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Introduction

In the representation theory of a semisimple algebraic group G, the Schubert varieties
X(w), w an element of the Weyl group W of G, play a prominent role. An important
breakthrough in the analysis of the geometry of these subvarieties of the flag variety G/B
was the introduction by Mehta-Ramanathan of the notion of a Frobenius split variety
and compatibly split subvarieties (for varieties defined over a field of char. p > 0).
They proved [MR] that G/B (more generally any G/ P for a parabolic subgroup P) is a
Frobenius split variety such that all of the Schubert subvarieties are compatibly split, in
particular, one immediately obtains the Kodaira-Kempf vanishing theorem. Using this
tool, it was shown for example that Schubert varieties are normal, Cohen-Macaulay
and have rational singularities. Moreover, they are projectively normal, projectively
Cohen-Macaulay, and are defined by quadratic relations in any embedding given by
an ample homogeneous line bundle on G/B (cf. [RR], [Ral], [Ra2]). Of course, as
is well-known, the normality of Schubert varieties is equivalent to the validity of the
Demazure’s character formula. Further, the Frobenius splitting was used by Mathieu to
give a uniform proof that the category of finite dimensional G-representations (over char.
p > 0) admitting a good filtration is stable under tensor product and more generally
under the restriction to the semisimple part of a Levi subgroup (cf. [D], [Mal]).
Earlier, a different way to analyze the geometry of Schubert varieties was suggested
by Seshadri and his school. They proposed to construct a standard monomial theory
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for the homogeneous coordinate ring of an embedding G/P — P(V(w)) given by the
orbit of a highest weight vector in a fundamental representation V' (w) (see for example
[LS], [LLM] for comments on the development). In this approach, the extremal weight
vectors play a prominent role. Using the quantum Frobenius map defined by Lusztig,
the second author defined the “/-th root” of a product of extremal weight vectors in
the quantum Demazure module (V,(\),)* at an ¢-th root of unity v. It turned out
that this method presented the perfect tool to develop a standard monomial theory for
arbitrary embeddings X (w) < P(V (X)) of Schubert varieties, avoiding all case by case
considerations. Many of the results proved by Frobenius splitting methods follow then
also naturally by standard monomial theory, see [Lil], [Li2], [LLM].

The aim of this article it to systematically begin unifying these two approaches. For
the Borel subgroup B of G, let b be its Lie algebra over the complex numbers C and b~ be
the opposite Borel subalgebra. We first establish a duality between the algebra Uy (b™)
(resp. its quantum analogue U,(b™)), and the direct sum of the dual modules of all Weyl
modules @, p+ Vz(A)* (resp. its quantum analogue @, p+ V,(A)*) (cf. Propositions
1 and 2), where v as earlier is an ¢-th root of unity, Uz(b™) is the Kostant’s Z-lattice
of the enveloping algebra U(b~), U,(b~) is the Lusztig’s Z-lattice of the quantized
algebra U, (b™) and Z is the ring obtained from Z by adjoining all the roots of unities.
Now Lusztig defined for ¢ an odd integer ( ¢ coprime to 3 if Gy is a factor of G) a
certain Frobenius homomorphism Fr : U,(b™) — U;(b™) and also a certain splitting
of it on the “n~-part” (which we shall refer to as Frobenius splitting homomorphism)
Fr' : Uz(n~) — Uy(n~), where Uz (b~) := Uz(b~) @z Z, n~ is the nilradical of b~, and
Us(n™), Uy(n™) have meaning similar to that of the corresponding b~. We extend the
definition of Fr’ to U;(b™) (cf. Lemma 3). By using the duality mentioned above, we
get maps Fr* : @, p+ V5(A)* — @, cps Vo(N)* respectively Fr* Drcp+ Vo) —
Drcp+ Vz(A)* (cf. Propositions 4 and 5).

Next we assume that ¢ is a prime, and show that, after a base change with an
algebraically closed field of char. p = ¢, the map Fr* has a natural interpretation as
the p-th power map on the space of sections H°(G/B, L)), and Fr'* can naturally be
interpreted as a splitting of this map. This is our principal result of the paper (cf.
Theorem 1). So on the level of quantum groups, the map Fr * can be considered as a
char. zero lift of the Frobenius splitting of G/B in char. p, and it is exactly this map
which has been used in [Li2] to define the “/-th root” of certain sections.

In a subsequent paper we will use Lusztig’s Fr (resp. Fr/*) to define the Frobenius
map (resp. Frobenius splitting map) at ‘higher cohomology’ level as well and show that
Fr'* after base-change provides a canonical (in the sense of Mathieu) splitting of G/B
compatibly splitting all of the Schubert subvarieties. In particular, this will provide a
purely algebraic proof (via the quantum groups at roots of unity) of results of Mehta-
Ramanathan mentioned above and also various results on the geometry of Schubert

varieties mentioned in the first paragraph.
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1. A pairing and its quantum analogue

For a complex semisimple Lie algebra g, associated to a Cartan matrix C' = (¢; ;)1<i,j<n,
fix a Borel subalgebra b and a Cartan subalgebra h C b. Let g = n~ @ h dn™ be the
associated triangular decomposition and set b~ = n~ @ h. We write U, U™, U~ for the
enveloping algebras U(g), U(n™t), U(n™) respectively.

Let wy,...,w, be the set of fundamental weights in the weight lattice P of g.
Denote by P the set of non-negative linear combinations Nwq + ...+ Nw,, N being the
set of non-negative integers. We write V() for the complex irreducible representation
of highest weight A\ € PT. As an h-module, V()\) decomposes into the direct sum
®uepV(N), of weight spaces. Here V/(A), = {v € V(X) | hv = p(h)v Vh € b}.

Let ay,...,a, be the set of simple roots (corresponding to the Borel subalgebra
b). For a simple root «; choose X; € go,, Yi € g_q, and H; € b such that [H;, X;] =
CLi’ij, [HZ,YVJ] = —ai,ij, [XZ,}/;] = 5i,jHi~ We denote by UZ the Kostant form of

U over the ring of integers Z, generated by the divided powers XZ-(k) = XF/k! and
Yi(k) =YF*/k!, k> 0. Let U;, U, be the corresponding Kostant forms of UT and U™,
generated respectively by {Xi(k)} and {Yi(k)}, and let Uz(b™) be the Kostant form of
U(b~) generated by {Yi(k), (Hkl)}, where (Hk‘) = H;(H; —1)---(H; — k+ 1)/k!. Then
Uz(bi) C Uy,

For i =1,...,n, fix a highest weight vector v,,, € V(w;),, and let Vz(w;) := Uz,
be the corresponding Uz-stable Z-lattice. For A = Y a,w; € Pt denote by v, the vector
75 ® ... @ 05%, and let Vz(A) be the lattice

Uyvy = Uz(@?jlal ®X...RQ 1_15):") — Vz(wl)@)al XK...RQ Vz(u)n)@)a" .

The dual module Homz(Vz()), Z) is denoted by Vz(A)*. Setting Rz := @, cp+ Vz(N)7,
we have a natural pairing

O:Uz(b7)x Rz — Z, P(u,§) :=E&(u.vy) for u e Uz(b™), £ € Vgz(N)*.

Denote by U(b™)* the Hopf dual of U(b~) (under the standard Hopf algebra structure
on U(b7)), i.e., U(b™)* is the subspace of linear forms f € Hom(U(b™),C) for which
there exists a two-sided ideal I C U(b™) of finite codimension such that f(I) = 0.
Recall that U(b~)* is again a Hopf algebra. Let Uz(b™)* be the Z-submodule of forms
f e U(b™)* such that f(Uz(b~)) C Z. Note that Uz(b™)* is a Z-subalgebra of U(b™)*.
The following proposition can be viewed as a certain “half” of the Peter-Weyl type
theorem. One may also consider it as an algebraic analogoue of the result of Bernstein,
Gelfand and Gelfand that the ring C[G/U] of regular functions on G /U is isomorphic to
Drcp+ V(N)*, where G is the corresponding simply connected complex algebraic group
with Borel subgroup B and unipotent radical R,(B) = U having n™ as its Lie algebra.
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Proposition 1.

® is a non-degenerate pairing, identifying Ry, as a subalgebra of Uz(b™)*:
e (u) = (@ NV + ) (@Ox+p)
for € € Vz(\)*, &* € Vz(u)* and u € Uz(b™).

Proof. Denote by @Q the root lattice and set Q™ = Nay + ...+ Nay,,. The Kostant form
UY of the enveloping algebra U(h) has as basis the monomials (2111) e (1,:1:), k; € N.
Fix a Z-basis B of U, such that for any 3 € Q7 the elements in Bg := Uy, _sNB form
a basis of the weight space Uz _s-

Suppose now that u € Uz(b™) is such that ®(u, Rz) = 0. We can write u =
ZBEQJF ZbEBg bhy, where hy, € U2. To prove u = 0, it is sufficient to show that for any
u # 0, uvy # 0 for some X\ € PT. It is well known that if 3 is fixed, then for A > 0 (i.e.
a; > 0 for all i = 1,...,n), the vectors buy, b € Bg, form a basis of the weight space
Vz(A)a—p. So if we choose A big enough, uvy = 0 implies A(hy) = 0 for all b and all
A > 0. But this is possible only if h, = 0.

Consider f = > ¢*. Among the £* # 0 fix ¢’ such that )\, is maximal in the
lexicographic ordering, i.e., if A, = Y a;w; and A = Y bw; is such that £* # 0, then
there exists a j < n such that a; = b; for ¢ < j and a; > b;. Set H) = H?:l (i) Note
that Hy vy, = 0y, and Hy, 0y = 0 for all X such that £* # 0, A # \,. Since Vz()\,) =
Uy y,, we can find u € U, such that £ (uvy,) # 0. It follows that ®(uH,,, f) =
ST EMuHy, vy) = £ (uvy,) # 0. This proves that ® is non-degenerate.

To see that Ry forms a subalgebra of Uz (b~ ), note that the co-product A induces
a natural Uz (b~ )-module structure on Vz(\) ® Vz(u). By the definition of the product,
we have £* - €4 (u) = € @ ¢#(A(u)). For A(u) = Y uy ® us we have £ @ E4(A(u)) =
22 EMuiy) - €4 (u20y).

Now the map uvy1, — u(vy ® v,), u € Uz(b™), induces an isomorphism between
Vz(A+p) and the Uz-submodule Uz(b™)(0x ®7,,) of Vz(A) ® Vz(u). The restriction map
induces hence a map res : Vz(A)* @ Vz(u)* — Vz(A + p)*. It follows that & - & (u) =

res(E) @ €) (un ). o

Remark 1. By using the Peter-Weyl theorem, we get an isomorphism C[G/U] ~
@ircp+ V(N)*. Let B~ be the opposite Borel subgroup (Lie B~ = b~). Since B~ is
open and dense in G /U, we have an inclusion C[G /U] — C[B~]. But by [J, Part I, §§7.10
and 7.18], we have C[B~] ~ U(b™)*, and hence we have @, p+ V(N)* — U(b™)*. So
this gives an alternative geometric derivation of the above proposition over C.

We have a similar construction for the quantum group U, := U,(g) associated to the
Lie algebra g. Let dy,...,d, > 1 be minimal integers such that (d;c; ;) is a symmetric
matrix, and let Z be the ring obtained from Z by adjoining all roots of unities.
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We fix a positive integer ¢. If ¢ is odd, then let ¢ be the ¢-cyclotomic polynomial,
and if £ is even, then let ¢ be the 2/-cyclotomic polynomial. Let A = Z[q, ¢~ '] be the
ring of Laurent polynomials and fix a homomorphism A/(¢) < Z, where (¢) is the ideal
in A generated by ¢. Denote by v the image of ¢ in Z.

We denote the generators of the quantum group U, over C(q) by E;, F;, K Z-i, and let
U, be the Lusztig form of U, over A generated by the divided powers Ei(m) = EI"/[m];!
and F(m) = F™/[m];! and the KF! [Lu3, §1]. Recall that the Gaussian numbers [m];
are defined by [m]; := (¢%™ — ¢=%™)/(q% — ¢=%), and [m];! := [1]; ... [m];.

We denote by UA ,Uy,UY the subalgebras of U4 generated by the E(m) the F(m)
and the {K, [K“O}} respectively for 1 < i < n and m € N. Recall that the latter is
defined by

K;: m K; (c—s+1)d; —K‘_l (—c+s—1)d;
{ ’C}::H q i 4 CforceZ and m e N,

Sdi _ 7Sdi
m 1 q q

and U] has as a basis the monomials of the form [];_ 1([K 0} K;"), where the m; are
non-negative integers and ey, ..., e, € {0,1} [Lu3, Theorem 6.7 (c)]. Let U4(b™) be the
subalgebra generated by the Fi(m), K li and the [K;;O}. The following statements can be
found in [Lu2] or [CP], or can be easily deduced from [Lu3, §6.4].

_ [m+t
n t . _t[ m ] /[m-i-t} K ¢
K] S [0 K (5] por any 1 <

dic(t— S)[SLK [K“O] for ¢ > 0.
i) S5 e D K] oo
[

Y=Y LI et Ry ko]

(2

a -

J=01j @ z+y—jl°

; (t—s+1)d; _ (—t+s—1)d; .
where BL =, “ 1 “ fort€Z andjeN.

qui —q

We denote by U, U}, U?, U; and U,(b~) the algebras over Z obtained from the
corresponding forms defined over A by base change A — A/(¢) — Z. For A € P let
V4(A) be the irreducible representation of U, over C(g) with highest weight X\. As in
the classical case, we fix for ¢ = 1,...,n a highest weight vector v, € V;(w;)w,, and let
Va(w;) = Uav,, be the corresponding A-lattice. For A = > a;w; € PT denote by vy
the vector v3" @ ... ® v§%", and let V4(\) be the lattice

Ugvy = UA( ®a1 ®...Q U®a") — VA<WI)®GI ®...0 VA(wn)®an'

Then Uavy is indeed A-free. We denote by V,(\) the corresponding representation
Va(\) ®a Z of U,. Recall that K; acts on a weight vector v, € Vy(A), by multiplication
with v9#(Hi)  As in the classical case, let R, denote the direct sum Drcp+ VoV,
where V,,(A)* := Homy(V, (), Z).
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Let ¢; € N be minimal such that d;¢; = 0 mod ¢ (recall: d; € {1,2,3}). Then v%
is a primitive /;-th root of unity if ¢ is odd and a primitive 2/;-th root of unity if ¢ is
even. Note that in either case K2 = 1 in U, (cf. [Lu2, Lemma 4.4 (a)]), as can be
easily seen from the following relation in UY:

£ £
Kl,O}H —dg 1—1 di(—j+1 1d( 1
i (K;q% (=741 — K J=y,

If 7 is odd, then Kfivu = v, for all p € P and all weight vectors v,, in particular,
K% are in the center of U,(b~). Denote by J' the ideal of U,(b™) ®5 C generated by
(Kfi —1),i=1,...,n, and let J be the ideal J' N U,(b~) in U,(b~). Observe that
U,(b~) embeds inside U, (b~) ®; C since U, (b~) is Z-free.

Define the pairing ®, : U, (b~) X R, — Z by (u, &) — &*(uvy) for u € U,(b™) and
e V,(\)*x.

Proposition 2.
a) If 0 is odd, then the pairing ®, has radical precisely equal to (J,0). The induced
pairing ® : U,(67)/J x R, — 7 is hence non-degenerate.
b) If ¢ is even, then the pairing ®, is non-degenerate.
¢) The induced map 1, : R, — U,(b™)* is injective, and the image is a subalgebra of
U,(67)*, where the multiplication of £ € V,(A\)* and & € V,(n)* is given by:

(&) (u) = (¢ ® ENv, (A 4 o) (Wwvren)  Joru € Uy(b7).

Proof. Let vy € V,(A\) be the fixed highest weight vector. Recall that [K;ﬁ;o} vy =
[’\(gi)}iv)\, in particular, [Kgo} vy = 0 if m > A(H;). The same argument as above in
the classical case shows that the map v, : R, — U,(b™)* is injective.

Suppose now u € U, (b™) is such that ®,(u, R,) = 0. We can find linearly indepen-
dent uy,...,u; € U, and some hy,..., h € UB such that u = 25:1 u;h;. To say that u
is in the radical of the pairing is equivalent to saying that uvy = 0 for all highest weight
vectors vy € V,(\), A € PT. Since the u; are linearly independent, the vectors u;vy are
linearly independent for A > 0. So uvy = 0 for all A > 0 is equivalent to h;vyx = 0 for
alli =1,...,t and all A > 0. In the next lemma we determine a basis of U ®; C to

find those h € U? ®g C satisfying this property.

Lemma 2.
The complez algebra U)®5C has as basis the monomials [ ] ([f;ﬁo} K;"), wherem; € N
and 0 < e; < 2¢4;.

Proof. 1f ¢; = 1 (which can of course only happen if £ = 2,d; =2 or £ = 3,d; = 3 or
¢ = 1), then the corresponding i-part of the monomial is exactly of the form [I;’L 540} or
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|:K-;;0

my

}Ki, as in the basis of U} mentioned before. So, without loss of generality, we may
assume ¢; > 1.

We show that the monomials listed in the proposition form a subalgebra. Recall
that [Lul, Lemma 34.1.2] [wa = 0 unless ¢; divides j, and [%L = (f), where (?) is
the ordinary binomial coefficient. Further, pdilizy = y(rOLeY for some r € N, hence it
is equal to £1. By specializing the relation in Lemma 1 e) at ¢ = v, we get:

R 910 Qe (Ll PR

J=0

which proves that the monomials of this type span a subalgebra of U?. In U we have
in addition the relation: (0 <r < ¢;, m > 0)

KZ; 0 T+m£z Sd; —Sa; K’L; 0 7"+m£z i(—s - i(s—
{mﬁ- N r] H (q di _ q dz) — [ } H (Kiqdz( +1) K 1qu( 1)).
! s=1+mt; s=14+m¥;

dil;

i = g~ mdili —

If we specialize at ¢ = v, then v™ +1. Since this term occurs on both

sides, we can cancel it and get:

[ K;;0 1 H(vsdi _U—sdi) _ {Ki;o} H(Ki,vdi(_s'f'l) _ Kflvdi(s—l)).

mb; +r mb;
s=1 s=1

Note that []._,(v5% —v=%%) £ 0. Since K?% = 1, this implies that we can express

[mli?fr] over C as a product of [fwo] with a linear combination of 1, K, .. .,ngi_l.
The linear independence of the monomials follows from the description of the basis for
UY above. o

Proof of Proposition 2, continuation. Let h € U? be such that hvy = 0 for all A > 0.

We write h (viewed as an element of U) ®5; C) as a linear combination

= 2 (D Z et os),

meNn Ni=1 eeN”
0<e; <24

where m := (my,...,m,) and similarly e.
If vy € V,(N) is a heighest weight vector of weight A = Y  (a;¢; + r;)w; with
0 <r; <¥;, then, by [Lul, Lemma 34.1.2],

Ki; 0 ai& +7r; a;

From this it follows easily that hvy = 0 for all A > 0 is equivalent to the condition
Yoo bm KTt - Kirvy = 0 for all m and all A > 0.
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Suppose now we have such an element h =) b.K7'--- Ki» # 0 and hvy = 0 for
all A > 0. Since Ki%' = 1, this is equivalent to saying that hvy = 0forall A = >"7" | a;w;
such that 0 < a; < 2¢;.

The C-subalgebra K of U @; C generated by the K; can be viewed as the group
algebra of the group [[\, Z/2¢;Z. If ¢ is odd, then v% is a primitive £;-th root of
unity. The one-dimensional representations provided by the action of the K;’s on the
highest weight vectors in V,(A\), A = > | aw;, 0 < a; < 2¢;, hence does not give a
complete list of all irreducible representations of K. The intersection of the kernels of
these representations is the subalgebra generated by (K f —1).

di is a primitive 2¢;-th root of unity. The one-dimensional

If ¢ is even, then v
representations provided by the action of the K; on the highest weight vectors in V;, (),
A= Z?:l a;wi, 0 < a; < 2¢;, hence give a complete list of all irreducible representations,
so h = 0.

The description of the multiplication can be proved as in the classical case. o

2. The Frobenius maps

We recall in this section the definition of the quantum Frobenius maps Fr and Fr’ defined
by Lusztig on U, respectively Uz_ =U, ®z Z. Fix a positive integer £. To simplify
the arguments we assume that ¢ is odd, and if g has simple factors of type Go, then we
assume ¢ to be coprime to 3 in addition. Note that these conditions imply ¢; = ¢ for all
1; we will make some remarks at the end of this section concerning the cases ¢ = 2, 3.

G. Lusztig has constructed two algebra homomorphisms (Theorem 35.1.7 and 35.1.8
in [Lul)):

Fr:U, — U, and Fr’ U, — U, , which are defined on the generators by

0 if ¢ [k
Fr(Fi(k)) = {Y(k/e) ;f Wf . respectively Fr’(YZ.(k)) = F%),

The composition Fr o Fr’ is obviously the identity map on Uz_ . One can of course
similarly define Fr : U} — Ug and Fr’ : Ug — U. The map Fr can be extended to
an algebra homomorphism Fr : U, — U (see [Lul, Theorem 35.1.9] or [Lu3, Theorem
8.10, §8.11 and Corollary 8.14]):

Proposition 3. The map defined by u+— Fr(u) for w € U, oru e US and
K;; 0] { 0 if £ fm
—

Ki'—>1, |:

extends the Frobenius maps for U, and U} to a surjective Z-algebm homomorphism

Fr: U, — U;. Moreover, Fr is a Hopf algebra homomorphism.

The map Fr’ can not be extended to a homomorphism defined on U;. Though, we can

extend it to a homomorphism defined on Uy (b™), the price for the extension being that
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the range U, (b™) is to be replaced by U,(b™)/J. Here J is the ideal defined in the last
section (Proposition 2).

» Im
to a Z-algebra homomorphism (again denoted by) Fr' : Uz (b~) — U,(b7)/J.

We refer to Fr' as the Frobenius splitting homomorphism.

Lemma 3. The map defined by u — Fr'(u) for u € U; and (iln) — [K“O} extends Fr’

Proof. Recall that v’ = 1, [‘Tﬂ = 0 unless ¢ divides j and [fﬁ]
in U,(b™)/J. Hence Lemma le) implies that

Fr'((zi))Fr'(<};i)) = [Kzgéo] [[Zéo} = i: <J) (96 +:Z ) j) [E(x If;/o— j)}

7=0

-GG

(f) Further, K =1

Now, for y > 0, we have:
o (Hi 4y, cone (W[ Hi \, ~=[vf] [ K501 [Kity
Fr(( x >)_Fr(;)<s>(m—s>)_§[s€iE(a:—s) |t |

because the other terms in the expression (Lemma 1 e) for [Kg;fy} vanish. Similarly, for
y > 0, we get:

Fﬂ(HEﬂQ)=E“i3—”%?+z_l)ﬁf?g)

e

-3
Em% [yﬁ—%sﬁ—l}ilgl(i;o ]

(z =)

To prove the last equality, note that (—1)* = (—1)°, and (see [Lul, Lemma 34.1.2])
[y£+ss££—1L = (y+§_1) [Zglh = (y+§_1). Suppose s’ = sf +r with 0 < r < £. Note that

[y”s‘i/_l]i =+(¥7) [771} =0, so Lemma 1 gives (for y > 0):
xl
/ Hz — Y . s’ diyl(zl—s") yE + s’ —1 Ki; 0 . Ki; —Ey
Fr(( x )_SZ::O( ro s’ Jal—s] zl |
From this we conclude that (cf. [Lu3, §6.5])

H; K01 L(ye o) | Ki;
Fr,(( ! >)Fr/(yj<y>): { }Fw ) gl )[

—yleij| e, (Hi — yci

T
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which shows that the map respects the defining relations between the generators of
Uz(b_). o

Remark 2. The assumption that ¢ is coprime to 3 if g admits simple factors of type Go
is not necessary for Proposition 3 and Lemma 3. Actually, the construction makes sense
for arbitrary ¢, but we have to redefine the maps; for details see [Lul, Chapter 35]. In the
following we mainly concentrate in the remarks on ¢ = 2,3, but, with the appropriate
adaptions (similarly to those in [L2]), the constructions hold also in the general case.
As before, let ; be minimal such that d;¢; = 0 mod ¢, and denote by C# the matrix

(cij€;/¢;). This is the Cartan matrix of the root system having the roots af&

= &Ozi
as simple roots and H # .= H; /l; as co-roots. Its weight lattice is the subset P# :=
{\ € P | \N(H;) € t;Z Vi} of P. Note if u € P# C P and v, is a weight vector in a

UQ-representation, then:

Kikt] _ [n(Hi)+ k6] CGu(HPY + k6] (w(HF) +k .
e G R L= ()

’U =
ml; ml; ml; M m

Denote by g# the corresponding Lie algebra and let U# be its enveloping algebra. We
use the notation X # Y# and H] # for the generators. If g is simply laced or £ is a prime
> 3, then C# = C. But if £ = 3, then C7 is obtained from C by transposing the 2 x 2
submatrices corresponding to simple factors of type Gy. If £ = 2, then the same has
to be applied for simple factors of type Fy4, B,, and C,,. The Frobenius homomorphisms
Fr:U,; — Ug ~ respectively Fr’ : U; . U, are defined by

Fr(Fi(k)) = {Y#(k/zi) i €|If respectively Fr’ (Y#( )) F(Z ik),

If ¢ = 3, then we extend the Frobenius map to a homomorphism Fr : U, (b~) — Uz (b% )

by setting Fr(K;) =1, Fr([ . D [ ;z | if ¢; divides m and Fr [ ] = 0 otherwise.

Similarly, one can extend Fr’ to a homomorphism U (6% ) — U,(b7)/J by setting
Fr( [}fn#]) = [K“O] The details of the proof are left to the reader.

The definitions of Fr : U, — Ug and Fr’ : U; — U, given above make sense for
arbitrary positive integer £. To avoid problems with the definition of the extensions for
¢ = 2, we assume that ¢ = 2d, where d is the smallest common multiple of d4,...,d,.
Since ¢; = £/d; = 2(d/d;), we know that all the ¢; are even. Denote by (U?)., the
subalgebra of UY generated by [ } and K",
let (U, )ewr be the subalgebra of U, spanned by the monomials of weight —23, 3 € Q.
Let U, (b7 )ey be the subalgebra of U,(b~) generated by (U, ), and (U?).,. Note that
Fr’(Y;#(k)) = Fi(eik) € Uy(b™)ey because the ¢; are even.

Using Lemma 1, it is easy to verify that U, (b7 ), is spanned by the elements of the
form uH?:l([IZZLO} K;"), where u € (U, )ew, m; € N and e; € {0,1} with m; + e; even.

m even, and K; [Kgo} for m odd, and
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The elements (Kfi — 1) are in the center of the even subalgebra. As in the odd case,
let J' be the ideal of U, (b~ )., ®; C generated by the elements (K" —1),i=1,...,n,
and let J be the (two sided) ideal J' N U, (b7 )ey.

Denote by Vi,(A)ey the direct sum P, Vi (A), of all weight spaces corresponding
to the weights of the form p = X — 243, 3 € QF, and set Ry ey, := @ cop+ (Vo(N)ew)™
Proposition 2 can then be reformulated as: The pairing ®, : Uy (b7 )ey X Ry e — 7
defined by (u, &) — & (uvy) for u € Uy (b~ )ey and £ € (V,(A)ew)*, has as radical pre-
cisely (J,0), and hence the induced pairing U, (b7 )ey/J X Ry v — Z is non-degenerate.
In particular, the induced map ¥, : Ry e — (Uy(b7)ep)* is injective, and the image
is a subalgebra of (U,(b™),)*. The Frobenius maps can also be extended correspond-
ingly: the map defined by u — Fr(u) for u € U, ,,, K? — 1, K; [K;;O} — 0 for m odd,

v,ev?
[Ki;o K;;0
m m

} — 0 if m is even and ¢; fm, and [ } — (751@.) if m is even and ¢;|m, extends Fr

to an algebra homomorphism Fr : U, (b7 )e, — Uz (b% ). Similarly, the map defined by

u — Fr'(u) for u € U;ﬁ ~ and (If ) — [59] extends Fr’ to an algebra homomorphism
Fr' : Uz (6% ) — U,(b™)ey/J. The proofs are very similar to the proofs above, and

hence the details are left to the reader.

3. The dual maps Fr* and Fr*

We assume again that ¢ is an odd integer and moreover coprime to 3 if g has simple
factors of type G3. We make some remarks concerning the general case at the end of the
section. The ideal J (see Proposition 2) is in the kernel of Fr, so we get an induced map
Fr* between the Hopf dual U;(b™)* of U;(b™) and the Hopf dual U, (b™)* of U,(b™).

The U, ®3;C-module V,,(A\)®5;C, A € P*, is in general not a simple module. Denote
by L, () its simple quotient. By Lustzig [Lu2, Proposition 7.2], E;, F; and K;—1 operate
trivially on L, (¢\) for A € PT. Further, as in [Lu2, Proposition 7.5, the Frobenius
splittings Fr’ : UZ_ — U, and Bt : Ug — U} can be glued together to a surjective
homomorphism (in fact an isomorphism) F : U ~ U; ®5 C — U, ®; C/(E;, F;, K; — 1),
and L, (¢\) becomes via F' a simple U-module V() of highest weight \. We can also view
L, (¢X) the other way around: We start with the irreducible U-module V(\) and make
it into an U, ®; C-module V()\)Fr via the Frobenius homomorphism Fr : U, ®; C — U
(cf. Proposition 3). Then, Fr being surjective, V()\)Fr is an irreducible U, ®3 C-module.
It is easy to see that V()\)Fr is, in fact, isomorphic with L, (¢)\). For each fundamental
weight w; (1 < i < n), choose an isomorphism ¢; : V(wi)Fr ~ Ly,(fw;) such that
Uy, € V(w;) corresponds to vg,, € L, (fw;) (cf. §1 for the notation v,,, and v,,). Since
Fr is a Hopf algebra homomorphism, the isomorphisms ¢; give rise to an U, ®5 C-module
isomorphism ¢ : V()\)Fr ~ L,(¢\) (for all X\ € PT) so that v, € V(\) corresponds to
vex € Ly(N). In the sequel, we fix such an isomorphism ¢, for each A € P*. For any
A € PT let L,()\)3 be the U,-submodule of L,()) generated by vj.

We thus get a ‘natural’ U,-module isomorphism L, (¢\); — VZ()\)Fr and hence the
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dual map (Va(A\FY)" = (L, (6))5)*, where V3 () i= V2(\) ®z Z.

Define the map Fr" : R; — R,, as the direct sum of the composite maps V5 (\)* —
(Ly(€X)7)* — Vi (£A)*, where the last map is the dual of the quotient map V,,(¢\) —
Lv(f)\)z, and Ri =Ry ® ZZ.

Proposition 4. The map Fr” is nothing but the restriction of Fr* to R under the
identification of R5 (resp. R,) as a subalgebra of Us;(b™)* (resp. U,(b™)*) induced by
the pairing ® (resp. ®,), cf. Propositions 1,2.

Equivalently, for any X € U,(b™) and £ € R; we have

(1) ®(FrX, &) = &, (X, FrYe).

Proof. Equivalence of the two assertions is easy and the identity (1) follows readily
from the definition of Fr". o

From now on, we will denote (by abuse of notation) Fr" by Fr* itself.

Similarly the Hopf algebra homomorphism Fr’ gives rise to the dual map Fr™* :
(Uy(b™)/J)* — Uz(b™)*. As above, one proves that the dual map Fr* induces in fact
a map R, — Rj.

To describe this map more explicitly, let A\ € PT be a dominant weight. For the
Weyl module V,(¢)\) for U, denote by V,(¢A)? the direct sum D,.cop Vo(lA), of all
weight spaces corresponding to the weights in ¢P. If y = fpy is a weight in £P, then so
is the weight £ nla; = £(juy £ noy). It follows that V,(¢A)? is stable under the action
of all the F,L.(M) and EZ.(M).

We make V,, (ﬁ)\)% into an U, -module respectively Ug -module via the homomor-

(¢n)

phism Fr’ (i.e. by letting X ,i(m) act as Ei(zn) and Yi(m) act as F; ). A simple calculation

(see for example [Li2] for details) shows that if we let (IZZ) act as [%ﬂ, then this de-
fines a Uz-module structure on Vv(f)\)%, and the submodule generated by the highest
weight vector vy is isomorphic to V5 (A). Again we choose an isomorphism so that v,y
corresponds to Uy.

Similar to Proposition 4, we obtain:

Proposition 5. The restriction of the dual map Fr* to Vi, (UN)* is the dual map of the
inclusion Vi (X) — V,(€X), and Fr/*|vu(u)* =0 for p & (PT.

Remark 3. Recall that we can not extend Fr’ to an algebra homomorphism on the
full enveloping algebra, so V,,(¢A) is not naturally endowed with a structure as an Uj-
module. The inclusion V;(A) — V,,(¢)\) hence does not give rise to an Uj-equivariant
map V,(¢\)* — V5(\)*. But, using the Frobenius maps Fr’ : U; — U, and Fr' Ug —
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U, we can make V,(£)) into an U - respectively Ug -module, and, by the definition of
the inclusion V;(\) — Vi, (EN)T — V,(¢)), the map V5(A) — V4, (L)) is equivariant with
respect to the action of Ug and UZ_ , and hence so is the dual map.

Remark 4. The composition

is the identity map, and hence so is RZF—r>RUFL>RZ.

Remark 5. If ¢ = 2d, then Fr* induces a map R5 — R, ¢y, which is the direct sum of the
duals of the quotient maps V,,(A) — L, (X); = V5 (A#), for \# € P# and the restriction
of the dual map Fr * to Vi (A)* is the dual map of the inclusion V;(A#) < V,()), and
Fr/*\vv(u)* = 0 for u”* ¢ P#. To see this, let \* € P# C P be a dominant weight,
we write just A for the weight if we view it as a U,-weight. We make VZ()‘#) as above

into an U, - and U,f-module by using the Frobenius map Fr, and we let [K;ZO}

V5 (A7) as (nlj;:) if m is divisible by ¢;, and as 0 if ¢; fm.

Then as above, the three actions glue together to give a U,-module structure on
V5 (A#) such that u € J acts trivially. Thus V;(A#) becomes in this way a highest
weight module for U, of heighest weight A\. Now V(A\#) is a simple module for U (g#)
and hence for U, ®; C. So, as above, we can view Fr* as the dual map of the quotient
map V,(\) — Ly () = V5 (\F).

Actually, with the appropriate adaptions (for details see [Lul, Chapter 35]) one

act on

can reformulate the results for arbitrary /.

4. Base change

In the following we assume that ¢ = p is in fact an odd prime, and further p > 3 if g
has factors of type Go. Let k be an algebraically closed field of char. p. We consider k
as a Z-module by extending the canonical map Z — k to a ring homomorphism Z — k
(where the first map is given by the projection Z — Z/pZ and the inclusion Z/pZ C k,
and the extension Z — k follows from the ‘Going-up theorem’ [M, Theorem 9.3]). We
denote by Uy, U, the corresponding algebras obtained by the base change.

Note that the image of v in k is 1. Let J, be the ideal in U, , generated by the
central elements (K;—1), ¢ = 1,...,n; then the quotient U, ,/J, is naturally isomorphic
to Ug. Further, let 4 € P be a dominant weight and V,, (1) be the corresponding
Weyl module for U, ;. Since all the (K; —1) operate trivially on V,, ;(u), this becomes in
a natural way the Weyl module Vi, (u) for Uy. Let Ly (1) be the Up-module L, (p)5; ®7 k.

We are now left with only one algebra, namely Uy. The module Li(p)) is, as a
Ui-module the same as the Ui-module Vk()\)Fr, where as in §3, Vk()\)Fr is the same k-
vector space as Vi (), but its Ug-module structure has been twisted via the Frobenius
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map Fry, : U, — U}, given by Fl.(m) — Fl.(m/p); EZ.(m) — EZ.(m/p), if m is divisible by p and
0 otherwise.

We are going to twist the k-vector space structure of Vk(A)Fr. Let ¢ : kK — k be
the ring homomorphism given by the inverse of the p-th power map, i.e., z — z'/?, and
denote by Vi (A\)®) the k-vector space (and Uj-module) having as underlying abelian
group the same as Vi(\), but where the scalar multiplication has been twisted by ¢:

Fr (Note that the operation of Uy is

axv := ¢(a)v, and where Uy acts as on Vj ()
linear also with respect to the twisted scalar multiplication.) The Ug-module Vj (X))
can be seen explicitly as a quotient of Vi (pA) as follows: The map Vi, (A — SPV,(\),
defined by v — vP (which is linear because of the twisted scalar multiplication), induces
an isomorphism onto the image of the canonical map Vj(pA) — SPVj(A) which sends
the highest weight vector vy, € Vi(pA) to the highest weight vector v§ € SPVj ().

Let G be the semisimple simply connected algebraic group over k corresponding to
the Lie algebra g and let B C G be the Borel subgroup corresponding to the Lie algebra
b. Let £y be the line bundle on X := G/B corresponding to a weight —\. Recall that
for A dominant, we have H°(X, L)), as G-module, isomorphic to Vi (\)*. It follows from
the considerations above that the dual map Fr* : H(X, £,)") — HO(X, L,) is just
the p-th power map sending a section s € H%(X, L)) to s? € H°(X, L,») (again, recall
that this map is linear with respect to the twisted scalar multiplication).

The inclusion Vi () — Vi(pA) respectively Fr'* H(X,L,\) — H°(X, L)), the
associated dual map, does not have such an equivariant interpretation, but Remark 4
implies that Fr * is a section to Fr*. Observe that Fr * restricted to H° (X, Ly) is zero
if A ¢ pP™.

Theorem 1. The dual map Fr* : HO(X, L) — H°(X, L,)) is the map s — sP sending
a section to its p-th power, and Fr* . HO(X, L,)) — H(X, L)) provides a splitting of
this map. For any s € H*(X,L;)) and f € HY(X, L)), the Frobenius map satisfies
the following properties:

(a) Fr/*(spf) = sFr/*(f), and

(b) Fr*(XPVf) = X DR (f), for all1<i<mn, and ¢ € N.

Remark 6. For notational convenience assume that A\ ¢ pP*. The property (a)
implies that Fr * induces a graded Frobenius endomorphism of the graded algebra S :=
D,,~0 H (X, L,,»), more specifically, Fr* maps the homogeneous elements of degree
not divisible by p to zero and if f is of degree gp then Fr/*( f) is of degree g, the map is
additive: Fr/*(sl + 89) = Fr/*(sl) + Fr/*(SQ), and Fr *(sVsy) = ler/*(32). The second
property implies that Fr* is the canonical splitting, see [Ma]. In particular, Fr* maps
B-modules to B modules.
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Proof. 1t remains to prove that the two properties (a) and (b) hold. For notational
convenience assume that A ¢ pP*. If m is not divisible by p, then in both the equalities
all the terms on the right and left are zero, so the properties hold in this case trivially.
Suppose now that m is divisible by p, say m = pq. Again, both the properties hold
trivially if f is a weight vector of a weight not divisible by p, so in the following we may
assume that f is a weight vector corresponding to a weight divisible by p. The element f
is hence an element of (V (pq)\)%)*. Recall that the embedding ¢ : Vi (g\) — Vi (pq)\)%
satisfies (X Z-(S)v) =X i(p S)L(v), so the corresponding property holds also for the dual map
Fr* o H (X, Lpen) — HO(X,L,y). This implies the second property in the theorem
above.

Abbreviate the module L, ()5 by L,(A). To prove the first property, consider the
following diagram of Weyl modules (for U respectively U, ) defined over Z: There are
two inclusions of Uz-modules using the Frobenius map: V5 ((g+j)\) — Vi (p(q + N7,
and the other inclusion is V;(jA) ® V;(g\) — Ly(pjA) ® Vz(pq)\)%, using the fact
that L,(pj\) = Vz(jA)Fr as U,-module. Note that Ei(mp) acts on V3 (jA) as Xi(m),
so Fr'(X™) acts on L,(pjA) = V() as X Then we have two inclusions of
Ué - respectively UZJr -modules which act on the U,-modules via Fr’: The inclusions are
Va(p(a + )N = Volplg + §)A) and Lu(pjd) @ V(paN)? — Ly(pjA) @ Vz(pgh). Tn
addition we have two maps between Weyl modules: V5((j + ¢)A) — V5(jA) @ V3(gN)
and Vi, (p(j + q)A) — Vo (pjA) ® Vu(pgh).

Voplg + N7 = Vg + )N — Vi(pid) @ Vi(pg))
/
Vo (G + g)\) l
\ 1
V5(GA) @ Vs (gA\) — Ly(pjX) @ Vi (pg\)» — Lyy(pjA) ® Vi, (pg)

The vertical map is the identity on the second factor and the projection on the first.
All these maps are equivariant with respect to the Uzi—actions on these spaces, they all
map the highest weight vector (resp. the tensor product of highest weight vectors) to
a highest weight vector (resp. the tensor product of highest weight vectors). It follows
that the diagram is commutative and provides two different ways to construct a map
Vi((5 + @A) — Lo(piN) @ Vi (pg)).

Over the field k, the dual of the bottom row is the map H%(X, £;3)@H® (X, Lpg\) —
HY(X, Lg+)») defined by s @ f — sFr/*(f) for sections s € HY(X,L;,) and f €
H O(X s Lpgr)-

The dual of the top row provides a decomposition of this map in the following way:
s@f € HY (X, Lj\)QH (X, Lyyn) is first mapped to sP® f € HY(X, L,j\)Q@H (X, Lpgr),
then to the product s*f € H(X, L,(j+q), and then to Fr'*(sPf) € HO(X, Lj4q)n)-
Since the two maps are the same, it follows Fr/*(sp f)= sFr/*( f). This proves (b). o
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