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Abstract. The basic result of this paper is the construction of two kind
of bases B(A\) and M(\) for simple finite dimensional representations
V(X) of a semisimple complex Lie algebra g. The construction combines
the combinatorics of LS-paths [4], the Weyl group combinatorics related
to inclusions of Verma modules [1] and the structure of singular vectors
in Verma modules [7].

Dedicated to Professor Seshadri on his 70th birthday

Introduction

In this paper we describe the construction of two kind of bases B(\) and
M(A) (Theorems 5.2 and 5.3) for simple finite dimensional representations
V(A) of a semisimple complex Lie algebra g. The construction combines
the combinatorics of LS-paths [4], the Weyl group combinatorics related
to inclusions of Verma modules [1] and the structure of singular vectors in
Verma modules [7].

The development of the basis B(\) was inspired by the similarity of the
combinatorial description of inclusions of Verma modules and the combina-
torial description of LS-paths. This similarity is used to attach in a canonical
way to each LS-path 7 of shape A a vector v, € V(\). The construction
of these vectors uses singular vectors in Verma modules which are naturally
associated to the LS-path m. By repeating the procedure for all multiples
of A, this basis globalizes to a basis B(\,00) of U(n™) (for A regular, for a
precise statement in the non-regular case see Theorem 5.2). This basis is
compatible with the surjections ¥, : U(n™) — V(m\), u — uvy), i.e., the
kernel has Ker ¥,,, N B(\, 00) as basis, and the basis B(\, 0co0) depends only
on the ray RygA spanned by .

The second basis M(\) is in some sense a simplified version of the first.
It is obtained by attaching to an LS-path 7 of shape A a monomial m, in
U(n™) in the Chevalley generators. The vectors u, = myuy, vy € V(A)
a highest weight vector, provide a basis M()) of the Z-lattice Vz(\). The
monomials used for the construction of M(A) have first been considered by
V. Lakshmibai and C. S. Seshadri in [3], where they conjecture that the
ur € Vz(A) form a basis, and they give a proof in some special cases. This
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basis again globalizes nicely to a basis M(\, 0co) of U(n™) (for A regular, for
a precise statement see Theorem 5.3), and is compatible with the surjections
Uy, : Un™) — V(mA), u — uvy,y. The basis M(A, 0o) has the advantage
of being given by monomials, its disadvantage is that its is not anymore
canonically defined.

The main tools used in the proof and in the construction are the path
model, the quantum Frobenius splitting (to prove linear independence with
the same method as in [5]), and the theory of Verma modules (mainly its
combinatorial part). Since in our construction only real roots are involved in
the combinatorics as well as in the computation of singular vectors, all these
tools are also available in the case of symmetrizable Kac-Moody algebras.
So the construction can be easily adapted to the more general setting of
symmetrizable Kac-Moody algebras, and the theorems above hold also in
these cases. But to keep the notation simple, we decided to consider in this
paper only the case of semisimple Lie algebras.

1. Inclusions of Verma modules

In this section we fix some notation and recall some standard facts on
homomorphisms between Verma modules. Let g be a semisimple complex
Lie algebra and denote U(g) its universal enveloping algebra. We fix a
Cartan subalgebra h and a triangular decomposition g = n~ @ h & n such
that b = hPn is a Borel subalgebra of g and b~ = hdn~ is the opposite Borel
subalgebra. Denote by ® the root system of g, let ® be the corresponding
set of positive roots and denote by A = {a1,...,a,} the set of simple roots.
For B € @ let Hg € b be its coroot. If A € h*, then we write (X, 3) for A\(Hpg).
We fix a Chevalley basis {Xg,Y3 | 8 € @t} U{H, | @ € A} of g, where
Xp € gg and Y3 € g_g. We write often just X; and Y; instead of X,, and
Y,, for a; € A. Let A € h*, the Verma module M () is the U(g)-module

M(A) :==U(g) ®up) Ca,

where C, denotes the one dimensional U(b)-module obtained by extending
A trivially to b. By definition, M(\) is a cyclic highest weight module of
highest weight A with highest weight vector 1, =1® 1 € M ().

For an element w of the Weyl group W and pu € b* set wo pu :=
w(p 4+ p) — p, here p is the sum of the fundamental weights. We sum-
marize the properties of homomorphisms between Verma modules in the
following theorem (due to Verma, Bernstein, Gelfand and Gelfand), see [1]
or [2], Chapter 7.

THEOREM 1.1. Let A\, u € b*, X\ # p.
i) The vector space Homg(M (@), M (X)) is null or one-dimensional, and ev-
ery non-zero element of Homg(M (1), M (X)) is injective.
i) If dim Homg(M (i), M(X)) =1, then € Wo A.
i) If B € @, sgopu # p, then

dim Homg(M (sgou), M(u)) =1 < (u+p,0) € Ny.

iv) Every non-trivial homomorphism ¢: M () — M (X) factors through maps
of the type above: there exists a sequence of positive roots 31, . .., B¢ such that



BASES FOR REPRESENTATIONS, LS-PATHS AND VERMA FLAGS 3

the weights Ao = A\, \{ = 83, 0 Ao, ..., At = 88, 0 \s—1 = p are all pairwise
different and

M(p) = M(N\) = ... M(X) — M(\) — M(\g) = M(N).

We fix an ordering of the positive roots, the correspondingly ordered
monomials in the Chevalley basis form then a PBW-basis for U(n™). We
use the standard filtration on U(n™) respectively U(b™): the elements of
n~ respectively of b~ are all of degree one. The following result is due to
Shapovalov. For =3 cplaa € & and m € N set

PROPOSITION 1.2 ([8]). There exists an element 03, € U(n™ +b)_p3,
unique modulo the left ideal generated by (Hz —m + (p, 3)), such that
i) 03.m1x € M(X) is a highest weight vector of weight sgo X for all X € Hg’m,
i) 0gm = [loer Yoo+ elements of the form uh, where h € U(h) and
we Um™)_mp is of degree strictly less than m ) £,.

Note that the condition above on the term of highest degree is indepen-
dent of the ordering of the product. We call 83 ,, a Shapovalov element for
the pair (3,m). To have uniqueness, it is sometimes more convenient to
replace 03, by an element 6,y € U(n™). By applying 63,, to 1, one gets
by Proposition 1.2:

COROLLARY 1.3. Let A, p € b* and f = > plac € DT be such that
m = (A+p,B) € N and p = sgo . There exists a unique element 0, €
U(n™)_mp such that
i) Ou 1y € M(X) is a highest weight vector of weight p,
i) Oy x = [Loer Yoo+ elements of lesser degree.

2. L-S paths and Verma flags

Let X C b* be the lattice of integral weights and denote X+ the monoid
of dominant weights. We discuss now the connection between the combi-
natorics of L-S paths m = (7,a) of shape A € XT and the combinatorics
of inclusions of Verma modules. Let Xqg C h* be the rational span of the
weight lattice, we denote X& the submonoid Q>oX ™. We define a length
function on Xq as follows: for u € Xg let 7 € W be the unique element of
minimal length such such that j+p = 7(A+ p) for some A +p € X, we set
lp)=L(T). Ifve X[Qt, then we write W, for the stabilizer of v in W. We
use the notation “>” for the Bruhat order on W as well as for the induced
order on W/W,,.

Let p # v € Xg be such that dim Homg(M (n), M(v)) = 1. By The-

orem 1.1, there exists a sequence of positive roots 31, ..., and pairwise
different weights 19 = v, v1 = sg, o1g, ..., 14 = s, 0 41 = p such that
(2.1) M(p)=M() — ...—>M(v1) — M) = M(v),

and part #77) of the theorem implies for the length of the flag: ¢ < £(u)—£(v).

DEFINITION 2.2. Let 1 # v € Xg. We say that there exists a mazimal
Verma flag for the pair (u,v) if dimHomg(M (p), M(v)) = 1 and one can
find a flag of length t = £(u) — ¢(v) in (2.1).
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We come now to the definition of an L-S path of shape A. To simplify
the notation with the shifts by p, we introduce the abbreviation

p=p—0p
The definition of an LS-path below is equivalent to the definition given in
[4], we will comment on the connection in Remark 2.4 and 2.5:

DEFINITION 2.3. An L-S path m= (1,a) of shape A € X is a pair of
sequences T = (79, 71,...,7r) and a = (aq,...,a,) satisfying the following
conditions:

i)0 < a; <...<a, <lisastrictly increasing sequence of rational numbers,
ii) To > 11 > ... > 7, is a strictly decreasing sequence of cosets in W/Wj;
i) for all pairs (7, 1) below there exists a maximal Verma flag:

vo=a17o(A) v1=aom(A) ... ve—1=a;mo1(N) v =70 ()
po =a1mi(A) p2 =azm(A) ... =T (A) g =A

REMARK 2.4. Note: sgofi = sg(fi+p)—p = sg(p)—p = sg(p). A simple
calculation (using part i) and v) of Theorem 1.1) shows: the existence of
a maximal Verma flag for the pairs (7, 11;), is equivalent to the existence
of an aj-chain and the integrality conditions on the pairs (7, 7j11) in the
definition of an LS-path of shape A given in [4].

REMARK 2.5. Since p, = A € XT and v, = 7.(\) € X, there exists
always a maximal Verma flag for the pair (X:, fr): Let 7 = s4, - -+ 55, be a
reduced decomposition, then a maximal Verma flag is given by:

M(rp(N) = M((5iy -+ 55)) 0 A) = ... = M{(sy, 0 \) = M(fiy) = M(})

Y()\,aip).

ip

<Si2.‘.5ip ()‘)»O‘Zj) . <'5ip ()\),Oéip71>

and 0 — < is of the form Y .
1 ip—1

7 (A) A
REMARK 2.6. Set ag = 0 and a,+1 = 1. We identify sometimes the path
with its “visible” path, i.e., the piecewise linear map = : [0, 1] — Xg,
J
t— Z(az — ai_l)n_l()\) + (t - aj)Tj()\) for a; <t< Aj4+1, 0 < ] <r.
i=1
Having this identification in mind, it makes sense to talk about the endpoint
or the weight w(1) of the path. The LS-path character formula in [4] states:
Let A € X be a dominant weight, let V() be the corresponding irreducible

finite dimensional representation of g and denote B(\) the set of LS-paths
of shape A. Then

(2.7) CharV()) = Y ™.
wEB(X)
3. Verma elements

We associate now to an LS-path a unique element in U(n~). Let v,n €
Xg be a pair such that there exists a mazimal Verma flag of length ¢ =

t(n) — £(v):
(3.1) M(n)=Mw) — ...— M(ve) — M(v1) — M(ry) = M(v)
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and let G, ..., 0 be the positive roots such that
n:Vt:85tOVt_1, ceey 1/22813201/1, 141 :3,6101/07 vy = .
We associate to the flag (3.1) the monomial m,, in U(n™) defined by
D
(3.2) my, = ... 2

my gl where mj 1= <I/j_1 + p,ﬁj>.

Note that m,,,, depends on the choice of the flag in (3.1). To obtain elements
which depend only on 7 and v, recall that the image of i: M (n) — M(v) is in-
dependent of the chosen maximal Verma flag because the space of homomor-
phisms is one-dimensional. By Corollary 1.3, there exists for all j =1,...,t
a unique element ¢, ., in U(n*),mjgj such that 6, ,. ,1,. , is a highest
weight vector in M (vj_1) of weight v;, and

Ov iy = H ng“ + elements of lesser degree,
ael

where 3 = > crlac. Weset Oy =0y, 1 - Ouy 0100 1

LEMMA 3.3. Set v —n = > crdac. The element ©,, € U(n™) is
uniquely characterized by the following properties: ©y,,1, € M(v) is a high-
est weight vector of weight 1, and Oy, = [[,cr Yl“+ elements of lesser
degree.

REMARK 3.4. The uniqueness property is independent on the chosen
ordering on the product.

PROOF. By construction, we know that ©,, 1, is a highest weight vector
in M (v) of weight 7, and ©,,,, is, up to scalar multiples, uniquely determined
by this property in U(n™). Rewriting a product of two monomials in a PBW-
basis as a linear combination of the fixed PBW-basis gives a monomial of
degree the sum of the two monomials (the product rewritten in the desired
order) plus elements of strictly lesser degree. It follows hence that ©,,, has
the form described above, and, by fixing the coefficient of the highest degree
term, ©,,, is uniquely determined. O

DEFINITION 3.5. Let m = (7,a) be an LS-path of shape A\ € X, say
T = (70,...,7) and a = (ay,...,a,). By the Verma element O, in U(n™)
we mean the product

Or = OnmOsn.m O

where the weights vy, to, - . ., U, - are given as in Definition 2.3 by
vo =a17o(A) vi=am(A) ... Vo1 =a,o1(A) v =T (A);
po = ar1mi(A) p2 =aom(A) .. peor=am(A) g = A

The Verma elements ©, have in general a rather complicated structure,
for a general algorithm to compute the 6,,, see [7]. For this reason it is also
useful to define monomials m, in a similar way as above:

DEFINITION 3.6. Let m = (7,a) be an LS-path of shape A as above in
Definition 3.5. For each pair (7}, ii;) fix a maximal Verma flag and let m; =
be as in (3.2). By the path monomial m; in U(n~) we mean the monomial

My = My My o Wy,



6 P. LITTELMANN

REMARK 3.7. m;,0, € U(n~) are h-eigenvectors of weight A — m(1).
The Verma element O, depends only on the path 7 and is hence canonically
defined, but the path monomial m, depends on the choice of the maximal
Verma chains necessary for the definition of the my; -

4. LS-concatenations of shape mA\

We consider now the LS-paths of shape mA for all m € N at once. To
“compare” the LS-paths of shape pA with those of shape ¢, it is convenient
to use the following definition which formalizes the usual concatenation of
the “visible” paths in Remark 2.6 (see [4]):

DEFINITION 4.1. An L-S concatenation 7= (7,a) of shape m\ € X7 is
a pair 7= (79,...,7), a=(a1,...,a,), satisfying the following conditions:
i) 0<aj;<...<a,<m is a strictly increasing sequence of rational numbers;
ii) To>71>...>7, is a strictly decreasing sequence of cosets in W/Wy;
i) for all pairs (7, ;) below there exists a maximal Verma flag:

{ vo=a179(A) vi=am(A) ... ve—1=a;7—1(A) v = m7(A);
Ho = 6117'1()\) H2 = 027'2()\) e Mp—1 = CLTTT()\) Ly = M,

Set ag = 0 and a,41 = m, the weight of 7 is defined as

T

m(1) = (aj41 —a;)75(N)

J=0

Denote by B(mA) the set of all LS-paths of shape mA and let C(mA\) be the
set of all LS-concatenations of shape mA. We have obviously C(\) = B(\).
The next lemma follows immediately from the definitions:

LEMMA 4.2. The following map defines a weight preserving bijection:
¢: B(m\) — C(mA\)

(T0y ooy Ty @1y v oyay) = (T0,...,Tp;may, ..., may).

(4.3)

The advantage of the notation of LS-concatenations is that for ¢ > p we
can easily regard C(pA) as a subset of C(g)). The inclusion i : C'(pA) —
C(gA) is given by

) (T0y .-y Tryid;aq, ..., ap,p) if 7, #id
(s, 75 a, ..,ar)'—>{ (105, T3 01,...,0;) if 7, =1id

and the image is characterized as
(4.4) i(C(p)\)):{(HO, o Rniby, . b €C(qN) ke = id and b, < p}

The inclusion i : C'(pA) — C(g)) itself is not weight preserving, but note
that pA — (1) = g\ — i(7)(1) for m# € C(pA). By identifying the sets with
their images, we get a sequence of inclusions

(4.5) CA)cC@ycC@BANcCUEN C...cC(mA) C...

So it makes sense to talk about C(X, 00) = J,,en C(A, m).

DEFINITION 4.6. We say that 7 € C(\,00) is of shape mA if 7 is an
element of C'(mA).
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LEMMA 4.7. If 1 € B(mA) and ©' € B(n\) are such that m = 7' in
C(A,00) (via the inclusions in (4.3) and (4.5)), then m; = my and O, =

x -

So in the following we will only write m and not make a difference between
LS-paths of shape mA and LS-concatenations of shape mA. Further, by
Lemma 4.7 it makes sense to consider the collection of elements in U(m™):

B(\ 00) ={0; | 7€ C(\,00)} and M(\,00) = {m; | 7 € C(\, 00)}.

PrROOF (Lemma 4.7). Let m € C(\,00), say m = (7,a) € C(mA). We
can associate to m a Verma element and a monomial as in Definition 3.5 and
in Definition 3.6, we set

Or =05 mOnm  Onp and mr=mgEmg g o-omg, o

where the weights vy, o, - .., v, g are given as in Definition 4.1 by vy =
a1mo(N), po = a1m1(A), .... It is evident from the definition that ©, and m,
are independent of the fact whether we regard 7 as an element of C'(m\) or
C(nA) for n > m.

Let now m € B(A) be an LS-path of shape mA. One verifies easily
Or = Oy(r) and my = my(y) for the map ¢ : B(mA) — C(mA) in (4.3),
which finishes the proof. U

5. The basis given by Verma elements

For simplicity, let first A be a regular integral dominant weight.

THEOREM 5.1. i) The Verma elements B(\,00) form a basis of
Un™).
ii) B(A, 00) is compatible with all irreducible representations V(mA\) of
highest weight mA, i.e., {Or | m € C(\,00), m & C(mA)} is a basis
for the kernel of the surjective map

U:Um™) = V(m\), u— uvpy,
and the set of vectors {Orvpmy | T € C(mA)} is a basis of V(mA).

The formulation for a not necessarily regular A € X has to be slightly
adapted. Let p be the parabolic subalgebra associated to A, i.e., p =b®n,
where n, = @g11g_g. Here the sum runs over all positive roots orthogonal
to A\. Denote by n, the nilpotent radical of the parabolic subgroup opposite
top,sog=pdn,.

Let 7y C U(n™) be the left ideal generated by n), then the canonical
map U(ny) — U(n7)/Zy is an isomorphism of left U(n, )-modules. Denote
by

B(\,00) C U(n")/Zy

the images O, of the Verma elements O in the quotient module U(n™)/Z,.

THEOREM 5.2. i) The Verma elements B(\,00) form a basis of
U(n’)/I)\.



8 P. LITTELMANN

ii) B(X, 00) is compatible with all irreducible representations V (mX) of
highest weight mA, i.e., {Or | m € C(\,00), @ € C(mA)} is a basis
of the kernel of the surjective map

U:UMm™)/Zy — V(mA), u— uvpy,
and the set of vectors {Oxv,y | T € C(mA)} is a basis of V(mM).

Denote by M(\,00) C U(n~)/Zy the images m, of the path monomials
m, in U(n")/Z). The disadvantage of the monomials m, is that they are
not attached canonically to a path, certain choices have to be made. The
advantage is the simpler structure (the elements in B(\, 0o) are in general not
monomials) and they provide a basis already for the Kostant lattice Uz(n™)
and the corresponding lattice Vz(mA) in the representation. The following
theorem has been conjectured by V. Lakshmibai and C. S. Seshadri in [3],
section 2.

THEOREM 5.3. i) The path monomials M(\, 00) form a Z-basis of the
quotient Uz(n™)/Z,.
ii) M(\, 00) is compatible with all irreducible representations V (mM\) of high-
est weight mA, i.e., {my | m € C(\,00), 7 € C(mA)} is a basis of the kernel
of the surjective map

U:UMm)/Zy — V(mA), ur— uvpyy,
and the elements {myvy,y | m € C(mA)} form a Z-basis of Vz(mA).

We give only the proof of Theorem 5.1 and the proof of Theorem 5.3 in
the case of a regular dominant weight, the proof of Theorem 5.2 as well as
the proof of Theorem 5.3 in the non-regular case is on the same lines and is
left to the reader.

PROOF (Theorem 5.1 and 5.3). The proof is split into several parts, the
most difficult part being the proof of the linear independence. In the rest
of this section we show how the linear independence implies the rest of the
theorems over the complex numbers, the proof of the linear independence
(and generating over Z) will be given in section 7.

Let @ be the root lattice and let Q be the submonoide generated by the

positive roots. Then U(n™) is a h-module with weight space decomposition
Un )= P U )
neQ+
The map ¥ : U(n~) — V(mA) is surjective, and for a fixed n € Q~ the
restriction of ¥ to a weight space is in fact an isomorphism for all m > 0:
Py -y, UMT) ==V (mA) -
By the character formula (Remark 2.6), the dimension of V(mA)ma—y, is

equal to the number of LS-paths of shape mA ending in mA — n. So for
m > 0:

dimU(n™)_y, = dim V(mA)pa—y = {7 € C(mA) | 7(1) = mA —n}.

This shows by the (assumed) linear independence that the corresponding
O (respectively m;) span U(n™)_, and hence form a basis for U(n™)_,,.
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A similar counting argument proves ii) once one has shown that all the
O (respectively m;) with m ¢ C(mA) are in the kernel of the map ¥. So
let 7 € C(A\,00) and let p be minimal such that 7 = (7,a) € C(pA). We

suppose first 7 = (70,...,7,) is such that 7, # id. Let 7, = s;, ---s;, be a
reduced decomposition. By Remark 2.5 we know that ©, (respectively m;)
<)"aik>

is of the form ini for some element m € U(n™). Now 7 ¢ C(mA) can
only be if p > m, but in this case we have
Yp<)\704ik,>

in Vpx =0 = Orv,) = 0 respectively m v, = 0.

Next suppose 7 = id, then a, > m, otherwise m would be of shape mA\, see

(4.4). Any maximal Verma flag for the pair (a;r(\)\), a/r\)\) has to be of the
form

M(aymr(N) = ... < M(s40a,)\) — M(ar\)
for some simple root a. So O is of the form mY5T<)"a> and hence ©,v,,, =0
because a, > m. The arguments for m, are again similar: fix a reduced
o e . T >\7 2
decomposition 7,1 = s;, ...S;,, then m; is of the form mY: Aaie) and
hence m,v,,) = 0 because a, > m. O

6. The elements 0,,,

We describe in this section in more detail the elements 6,,, (Corol-
lary 1.3). Let v € Xg be a rational weight and let § € ®* be such that
m = (v + p,3) is a positive integer, set 1 = sg o v. We assume in addition
that £(u) — ¢(v) = 1; in other words: M (u) C M(v) is a maximal Verma
flag.

Consider the associated element 6,, ,, of weight —mg, so 6,,,1, is a high-
est weight vector in M (v). We will show that for an appropriate choice
of the ordering of the positive roots, the coefficient of Y™ is nonzero in
the expression of ,,, as a linear combination of elements of the associated
PBW-basis.

Denote X6 the dominant Weyl chamber and set ¢ = X& NW (v + p).
Denote Wy the stabilizer of ¢ and let W? C W be the unique representatives
of minimal length of the cosets W/Wy. Fix k € W? such that

(6.1) k(p) =v+p, set sgp =7, so 7(¢) =v+p—mf=p+p.

Now 3 € N(1) = {6 = 0 | 771(d) < 0} by construction. For a reduced
decomposition 7 = s;, - - - §;, one has

(6.2) N(7) = {eiy, siy (i), Say Sa, (ig), - - Sy " Say, (c,)}s

so there exists a j such that 3 = s;, -+ s;,_,(a;;). Complete the reduced
decomposition of 7 to a reduced decomposition of the longest word

(63) Wo = S4q = -+ Sin-

The reduced decomposition defines a convex enumeration of the positive
roots (i.e., if B; + B¢ = B, then either ¢ > k > £ or £ > k > i), we set:
(6.4)

B = iy, B2 = siy (iy), B3 = 8iy8iy (i) -+, BN = 8iySiy - - - Siy_y (iy)
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Let B be the PBW-basis of U(n™) given by the monomials:
— nN Nj+1y, Mjy Tj—1 n2y N1
(6.5) B:= {YBN "‘Yﬁj]+1 YB]YBJ-J—1 L YRRY g | n1,...,ny >0}
PROPOSITION 6.6. In the expression of 0, = > cpamm as a linear
combination of elements of B, the coefficient of m = Yg" is a non-zero
rational number.

REMARK 6.7. Since the weights are rational, all coefficients are rational
numbers. The important point for the later application is the fact that the
coefficient of Y3 is non-zero.

The proof of the proposition needs some preparation, it will be given at
the end of this section.

Let A be a dominant integral weight, let W, C W be the stabilizer and
let V(M) be the corresponding simple complex g-module. The weight space
V(A)w(n) of weight w(A) is of dimension one for all w € WA, and a nonzero
generator v, € V()\)w( ») is called an extremal weight vector. The Demazure
submodule V(\)y C V(A) is the U(n)-submodule U(n)v,, and the opposite
Demazure module V(X),, € V(A) is the U(n™)-submodule U(n™)wv,,.

Let w,u € W* and 8 € ®T be such that sgw = u and £(u) — (w) = 1.
Fix w = s;, - -+ 5;, a reduced decomposition and enumerate correspondingly
the positive roots as in (6.4) (so § = ; for some j < r), and let B as in
(6.5).

LEMMA 6.8. Letm € B be an element of weight —kG;, i < j. Then either
m= Yﬁ’f orm = Y;NN . Yéze is such that ny > 0 for some £ < j. Further, let
vy be an extremal weight vector in V(\)y(x)- Then mv, = 0 unless m = Y;
for some 0 < k < (w(\), 5).

As an immediate consequence we get:

COROLLARY 6.9. Suppose 1 < i < jandr > 1ori=jandr >
(w(A),B). Then w(X) — rB; is not a weight in V(X)y,, and for 0 < r <
(w(A), B, the weight space of weight w(\)—rp is of dimension one in V().

PROOF (of Lemma 6.8). The proof is by induction on the j such that
B; = pB. If j =1, then 8 = « is a simple reflection and the proof is obvious.

Suppose j > 1 and that the lemma holds for all j/ < j. If m = Yﬁk, then
B € N(u) implies (u(\), ) < 0 and hence (w(A),3) > 0. It follows by sla-
representation theory that Yﬂkvw = 0for k > (w(A),3) and ngw #0fork <
(w(A), B). Let m =Y. "YBZZ be such that ny > 0 for some ¢ < j. Recall
that w has a reduced decomposition of the form w =s;, ... Sij_1Sijiq -+~ Sr
By the choice of the enumeration of the roots, ¢ < j implies 8y € N(w) and
hence (w(A), Bg) < 0, so Y3,v,, = 0. But this implies also mv,, = 0.

Let m = Y,V ... Y, be of weight —kj; for some i < j, but £ > j > 1
and m is not a power of Yg. Let §;, € Norg(7T) be a representative of s;,,
set § := s;,(f) and v’ := s;;u. Note that ¢(ssu’) = £(u’) — 1. Consider the
reduced expression wg = Sj, - ... - S; N S—wo(as,) and the associated ordering
of the positive roots (compare with (6.4)):

/81 =8 (ﬁQ)v /Bé =S (/63)7 <o 7ﬁ5\/—1 = Si (ﬁN)7 /BEV = _wO(ai1)7
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S0 § = ;-_1. Denote B’ the corresponding PBW-basis given by the mono-

mials of the form m’ = YL;N
N

of weight —k3;, 1 < ¢ < j —1 of B is either equal to Y} or of the form

e Y;l. By induction we know that an element
1

Y;N . Y;t with n} > 0 for some ¢t < j — 1. Consider now the element
N t

m= YB"NN . YBZ‘ € B above. Since £ > j > 1, the monomial

m' = Adgll (m) = Adgzl (YﬁN)nN PN Adgzl (Yﬁn;) = CY;E\]]V,l Ce Yn[

Bea
for some ¢ € C*. Since m’ is of weight —ks;, (3;) = —k/5,_, and not a power
of Y5 and an element of B’, we know by induction that £ — 1 < j — 1 and
hence ¢ < j, a contradiction to the assumption. O

Let 0 = s;, ... si, be a reduced decomposition of an element in the Weyl
group and set 8 = s;, ...s;,_,(a;,) € ®*. Let C be the dominant Weyl
chamber and for a natural number m let Hg . be the affine hyperplane

Hpm ={rveXgr|(v+p B) =m}.
LEMMA 6.10. (sgocoC)NXN Hgm is Zariski dense in HY .

Proor. We have sgo = 0s,, where v = o;,.. For a simple root o € A
denote w, the corresponding fundamental weight. Now ~ is a simple root,
SO

(6.11) CNnXnHE,, ={\¢€ XTI A=(m— 1w, + Z NaWa }

aceA—{~}
ng>0

and the latter is obviously Zariski dense in HY ,,. Further, the equation

(wov+p,w(y)) = (wv+p),w)) =(+p06)

shows that for all w € W we have:

— P
(6.12) woHE = Hp(y),m

The lemma follows immediately from (6.11) and (6.12) O

We will use this Zariski dense subset to get an recursive description of
the coefficient in question. Let again 7,k € W and 3 € ®* be such that
7 = sgk and {(7) = (k) + 1. Fix a reduced decomposition 7 = s;, - - - s;,
and let j be such that 3 = s;, ---si;_, (ay;). We assume from now on that
7> 1. Set

O =58 8, =y, 0= 54(f) and o = s,0.

Make the decomposition of 7 complete to a decomposition of wy, and let B
be the corresponding PBW-basis of U(n™) (as in (6.3) and (6.5)), and let
B’ be the PBW-basis of U(n~) associated to the reduced decomposition of
the longest word given by wg = si, . .. Siy Siy, Where o, = —wo(a, ), SO

(6.13) B = {Yéz\]]\’ ) ..Yﬁ?Yﬁ?l | n1,...,ny > 0}.

Let m be a positive natural number and consider the Shapovalov elements
08.m,0s5m in Un™ @ bh). We write the first one as a linear combination of
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elements in B (and coefficients in U(h)), the second as a linear combination
of elements in B':

Opn= Y  mhy and Ospm= >  mhy.
meB,hm €U (h) weB h, eU(h)

Let hmp € U(h) be the coefficient of Y3 in 05, and let 5 € U(h) be the
coefficient of Y™ in 05 ,,. Recall that the coefficients are only determined up
to the left ideal generated by (Hg—m+ (p, 3)) respectively (Hs —m+(p,9)),
see Proposition 1.2, and that s, on € Hf{m for n € HE,W see (6.12).

LEMMA 6.14. For all n € Hf ,, we have:

{ N(hmg) = £(5000) (hns [T (Ho +1+5)) it (3,0) > 0
(50 0 M) (hims) = £0(homs [1,13° ><—Ha—s>> if (8,a) <0

PROOF. We view the elements of U(h) as polynomial functions on H?, m
respectively Hp . By Lemma 6.10, S = (sgo) o C N XN H’D B.m 18 Zariski
dense in HZ Cons1der ne€Sandset p =sgon=n—mp € Hp . By the
choice of 7, there exists an integral dominant weight A such that n = Sgoo\.
Now A + p is a regular integral dominant weight and ¢(s,s30) < {(sgo) as
well as £(sq0) < £(0), so it follows that

<77+P, a> = <Sﬂ0(>‘+p)va> =—r <0, <SO+P, a> = <O'()\+p),a> =-—p<0.

We have the following square of embeddings of Verma modules:

ya 999,5\4(77) \ On,sqon
weight—mg weight—ra
M(p) M (50 01)
N e e
M(sa 0 @)

Since « is a simple root and because of the normalization we know that
(6.15)

Opsace =Ya, Onsaon =Yy and 0y s.000s000,500n = Opombnsaon-
Set v = A+ p and w = 5,550, then we get for
v = w(v), 11 = sqw(v) =n+p, v2 = ssw(v), vs = sgsaw(v) =@ +p

the following diagram of weights:

vy = w(v)
/ra \ mo
v1 = sqw(v) v = ssw(v)
N, b s

V3 = 585w (V) = SaSsw(V)

Consider the simple module V(v) of highest weight v. We fix a highest
weight vector v,. For an extremal weight ¢ = w(v), w € W, denote v the
extremal weight vector of weight ¢ obtained from v, by applying a sequence
k)

of maximal divided powers YOEJZ according to a reduced decomposition w =
sj, - -+ 8j,. Note that this vector is independent of the choice of the reduced
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decomposition because of the Verma relations. We get by equation (6.15)
in the finite dimensional representation V (v):

p _ T
Y2 0s000,500 0 = Oip.n Yo Vug-

Now the triple (w, ssw, d) together with the highest weight v and the PBW-
basis B’ as well as the triple (sqw, sgsqw, §) together with the highest weight
v and the PBW-basis B satisfy the conditions of Lemma 6.8. So in the
expression of 0, ,, with respect to B and the expression 050, 5,0 With respect
to B’, only the terms which are a power of Y3 respectively a power of Y
give a possibly non-zero contribution when applied to the extremal weight
vector v, respectively v,,, and hence:

(sa 0 M) (hmg) Y& Y5 00y = n(hmp) V5" Y v,
Now YZY{ v, = £(m!)(p!)vy, and Y'Y vy, = £(m!)(rh)v,,, so
(6.16) N(hmp) = £(sa © 0)(hms)p!/7!.

Note that p —r = —(¢p + p,a) + (n + p,a) = (n — p,a) = m(B,a). So if
(B,a) > 0, then we can write (6.16) also as

N(hmp) = *+(sa 0n)(hms)p(p—1)--- (r+1)
= £(5000)(hos [[™P) (Hy +1+ 5)).

If (3,a) < 0, then we can write (6.16) also as

(sa o) (hms) = £r(r—1)---(p+ 1)n(hmp)
= (g [T (~Ha — 5)).

If (8, ) = 0, then we have n(hy,8) = £(5a © ) (hms)-
Each of the equalities (for either + or —) holds for a Zariski dense subset
S" C Hpgpm, and hence it holds for all elements 1 in Ha, pm- (]

PROOF (Proposition 6.6). Let A\, v, and 7,k,0,0,a = a;,,B etc. be
as in (6.1)—(6.5). The proof of the proposition is by induction on ¢(c). If
{(o) =1, then 3 is a simple root and 0, , = Yy has obviously the desired
properties.

If {(c) > 2, then £(1) > 2. Set o' := so0 and § = s,(03), and let
B’ be the PBW-basis in (6.13). Now /(¢’) < £(0), and X, sqV, Sqp and
SaT, Sak, Sa0,0 = so(f) etc. are again as in (6.1)—(6.3), so we can apply our
induction procedure:

The coefficient (sq 0 v)(hm) of Y™ in Os,opsaor = D pvep G is
nonzero.

Choose Shapovalov elements

Osm= > Why €U ®h) and Oy =» mhy €U @b)
' B/ meB

for O, 0,500 respectively 6,,,, and let h,,s € U(h) be the coefficient of m’ =
Y™, Since (Sq © v)(hms) is the coefficient of Y™ in 6, 0p,s,0u, the latter is
nonzero.

Let hpg € U(h) be the coefficient of m = Yj". To prove the proposition,
it is sufficient to prove that v(hpg) # 0. If (,a) < 0, then Lemma 6.14
immediately implies v(hy,3) # 0 because (sq © v)(hps) # 0.
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If (3,a) > 0, then we know by Lemma 6.14:

m(B,a)
V(hmp) = £(sa 0 V) (hms [[ (Ha+1+35))
s=1
Since (sq © V)(hms) # 0, and
(saoV)(Ha+14s) = 14+s+(sa(v+p)—pa)

= s+ (sak(A),a) >0

because (sqk(A),a) > 0. It follows: v(hy,,3) # 0, which finishes the proof.
O

7. The linear independence

To prove the linear independence of the ©, respectively the m,, we use
the quantum Frobenius splitting. We recall quickly the method developed
in [5]. Let A = (a;;)i<ij<n be the Cartan matrix of g and denote by
At = (a; ), a;; := a;;, the transposed matrix. Let d = (di,...,d,), d; € N,
be minimal such that the matrix (d;a;;) is symmetric. We denote by d
the smallest common multiple of the dj, and we set d = (dy, ..., d,), where
d; := d/d;. We assume throughout the rest of section 7 that ¢ € N is divisible
by 2d.

Let ®! be the corresponding root system, with basis A" = {v1,..., 7.},
and let g’ be the corresponding semisimple Lie algebra. Denote U,(g")
the quantum group associated to g’ over the field Q(q), with generators
E, F,, 6 K, and K%l. We will sometimes just write E;, K, ... for the gen-
erators E,,, K,,,.... In addition, we use the following abbreviations:

< (%_,;i)t B qdm _ q—dm {n] ' [n]zy
) qdi — q_di ’ m i
and EZ.(k), Fi(k) for the divided powers.

Let U, 4 be the Lusztig form of U,(g') defined over the ring of Laurent
polynomials A := Z[q,q~!]. We denote by R the ring A/I, where I is the
ideal generated by the 2/-th cyclotomic polynomial, and set Ug := Uy 4®a R.

We can view ®! in h* by setting ; := «;/d; € h*. For the weight lattice
Xt of gt we get:

Xt ={Aeb* |Vi:(\y)€Z}={Nebh*|Vi:di\ ;)€ Z}.

It follows immediately from the definition: dX c X c X*.

Let A € Xt (C X*) be a dominant weight and denote V¢(\) the Weyl
module for U of highest weight A. Fix ¢ such that for all LS-paths 7 = (7, a)
of shape A one has gai € N for all i. Let m be a positive integer, the module
we are interested is the Ug-module

V=V:(\) Vi) ®...® Ve())

me . .
4 —times
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and its subspace given by the weight spaces V,,, u € X*, such that % uwe X:

vi= P Ve
HEX?t, %MEX
Set 4; := %i, the conditions imposed on £ imply that we have a Frobenius ho-
momorphism [6] between the classical algebra and the quantum enveloping
algebra at a 2¢-th root of unity:

Fr': Unt) — Ugmt*), x® e 559,

where Xi(k) = XF/k! is the divided power of the generator. We have a
similar map Fr’ : U(n~) — Ug(n"") for the generators Yi(k) — Fi(fik) of

n-.
The subspace V@ C V becomes via Fr’ a U(n") and a U(n~)-submodule.

In [5] we have shown that these actions can be glued together to make Va
into a U(g)-module. Let uy € Vg(A\) be a highest weight vector (for the
action of Ug) and let v,y € V(mA) be a highest weight vector (for the
action of U(g)). The map v,) — (u,\)®mT£
monomorphism

extends to a U(g)-equivariant

V(m\) — Vi,
To prove that the ©, respectively the m, are linearly independent, we show
that for m € C'(mA) the vectors O - (u,\)®mTZ evi (respectively the vectors
my - (u,\)®mTe ) are linearly independent.
To do so, we need some more notation. Let > be the usual ordering on

the weights in X, i.e., u = v if the difference is a sum of positive roots. We
define an induced partial order on weight vectors in V¢(A) by saying u, > w,

if > v. We extend this to a partial order on weight vectors in V. Set

ml
tz;, Uy = Upy @ ... Quy,, and u, = Uy, @ ... & Uy,
then we say
yu>gy<:>3j:uj>uj anduj+1:Vj+1,...,Mt:Vt.

We say more precisely that u, is greater than w, after k:
u, kU, &3 J>kp=vpand g = Vi, ..., e = Vg

For all 7 € W/W), fix an extremal weight vector u, € Vg(A) of weight 7(X\).
Let m = (1,a) € C(mA) be an LS-concatenation of shape mA. We denote

J4
u, € Vd the vector:

Ur =Urg @ . . QU QUM B ... QUM V... QU @ ... QUrp,
D Y e——

-~

e . — . _ .
% times w times W times

PROPOSITION 7.1. Let m € C(mA) be a LS-concatenation of shape mA.
Then there exists a non-zero complex number ¢ such that

@W(ux)@)m?e = CUuy + Z( terms u < uy).
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Since the u,, m € C(m) are linearly independent, as an immediate con-

sequence we see that the ©,v,,\ € V(m\) — Vi are linearly independent.
So we get by the LS-path character formula (Remark 2.6):

COROLLARY 7.2. {©zvmy € V(mA) | m € C(mA)} is a basis of V(mA).

PROOF (Theorem 5.1, end). Since any weight space in U(n~) maps
under U(n~) — V(mA) isomorphically onto a weight space in V(m\) for
m > 0, to prove the linear independence of the © it is sufficient to prove
that the O v, € V(mA) are linearly independent for m# € C(mA\) and
m > 0. But this follows from Corollary 7.2. O

PRrROOF (Proposition 7.1). Let @ = (7,a) be an LS-concatenation of
shape mA, where 7 = (19,...,7), a = (a1,...,a,). The proof is by induc-
tion on the length ¢(7y) of the longest element 79. To make the induction
procedure work, we will prove the following more precise statement:

@W(u)\)@mTe = cuy + Z( terms u such that u, =2 w),

If ¢(m9) = 0, then 79 = id and hence 7 = (id), ©, = 1, and the proposition
holds obviously in this case.

Let ¢(r9) > 0. If £(19) — £(71) = 1, then 79 = sg7; for some positive root,
and the pair n = (11,...,7;a2,...,a,) is again a LS-concatenation of shape
mA and O = 05 6,, where pg = a170(A\) and vy = a171(N).

Otherwise, there exists for (v, 1p), a maximal Verma flag:

M (ig) = M((sg, - 8p,) © fio) — ... = M(sp, o fig) — M (fip).

Let k = sg,70, then n = (KyT1y. .., Ty;a1,02,...,a,) is an LS-concatenation
of shape mA and ©r = 05 5 ©;, where py = a1k(A).

Set v = i and p = Jip in the first case and p = fig’ in the second
case. Then in both cases, the induction hypothesis applies to ©,, and ©, =
0,9y, and v = sgop, (u+p,B) =p >0, and £(n) — l(v) = 1.

To discuss both cases uniformly, set n = (ko,...,kr;b0,...,b:). We
know by induction

@n(u)\)@)%e = cuy + Z( terms u such that u, = b, u).
d

—_—

By construction we have u = agro(\), v = agro(A), where ag < by, £(19) —
{(ko) =1 and sg1y = Ko.
Since the tensor components of u, and u, coincide for k£ > bo%z, i.e., for

Ur = U] Q-+ @ ug,, q and un:u?@)---@uzm/d
one has u} = u} for k > bo%é, it follows that
Up "yt U= Uy =y £ U Up >y, i
To prove the proposition, it suffices hence to prove:
Oy pty = Cur + Z( terms u such that wu, s w)

for some complex number ¢ # 0. By choosing an appropriate ordering of the
positive roots, we know by Proposition 6.6 that in the expression of 0, ,, =
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> mep @mm as linear combination of elements of the corresponding PBW-
basis B, the coefficient of m = Y; is a non-zero rational number. Further, by
Corollary 6.9, if m # Y2, then m = Y;}é\’ .. Yéi’” (ng > 0) is such that in the

opposite Demazure module V(mM),, = U(n™ v, ko(mA) — 53, is never a

weight for s > 0 and hence Fr'(Yj,) applied to u® bd ¢ V(mA) co(mr) C Vi

is zero. But this implies of course also Fr'(Ys, )uzgw/ 4 — 0 Since Uy =
®a0€/d

® 1/, it follows that
Fr/ (Y3, uy = (Fr’(YB Ju ®“05/d) @'+ (mui®?) @ (mou)

=0

where my, mp € Ug (nt’_) are such that mo has no constant term. Obviously
we have v/ = mou/, so if m is a monomial in the expression of 0, different
from Yﬂp , then

mu, = Z( terms w such that u, >-£a?o w).
So to finish the proof of the proposition, it remains to show:
li‘rl(Yﬁf”)u?7 = cu, + Z( terms u such that u, >£%o u)

for some ¢ € C*. As above, since u, = up? ot/d g o , it follows that

B (V] g = (e (Vo) @ 4+ 3D (manfo!’) @ (moud)

where my, my € Ug(nt’_) are such that ms has no constant term. As above,
since v’ = mou/, we get:

(Yp)un = (Fr (Yp Ju ®a0€/d) Qu + Z( terms u such that u, L) w).

So the proof is finished once we show: Fr'(V} Yttt — 2908 g1 some
nonzero complex number. Since the weight space (for Uy) is one-dimensional,
it suffices to show that the first is nonzero. But this follows immediately

from sla-theory and the following observation. Set

W=Ve(\)®...®Ve(A),

agt
d

and let @ ..y We be the weight space decomposition. Denote W(3) the
sum of all Ug-weight spaces for weights integral for 3:

P w.

eext
(e,8)€EL

—times

Then W () is actually a module for the subalgebra of g generated by Yz, X3

via the Frobenius maps Fr’. This can be proved in the same way as Vi

becomes a g-module in [5]. Further, u®a0£/ ‘e W(B) is a highest weight

vector for this operation, and a lowest weight vector for the simple module

generated by this vector is u®a0€/ d O
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PROOF (Theorem 5.3, end). The proof that the
{mzopy | m€ C(mA)} C V(mA)}

form a Z-basis of Vz(\) uses the same arguments as the proof of Propo-
sition 7.1 above, so we give only a sketch of the proof. Again, we embed
V(mA) — Vi in the quantum group representation for V = Vg(\)®m¢/d,
Let A = Z[x,x!] be the ring of Laurent polynomials and let R be ring
R/I, where I is the ideal generated by the 2/-th cyclotomic polynomial.
Let Vg, Ur(g), Uy r(g') etc. be the forms obtained from the corresponding
Z-form in the classical case and the corresponding A-form in the quantum
group case by base change (as in [5]). The corresponding Frobenius map
and the embedding of representations above is then already defined over R.
By applying the same kind of inductive arguments as above, by fixing the u,
appropriately and by applying sle-theory a little more rigorously, one gets

mﬂ(u/\)®m7e = lu, + Z( terms u such that u, =2 w),

for some power of the fixed primitive 2¢-th root of unity £. By the linear in-
mé
dependence of the u,, this proves the linear independence of the m, (uy)®a ,

and by the character formula this proves that they span a R-lattice of maxi-
mal rank in Vz(\). Now the u, can be completed to an R-basis of V. Since

the u, are “leading terms” for the mﬂ(u,\)®m75, it follows that they form ac-
tually a basis for Vg(A). Since they are by definition actually elements in
Vz()), they form hence a basis of the Z-lattice Vz(\). O
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