlin pattern if the
entries satisfy the “betweenness” condition: y1; > z1; and y;; > 2, 2i-1,
for2<i<m—1, z; > Yijt1,Yi+1,j+1 for 1 <i <m —1, and

{ Yim + Yit1m + mIin{ti mo1, Yir1,m-1} = Zim—1  if i <m —1,
Ym—1,m + Ymm T Ym—1,m—1 > Zm—1,m—1-

The pattern is called of highest weight X\ if A\ = y11€1 + ... 4+ Y1 mem is a
dominant weight for g. Denote by GT'(X\) the set of all D-Gelfand-Tsetlin
patterns of highest weight A.

We associate to an element g € R™ =" a pattern P(a) = (i,j, ;) of high-
est weight A = yy1€1 + ... + y1,mém as follows: Denote by A(a) the associated
triangle. Then let the y; ; be defined by:

i—1 m—2
Yii€l + .ot Yimem = A — Z (armon + apm—102 + Z (ak,j + T j)Om—t41),
k=1 j=k

and let the Zij be defined by: Zig = Yii — Qigy Zij = Yij T Gij—1 — Qi j for
i+1<j<m—2,and 2m—1 = Yim +min{a;m—2 — Gim—1, Gim — Gimy1} for
1< m—1.

It is easy to see that one can recover A(a) (and hence a) from P(a). A sim-
ple inductive procedure shows that the inequalities in Corollary 7.1 transform
under this map into the inequalities defining the patterns:

COROLLARY 2.  The map A(a) — P(a) induces a bijection between the
convex polytope C and the convex polytope GT(X). Further, the map induces
a bijection between the integral points in Cy and the points in GT'(\) with the
property that either all coefficients are integral, or all are in % + Z.

Ezample. Suppose m = 4, let A be the dominant weight A = 9¢1 + Teo +
5e3 + 2e4. The triangle A(a) associated to a = (1,1,3,1,2,1,3,2,2,1,1,1) is
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an element of C), the associated GT-pattern P(a) is:

Remark 7.2. 'The bijection above induces a canonical bijection between
the Lakshmibai-Seshadri tableaux for classical groups and the Gelfand-Tsetlin
patterns for classical groups. In particular, it defines for g = sp,,,, a canonical
bijection between the Lakshmibai-Seshadri tableaux and the King tableaux
(a tableau oriented version of the Gelfand-Tsetlin patterns). (See [14] for the
connection of the Lakshmibai-Seshadri tableaux with the crystal base, or, more
generally, combine [16] with the isomorphism of graphs proved in [9].)

8. Example: Eg and E;

The following enumerations of the roots for the root system of type Eg respec-
tively E7 are a “good” enumeration:

a1 aq

a5 — 0y — a3 — g — Qg a5 — g — Q3 — g — g — Q7.
The corresponding nice decompositions of wy are:

Eg: T- 5652535154555354592535156525354S5,

E7: 0 -875652535154555354525351565253545557565253515453525657,

here T respectively o are the longest words in the Weyl group of the Levi
subgroups of type D5 respectively Eg. We describe in the following only the
cone Cy, to get the full cone one has just to add the corresponding cone for Dj
respectively Eg (see the proof of Theorem 4.2). A small calculation provides
by Theorem 4.2 the following descriptions of the cones of adapted strings:

THEOREM 8.1. For g = Eg, the cone Cg C RS is given by the following
inequalities:

a4 as ail
ay > az > az > >ar > > ayp > > a4 2 a15 = a16;
as agy a3

as 2> ag = ag; ag = A12 = G13.
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THEOREM 8.2. For g = Ey, the cone C7 C R*" is given by the following
inequalities:

as ag a12
a1 2 az 2 a3 > a4 > > ag > > a1l = >
ag a1o Q14

aie a2
> a5 = > a9 > > Q24 2 Q25 = Q26 = G27;
a0 as3

a14

ag > ay > ag; Qg = 13 = { } > a19 2> agp; A1 = A17 = A23.

aig

9. Example: A cone for F, and Eg

We fix the following enumerations of the roots for the root system of type Fy
respectively Eg:

aq
a3 — Qg => (] — Oy ‘
a5 — 0y — O3 — Qg — O0g — 7y — Q8.
and we fix the following decompositions of wyq:
F4 LT - 854851595351592515451525351525154,
Eg: 0 -58575652535154555354525351565253545557565253515453525657S8
5756525351545553545253515652535455575652535154535256S57S8.-

Here 7 respectively o are the longest words in the Weyl group of the Levi
subgroups of type Bz respectively E7. We describe in the following only the
cone Cp, to get the full cone one has just to add the corresponding cone for
B3 respectively E7. Note that the enumeration of the simple roots for the sub-
diagrams of the Levi subalgebras is a good enumeration.

THEOREM 9.1. For g = Fy, the cone Cy C R is given by the following
inequalities: a; > 0 fori=1,...,15, and a5 > ag; a7 > ayo;

a4 ail

a12a22a32{ }2%2&7; GQZCMOZ{ }261132&142&15%

as a12

as +ar > ag > ag +aiz;  2a¢ > ary + ag > 2aqp.

Remark 9.2. Though the decomposition above is not “nice”, the algo-
rithm developed in section 4 yields the first inequalities. To get the full set of
linear inequalities defining the cone one has just to add the last 4 inequalities.

Proof. Note first that the decomposition is such that wg = 754€54€54,
where £ is such that s3sos3é is a nice decomposition of the longest word of
the Weyl group of B3 (the nice decomposition is the one associated to the
enumeration oy —ag => ag!). If @ € Cy, then we have obviously e (as,...) = 0.
Using the “braid relations” (Propositions 2.3, 2.4), it is easy to see that we have
also ez (as, ...) = e3(as,...) = 0 as necessary conditions. Since aw, a3 commute
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with a4, the latter conditions are equivalent to es(az,...) = es(az,...) = 0.
Now we can apply Theorem 4.2 for the case g = B3 to get the necessary and
sufficient conditions for ay,...,a14. Again by Theorem 4.2, the conditions

ei(ag,...) =ez(as,...) =esz(ag,...) =0 and eja = eqa = eza =0

imply that the same inequalities have to be satisfied by as, ..., a7.

It remains to get the necessary and sufficient conditions for the remaining
coefficients. The first necessary condition is obviously e4(ag,...) = 0, we will
come back to this one later. The next condition is ej(ag,...) = 0. Since
eq(aqg, .. .) = e1(ajo,...) =0, this is (by section 2) equivalent to ag > ag.

Consider the conditions e4(agz,...) = 0 and ej(aj,...) = 0. The latter
is equivalent (section 2) to a; > ag and e4(as,...) = 0, so it is sufficient to
consider the condition e4(as,...) = 0. Now a4 is orthogonal to as, a9, so the
latter is equivalent to e4(as,...) = 0. If we set (braid relations, section 2)

n = (a17 CLQ, a37 a47 a5,maX{a9, ag — a7}7 CLG, ay + a97 min{ag - a97 CL7}, .. )

to be the sequence associated to s45152535154525154525351525154, then we see
that e4(as,...) = 0 is equivalent to a; > max{ag, ag — a7} and

e1(ne, ...) = e1(as, a7 + ag,min{ag — ag, ar}, aig, a11, a1z, a13, aia, a1s) = 0.

After exchanging s;4 and sy (the 9th and 10th reflection) in the expression
above, this condition is (by section 2) equivalent to 2a¢ > a7 + ag > 2a19 and

e1(minf{ag — ag, ar}, a11, a12, a13, a14,a15) =0

(the corresponding reduced expression is s45351525154). After exchanging the
commuting reflections s3 and s, we see (by section 2) that this condition is
equivalent to min{ag — ag, a7} > a2 and es(ai1, ais, aiq,a15) = 0 (the corre-
sponding reduced expression is s3s25154). Now the latter condition is equiva-
lent to a14 > ais.

Since e4(a11,a13, a14, a15) = 0 implies e4(ag, ...) = 0, the first condition is
also satisfied if a14 > a15. Hence the inequalities are necessary and sufficient
conditions for a to be an adapted string. O

The same arguments (only this time ¢ is part of a nice decomposition of
the longest element for W of type E7, see the section before) give the following
description of the cone Cy for g of type Eg:

THEOREM 9.3. For g = Eg, the cone Cg C R is given by the
following inequalities: The elements (ag,...,ass) and (aso,...,ass) satisfy the
inequalities for E7 in Theorem 8.2 and a1 > as; asg > aso; ase > as7; and

19 > max{aso, azg — azg}; min{asg3, azs + a3z — azs} > azs

(o9 > max{asy, ass + azo — agr}; min{ass, age + asz — azz} > asy;
a1 > max{as, azr + az1 — age}; min{ase, asy + azr — azz} > aso;
Qg2 > max{ass, aze + a3z — ags}; min{agy, asg + azo — az1} > au;
Qo4 > max{asy, ags + aszz — agz}; min{ass, azg —azo} > aur.

Remark 9.4. Again, the decomposition above is not “nice”. But if one
just applies the algorithm developed in section 4, one sees that the list of in-
equalities obtained by the algorithm coincides nearly with the list given above,
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one has just to add the last ten inequalities to get the full list. This sec-
ond coincidence suggests that for any reduced decomposition of wq, which is
compatible with a maximal decreasing sequence of Levi subgroups, the set of
inequalities given by the algorithm in section 4 should be a subset of the set
of inequalities defining the cone of adapted strings.

10. Cones and bases for representations

Let g =n~ @ h®n" be the usual triangular decomposition of a symmetrizable
Kac-Moody algebra g such that b = h @ n'. Fix a reduced decomposition
w = 8;; ..., and let S, be the corresponding set of adapted strings. In this
section we associate to the points in S;) a basis of the submodule V(w).

The following theorem and its proof is a variation of a the theorem of
Lakshmibai [11]. Note that if the root system is simply laced and the decom-
position of wg is “nice” in the sense of section 4, then the same arguments as
in [17] give an elementary proof of the theorem below.

We fix a basis of E, € g, Fa € g_o and oV € b for o simple such
that [E., Fa] = aV. Let Uz, U; and U, be the corresponding Z-forms of the
enveloping algebras U(g), U(n™) respectively U(n™).

For a simple root a; we write sometimes just I} instead of Fo;. Fora € Sw
denote by F¢ the element

Fial iap _
Feo=" " cyn).
CL1! ap!

Corresponding to the chosen decomposition let U, (w) C U, be the submodule
spanned by these monomials of the form F%¢. Note that U, (wg) = U, in the
finite dimensional case for the longest word wg in the Weyl group.

THEOREM 10.1.
i) The elements {F2|a € Sy} form a basis of Uy (w).
i) Let vy € V) be a highest weight vector and denote by Vy » the Kostant
lattice Uy vy. The vectors {F2vy | n € Sp} form a basis of the Demazure
module Vz x(w) := Vy(w) N Vg .

The theorem follows by specialization at ¢ = 1 from the theorem below,
which is a “quantum version” of the statement above. Let U, be the cor-
responding g-analog of U, by abuse of notation we use the same notation:
Fj,Ej,Kj,Kj_l for the generators. Let A be the ring Z[q, ¢~ '] of Laurent
polynomials, and let U A,U;{ and U, be the corresponding A-forms. For a
dominant weight A € X+ denote by V) the corresponding irreducible represen-
tation of U, (over Q(¢)). Fix a highest weight vector vy, and denote by Vj »
the lattice U vy C V).

As above, for a € S, denote by F'¢ the monomial

a ap
o Fi T cU;y.
[aa]! " fapt A
where [a] := (¢ — ¢7%)/(q — ¢~!). The notion of a Demazure module etc.

generalizes in the obvious way.
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THEOREM 10.2.
i) The elements {F2 | a € Sy} form an A-basis of U, (w).
ii) The elements {Fv) | a € Sp} form an A-basis of the Demazure module
VA,)\(U)) = WVi(w)N Var.

The theorem is an easy consequence of the following proposition. For
a € 8y let b, be the corresponding element in the crystal base CB of U, , and
let G(by) € U, be the corresponding element of the global crystal basis [8].
Or, in Lusztig’s language, let it be the corresponding element of the good basis
of Uy [20]. Recall that G(by)vy = 0 for a € Sj. So if a € S;), then we write
also G(bg) € V) for the corresponding element G(b,)vy in the representation
space. Let “>” be the lexicographic ordering on NP

PROPOSITION 10.3.  Suppose a € S;\. Then

where the coefficients are elements in A.

Proof of the theorem. Kashiwara [7] has proved that the elements G(by),
a € S, form a Q(q)-basis of Vy(w), and Hansen [5] has proved that they form
in fact an A-basis. The proposition above implies that if we express the F*%v) as
linear combinations in the G(by), then the corresponding matrix is unipotent,
and the entries off the diagonal are in A. It follows that the elements FZuv),
a € S), form an A-basis of Vax(w), which proves part ). The first part is
now simple consequence of this by passing to the limit “\ — co”. O

Proof of the proposition. We proceed by induction on I(w). If I(w) = 0,
nothing is to prove. Suppose now [(w) > 1, and assume the proposition is

true for w' = s;,...s;,. Choose a € S}, a = (ai,...,ap). Note that ¢’ :=
(a2, ...,ap) € 8. So by induction we can write:

Fy, = G(by) + Z c(a', m)G(byy).
a’'<m’
meS?,

Suppose first a1 = 0, so Foy = F¥vy. Let m' = (ma,...,my) € S{l\], be such
that c(a’,m’) # 0. Note that m’ € S}, does not imply (0,ma2,...,m,) € Sj.
Set 7 := f{:Q...f;:pWA.

If m := (0,ma,...,mp) € S), then G(by) = G(by) and m > a (because
m' > d).

Suppose (0,ma, ..., m,) € S, then the adapted string of n (with respect
to the decomposition of w) is of the form m = (my, ko, ..., kp) with m; > 0. In
particular, m > a. Since G(byy) = G(by,), the equation above can be rewritten
as

Flyy = G(bg) + Z c(a, m)G(bp).

m>a
mesy
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Suppose now a1 > 0, set @’ = (0, a2, ...,ap). By the discussion above we get:
ai , Fal ai
FQ’U/\:LFQU)\:LGZ)/ + cgl,ml “Gb /
Rl T )+ 2 el m) g Gt)
m'>a
m'€S)

By [8] we know that

ai
[alll]lG(bm/) = C(abm/)G(b(m'1+a1,m'27-..,mL)) + Z C(al’B)G(bB)7
: pESH
p1>m)+a1

where the coefficient ¢(a;,m’) = 1 if m} = 0, and all coefficients are elements
of A [8], [5]. Now p1 > a; implies p > a, and if m| > 1, then m| + a1 > a1
and all terms in the sum above are > a. If m{ = 0, then recall that m’ > o/,

which implies (a1,mj,...,m;) > a. So the equation above yields:
Foy = G(by) + Y c(a,p)G(by).
p>a
pES)
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