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5/[\2 = sl ®c C|z, 2*1] @ C K, where K is central and

[X®2™, Y ® 2" = [X, Y] ® 2™ + mbmyno TH(XY)K .

This endows 5/[\2 with the structure of a Lie algebra.
Up to the derivation element this defines the affine Kac-Moody

2 =2
algebra with Cartan matrix ( 5 3 )



Definition (Semikhatov-Sirota '97)

Let 1,2 € C and t € C\{0}. The relaxed Verma module
Ryy ot IS the sly-module generated from a vector v that satisfies
the annihilation conditions

(e@z"lv=(hez"\v=(f®z")v=0 n>1
and the relations

(FO1(e® L) =~y (h®1)v = —(1+ i1 + i)y
Kv = (t —2)v

by a free action of e ® z", f ® 2", h® z", n < —1.
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Different p1, p2 can give rise to isomorphic Ry, ,,, + and it is easy

to write out the condition.

To get a first impression about the structure of R, ,, + we can
look at the sl, ® C 1-submodule generated by v. It is a weight
module with weights —(1 + p1 + p2) + 27Z, each of which has
multiplicity one. We have (f ® 1)(e ® 1)%*!v = 0 and
(e®1)(f ® 1)7#v = 0 if these expressions are actually defined

and p; # 0 in the second case.
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p1 € Zco, 2 € Z>o

p1— 2 — 1 p2 —p1+1

p1 € Zi>o, p2 € Z>q, p1 = 2
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Coming back to Ry, ,,,.¢+, we note that (e ® 1)(f ® 1) #1v =0
implies that the submodule generated by (f ® 1)"#1v is isomorphic
to a Verma module of highest weight A = 3 — po — 1. We will
denote it by M) ;.
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implies that the submodule generated by (f ® 1)"#1v is isomorphic
to a Verma module of highest weight A = 3 — po — 1. We will
denote it by M) ;.

Let's formulate a similar statement for (e ® 1)1 +1y.
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Consider the automorphism ofs/[; sending K — K and

0

e®2"—e®z™ fFRZT 2" h®zZ"— h® 2" +00,0K .

The vector w = (e ® 1)*1+1y satisfies

(e®@z2hw=(h®z2YY)w = (f ® z2%w =0
(h1+(t—2))w=(t+pu —p2—1)w.

Thus w generates a submodule of R, ,, + which is isomorphic to a
Verma module twisted by the automorphism for § = 1. We

will denote it by M}



So we have the following embeddings

(1, +)
(1’ *)

(27 _+)

(1)
Rﬂlyﬂzt A Mt+u1—u2—1,t

MM*M*Lt — Rm,uz,t

(1)
Mu1—u2—1,t — Rm,m,t «— M

t+puo—p1—1,t
(1) (1
Rﬂlal/«27t - Mt+/.t2—/,b1—1,t - Mt+,LL1—,LL2—1,t

Mm—uz—li — MM2—M1—1J — RN17N27t

10



So we have the following embeddings

1
(1’ +) R#l:/izt — Mig—s—)ul —pup—1,t

(1, *) Mu1*u2*17t — R#17M27t

1
(2, =) Muy——1t = Rup o m&)

t+puo—p1—1,t
(1) (1)
(2’ ++) Rﬂlal/«27t At Mt—‘r/.l,z—/.tl—l t <« Mt+/.t1 —u2—1,t

(2’ __) Mm—uz—li — MM2—M1—1J — RN17N27t

The goal of Semikhatov-Sirota '97 is to describe which modules
M) ¢, M§\12 or Rz + embed into Ry, i, .
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Simplicity of R, ,,,

From the above we conclude that 1 ¢ Z and pp ¢ Z is a

necessary condition for R, ., + to be simple.
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Simplicity of R, ,,,

From the above we conclude that 1 ¢ Z and pp ¢ Z is a

necessary condition for R, ,, : to be simple.

Theorem (Semikhatov-Sirota '97)

Rui ot simple <  pi1 ¢ 7 and py ¢ 7Z
andﬂr,S€Z>0Ml—NQ:r—storM2—Iu,1:r_5t

11



The description of the so-called embedding diagrams for R, ,;, + is
the main result of Semikhatov-Sirota '97. These diagrams are
labeled by combining

[, I1, Il determined by the row

(0), (1,4), (1,-), (2,——), ... determined by the column.

i, po ¢ L MEL py ¢ L i o € L
A1 p2 >0 H1-pp <0
1= pa & K(2), (2, ——) and
1(0), Eq. (3:2) I(1), Eq. (3:2) 12, +14), Eq. (3.3) | 1(2, 1), Eq. (3:3)
w1 —pa € K(t),
t¢Q 11(0), Eq. (34) | I[(1), Eq. (34) | — —
w1 —pa € K(t),
teQ, 111, (0), Eq. (3.7) | III4(1), Eq. (3.9) | — —
w1 —po ¢ L, and (3.10)
(p1—p2)/t ¢ Z
w1 —pa € K(t),
teQ, — Y2, —-), (2, —+),
ut —po € I, Eq. (3.13), Eq. (3.32)
(m—p2)/t ¢ Z || TII(0), and I119(2, ++)
p1—po € K(t), || Eq. (3.11)
teqQ, (1), — -
w1 —pa ¢ L, Eq. (3.12)
(p1—p2)/t € Z
p1—pa € K(t),
teQ, 1%(0) — Y2, ——), mP2, —+),
u1 —p2 € Z, Eaq. (3.35), Eq. (3.40)
(u1—p2)/t € Z and I11%(2, ++)




(25 _+)

(0]
+

Example: case Il
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Introduction to localization on the

affine flag variety



Let E be a finite dimensional semisimple Lie algebra over C. The
celebrated theorem of Beilinson-Bernstein '81 states that the
functor of global sections is an exact equivalence of categories
between the D-modules on the flag variety twisted by the line
bundle associated to a regular dominant weight and the S—modules

of the corresponding central character.
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celebrated theorem of Beilinson-Bernstein '81 states that the
functor of global sections is an exact equivalence of categories
between the D-modules on the flag variety twisted by the line
bundle associated to a regular dominant weight and the S—modules

of the corresponding central character.

At present the full analogue of this statement in the case of affine
Kac-Moody algebras is not known. Postponing definitions, let us
start by pointing out related theorems in the case of affine

Kac-Moody algebras g.

In particular, we need to associate a “flag variety” to g.

14



A first possibility, in case g is untwisted, is to consider the thin flag
variety defined as a quotient of the loop group by the Iwahori group
scheme X" — | G/ LT | (Beilinson-Drinfeld, Pappas-Rapoport

'08 and others). Here G is a semisimple algebraic group.

ii5)



A first possibility, in case g is untwisted, is to consider the thin flag
variety defined as a quotient of the loop group by the Iwahori group
scheme Xthin = | %/ L™ I (Beilinson-Drinfeld, Pappas-Rapoport
'08 and others). Here % is a semisimple algebraic group.

Beilinson-Drinfeld define a category of twisted right D-modules on
X" and a functor of global sections (X" .) landing in g mod.

ii5)



A first possibility, in case g is untwisted, is to consider the thin flag
variety defined as a quotient of the loop group by the Iwahori group
scheme X®™in" = | G/L" | (Beilinson-Drinfeld, Pappas-Rapoport
'08 and others). Here G is a semisimple algebraic group.
Beilinson-Drinfeld define a category of twisted right D-modules on
X" and a functor of global sections (X" .) landing in g mod.
Theorem (Beilinson-Drinfeld, P. Shan '11)

Let A + p be regular antidominant. The functor [(Xthin .)
between the \-twisted right D-modules on X" and g mod is
exact and faithful.

ii5)



A first possibility, in case g is untwisted, is to consider the thin flag
variety defined as a quotient of the loop group by the Iwahori group
scheme X®™in" = | G/L" | (Beilinson-Drinfeld, Pappas-Rapoport

'08 and others). Here G is a semisimple algebraic group.

Beilinson-Drinfeld define a category of twisted right D-modules on
X" and a functor of global sections (X" .) landing in g mod.

Theorem (Beilinson-Drinfeld, P. Shan '11)

Let A + p be regular antidominant. The functor [(Xthin .)
between the \-twisted right D-modules on X" and g mod is
exact and faithful.

The basic open question is to describe the essential image of this
functor in g mod (conjectural description by Beilinson '02, I.
Shapiro '09).

ii5)



A second possibility is to consider the Kashiwara flag scheme X.

As we will detail later, it is a scheme, not locally of finite type, but
having an open cover by affine spaces of countable dimension. The
finite dimensional Schubert cells X, can be defined as subschemes
of X and one again has a notion of twisted D-modules on X and a

functor of global sections.
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A second possibility is to consider the Kashiwara flag scheme X.

As we will detail later, it is a scheme, not locally of finite type, but
having an open cover by affine spaces of countable dimension. The
finite dimensional Schubert cells X, can be defined as subschemes
of X and one again has a notion of twisted D-modules on X and a

functor of global sections.

Recall the notion of the Verma module
M(M) - UQ u b (Cu

of highest weight 1 € h*.

Theorem (Kashiwara-Tanisaki "95)

The global sections of the - and !-direct image from X,, identify
with M(w - )V and M(w - \) respectively when \ + p is regular

antidominant.
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The last two theorems can be combined into

Theorem (Frenkel-Gaitsgory '09)

Let X\ + p be regular antidominant. T(X™" .) defines an exact
equivalence between the category of A-twisted right D-modules
on X™i" that are equivariant for the pro-unipotent radical of LT |
and the block of category O of g defined by .

17
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Affine Kac-Moody algebras

o (h,(ai)ier € b*, (hi)ics C b) affine Kac-Moody data
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Affine Kac-Moody algebras

(b, (a)ier € b*, (hi)ier € bh) affine Kac-Moody data
g affine Kac-Moody (Lie) algebra

e g=n" @ hDn triangular decomposition into positive and

negative part n and n~ and the Cartan subalgebra §

6(-) = n(=) & p Borel and opposite Borel subalgebra

e € n, f; € n~ simple generators, i € |

o & = &0 <0 positive and negative roots of g

18
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negative roots of height > /, | € Z>q, similarly n,
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n; Lie ideal of n™ given by the root spaces associated to the

negative roots of height > /, | € Z>q, similarly n,
gi=CfiobeCe,icl

p; =Ce@b” andn; ®p;, =g,i€/
pi=Cf,®obandn; ©pi=g,ic/

W Weyl group of g. It acts linearly on h*. For i € | there is a
simple reflection s; € W.

p € b* such that p(h;) =1forall i€l
w - A = w(\ + p) — p dot-action of W on h*
lattice P C h* such that o; € P and P(h;) CZ for all i € |
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Group schemes

e Pro-unipotent group scheme U = H@Iexp(n/n,)
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e Pro-unipotent group scheme U(V) C U, where W C >0
satisfies (W + W) N ®>0 C W, similarly U~ (V) C U~.

e Pro-unipotent group scheme U,” = U_(¢,<0), where

<D,<O C ®<0 is the subset of negative roots of height > /.

T = SpecC[P] = G,,@™Y algebraic torus

e B() = T x U) Borel and opposite Borel group scheme

G; reductive group determined by g; and P
P; = G; x U(®>%\ {;}) and similarly P;”
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Kashiwara flag scheme

Out of the affine Kac-Moody data and the lattice P Kashiwara '90
constructs a scheme G with a distinguished point 1 € G and
commuting left and right actions of P;” and P; respectively, for all
i€l
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Kashiwara flag scheme

Out of the affine Kac-Moody data and the lattice P Kashiwara '90
constructs a scheme G with a distinguished point 1 € G and
commuting left and right actions of P;” and P; respectively, for all
i€l

The Kashiwara flag scheme is defined as X = G/B (quotient by a
locally free action). The so-called Tits extension W of W acts on
G and X. On T-invariant subsets of X, the action of W factors
through W.

21



Basic properties

e UT1B = A is an open subscheme of X called big cell.
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Basic properties

e UT1B = A is an open subscheme of X called big cell.
X =Uwew N(Xw), where N(X,,) = wU™1B
X =Upew X=%, where X=" = _ N(X,)is B -invariant

and quasi-compact and < is the Bruhat partial order

There is a line bundle Ox(\) on X associated to A € P.

22



For fixed w and all / € Z~q large enough U,” acts locally freely on
X="_ The quotient X,SW = Uf\XSW is a smooth quasi-projective
variety (Shan-Varagnolo-Vasserot '14).
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For fixed w and all / € Z~q large enough U,” acts locally freely on
X="_ The quotient X,:/‘W = Uf\XSW is a smooth quasi-projective

variety (Shan-Varagnolo-Vasserot '14).

We have for l; > b large enough a commutative diagram

<w P,2 <w
/1 I2
Xw

The fibers of the projection pg are affine spaces and — are closed

embeddings. Subsequently we will always assume that / is large

enough.
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Twisted D-modules on X

Hol(D, <. (A), X,,) Category of holonomic right D-modules on
i
X,SW twisted by Oxlgw()\), A\ € P, with support in X,,
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Twisted D-modules on X

Hol(D, <. (A), X,,) Category of holonomic right D-modules on
i
X,SW twisted by Oxlgw()\), A\ € P, with support in X,,

e |t is an abelian category and every object has finite length.

e |t has a contravariant exact auto-equivalence D, the
holonomic duality.

P, Hol(DXISW(A),xTV) — Hol(D, <w(X), Xi) exact

. 1 h
equivalence
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Hol(\, Xy, X=%, ) 5 M =

Hol(Dy < (A), Xu) 3 M,
1

h . h = h
’7,2 : p,z*./\/l/1 = ./\/l/2 ’7,3

((M/)/zlm (7;21)/12122/0)

/ b I
= 'Vé © Pé*’)/,; yh>h>hk>1h

25



Hol(X, Xu, X=", 1) > M = ((M/)/2/07 (7;21)/12122/0)
Hol(D, <w(A), X) 3 M,
1

h. = h b b
Y i PpeMy = My i =qfopin, h>h>5>1h

For any I > ly, M +— M, is an exact equivalence.

25



Hol(X, X, X=", /o) 3 M = ((M/)/2/07 (7//21)/12/22/0)
Hol(D, < (\), X) > M,
1

/ l; = / / / /
Y PpeMiy = My v =viopga, s h=2kh>2h2h
For any I > ly, M +— M, is an exact equivalence.

Taking limits we get rid of the auxiliary choices X,,, X=* and Iy
and define the category Hol(\) of A-twisted holonomic right
D-modules on X.
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Cohomology groups

For M € Hol(\) and j € Z>q define

H/(X, M) = lim H(X=", M)
/

where Hj(XISW,/Vl/) are the sheaf cohomology groups.
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Cohomology groups

For M € Hol(\) and j € Z>q define

) _ -
H (X, M) = I<¥1 HJ(X,—W,M/) ,
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there is a m € Z>g such that [v,n, ] Cn/ forall /. Then v
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26



Cohomology groups

For M € Hol(\) and j € Z>q define

. _ -
H (X, M) = I<¥1 H (X=", M),
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defines a C-linear map H/(
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Cohomology groups

For M € Hol(\) and j € Z>q define

. L
H (X, M) = L%’n H (X=", M),
where Hj(XISW,/Vl/) are the sheaf cohomology groups. If v € g
there is a m € Z>g such that [v,n, ] Cn/ forall /. Then v
defines a C-linear map H/( ,+m,/\/l/+m) — HJ(X<W M,). In this
way H/(X, M) becomes a g-module.

Define

= @ Hj(XvM)M

Heh*

where (-),, denotes the generalized weight space associated to .

. 26
This is a g-submodule of H/(X. M).



Coordinates on N(X,)

For w € W abbreviate

U, =U (o<°nwd=<%) c U~
Uy = U@ Nnwod<0) CcU.

The map (u1, up) — ujupwlB defines a T-equivariant
isomorphism of schemes

The image of 1 x U, is the (finite dimensional) Schubert cell X,,
in X.

27



Let w be such that s;w < w.
Lemma
We have X,, N siXw = siXw \ Xs;w = Xw \ siXsw. In the above

coordinates on N(X,,) and s;iN(X,) = N(Xsw) the identity map
siXw \ Xsw — Xw \ 5iXs,w is the isomorphism

(U™ (i) \ 1) X Usw = (U(ai) \ 1) X7 Usw

(e, hi(2) Tuhi(2)) = (¢, 57 Mi(2)31)

Here z € G, and s; = eSiefieSi. h; is considered as a group
homomorphism Gy, — T. Given u and z, u(z) € Us,w is uniquely

determined by the condition e*¢iu € u(z)U(®>° N s;w®>0).
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For siw < w consider the locally closed affine embedding

it X N8 X > X7
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For siw < w consider the locally closed affine embedding

wt X N5 X = X7

Definition
Define the right D, <w(\)-module for A € P and o € C
1

Row(h, )1 = i (2 B Qas,, ) @ 7210 (V) 7€ 5,1},
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For siw < w consider the locally closed affine embedding

wt X N5 X = X7

Definition
Define the right D, <w(\)-module for A € P and o € C
1

Row(h, )1 = i (2 B Qas,, ) @ 7210 (V) 7€ 5,1},

Here we introduced the right Dx-module
Q((Cax) = Dex /(x0x — a)Dex. The coordinate x on C* is the one of

U(«j). Thus x = oo corresponds to Xs, .
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For siw < w consider the locally closed affine embedding

wt X N5 X = X7

Definition
Define the right D, <w(\)-module for A € P and o € C
1

Row(h, )1 = i (2 B Qas,, ) @ 7210 (V) 7€ 5,1},

Here we introduced the right Dx-module
Q((Cax) = Dex /(x0x — a)Dex. The coordinate x on C* is the one of

U(«j). Thus x = oo corresponds to Xs, .

Then Row (A, @) = (Row (A, @)1)i>1, € Hol(X), where the 7,’21 are

. 29
induced.



Before describing the cohomology of these D-modules, let us pause
briefly and explain that X,, N's;X,, can be understood as orbits for
the subgroup L™ / NS L™ /| of the lwahori group L / acting on

Xthin
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Before describing the cohomology of these D-modules, let us pause
briefly and explain that X,, N's;X,, can be understood as orbits for
the subgroup L™ / NS L™ /| of the lwahori group L / acting on
Xthin.

Indeed, for s;w > w the L™ [-orbit X,, is also a L™ / NS L™ [-orbit,
as is s;X,,. For s;w < w the L™ /-orbit X, splits into two

L™/ NS LT J-orbits

Xy = (XW N S,'XW) L 5iXsiw
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The case of sl

N <

X51 N 51X51 = Xslso N 51Xslso S Xslsgsl N 51X515051

51 Xs, s1

Xso s1 S1 XSo 5150

Xl X5051

X505150

51.X1

The arrows indicate the closure relations.
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Overview of results




We will identify the global sections of R, (\, &) as a g-module
for some choices of the parameters 7, w, A\, a following the
methods of Kashiwara-Tanisaki '95. We thereby extend several of
their results to a class of non-highest weight representations which
we call relaxed highest weight because they generalize the

slp-representations that we have seen earlier.
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We will identify the global sections of R, (\, &) as a g-module
for some choices of the parameters 7, w, A\, a following the
methods of Kashiwara-Tanisaki '95. We thereby extend several of
their results to a class of non-highest weight representations which
we call relaxed highest weight because they generalize the

slp-representations that we have seen earlier.
We will start by discussing the h-module structure.
We then introduce candidate g-modules.

We identify these candidate g-modules with the (dual of the)

g-module of global sections.

32



h-module structure of global sections

Theorem

We have isomorphisms of h-modules

1 HYXSY, Ruw(N a))) = Clz, 27 ®c S(n; /0;) Oc Cowrtan;
2. HY(X, Raw(X, @) = Clz, 27 Y] @c S} @ Cowrtaas

Here z has weight «;.
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Sketch of proof

Consider the following factorization of iy, ; : X, N 5; X, — X,SW

X N5 X = Xy = N(Xy)1 = (U7 \Uy) X Uy = X=7.
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Sketch of proof

Consider the following factorization of iy, ; : X, N 5; X, — X,SW
X N 5iXw = Xow = N(Xy); = (U7 \Uy ) X Uy = X=Y

The first and third embedding are open and affine, while the

second embedding is closed.
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Sketch of proof

Consider the following factorization of iy, ; : X, N 5; X, — X,SW
X N 5iXw = Xow = N(Xy); = (U7 \Uy ) X Uy = X=Y

The first and third embedding are open and affine, while the

second embedding is closed.

By definition HO(X=", Ruw (A, a)1) = HOA(N(Xu )1, Rew (A, @)))
and there is the explicit description of the x-direct image w.r.t. the
second embedding ky, j : Xo = N(Xy)/

K,W,/*M = HW’/.M KR C[@l, ... ,8r] ,

where M is any right D-module on X,, and r = dim U;"\U,,.
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Cohomology vanishing

Lemma
HJ(X,SW,R*W()\, «);) = 0 and consequently
H (X, Raw(N, @) = 0 for j > 0.
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Cohomology vanishing

Lemma
HJ(X,SW,R*W()\, «);) = 0 and consequently
H (X, Raw(N, @) = 0 for j > 0.

This is again proven using the fact that

H (XS, Raw(A, @)) = H (N(Xy)1, Rew(A, @);) and the above

explicit description of the x-direct image.
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Definition
Define the sly-module for N, o« € C

R2(A, o) = Usla/(h+2a + A, ef + (a+A)(a+ 1)) .
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Definition
Define the sly-module for \,a € C

R2(A, o) = Usla/(h+2a + A, ef + (a+A)(a+ 1)) .
When A € Z>5, a € Z and 1 — A < o < —1 this is a single

isomorphism class denoted by R*2(A) . Its weight

diagram is

D e
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Relaxed Verma modules

The for arbitrary g is

Definition
Define the g-module for A € P, o € C

RO @) = U g Quy, ((CA ©c REE(A(h), a)) .

Here p; acts on Cy @c R*2(\(h;), @) via the projection

pi > pi/ni=gi={hebh|ajh)=0}@g; .
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Relaxed Verma modules

The for arbitrary g is

Definition
Define the g-module for A € P, o € C

RO @) = U g Quy, ((CA ©c REE(A(h), a)) .

Here p; acts on Cy @c R*2(\(h;), @) via the projection
pi = pi/ni=gi={h€b|ai(h)=0}Dg;.
Put R*2(\(h;)) to get the isomorphism class R(\).
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The first observation one can make about this definition is that the
underlying h-module of R(w - A\, &) coincides with the h-module
HO(X, Raw (), @) described earlier.
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The first observation one can make about this definition is that the
underlying h-module of R(w - A\, &) coincides with the h-module
HO(X, Raw (), @) described earlier.

In the rest of the presentation we will explain the cases in which we
can prove that this induced module is indeed the (dual of the)

g-module of global sections.
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The case w = s;

Let M be a holonomic right D-module on X, = P! twisted by
Op1(=A(hj)). Let il X — X/SS" be the closed embedding.
Then if M = (i; ;, M), € Hol(\).

=/
IS,' ,/*
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The case w = s;

Let M be a holonomic right D-module on X, = P! twisted by
Op1(=A(hj)). Let il Xs, < X~ be the closed embedding.
Then ig M = (ig, ;,M)>1, € Hol(X).

Theorem

W(X, g M) ZU g D4, H/ (P, M) as g-module

39



The case w = s;

Let M be a holonomic right D-module on X, = P! twisted by
Op1(=A(hj)). Let il X — X/SS" be the closed embedding.
Then if M = (i; ;, M), € Hol(\).

=1
IS,' ,/*

Theorem

W(X, g M) ZU g D4, H/ (P, M) as g-module

Together with the description of the cohomology of twisted
D-modules obtained as direct images from X, N s;Xs, = C* < P!
(arXiv:1509.05299 [math.RT])
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The case w = s;

Let M be a holonomic right D-module on X, = P! twisted by
Op1(=A(hj)). Let il X — X/SS" be the closed embedding.
Then if M = (i; ;, M), € Hol(\).

=/
IS,' ,/*

Theorem

W(X, g M) ZU g D4, H/ (P, M) as g-module

Together with the description of the cohomology of twisted
D-modules obtained as direct images from X, N s;Xs, = C* < P!
(arXiv:1509.05299 [math.RT]) this gives a description of the
g-modules W(X,R?Si(/\,a)) for j € {0,1} and all values of 2, \,
in terms of the above R(\, ) and obvious modifications thereof.
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Exact auto-equivalence s;, of Hol()\)

€

The automorphism s :=5; = e%e~fie® of X descends to affine

morphisms s/ 72 : XE_”A’ — X" for w such that s;w < w and

A >4,
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Exact auto-equivalence s;, of Hol()\)

€

The automorphism s :=5; = e%e~fie® of X descends to affine

morphisms s/ 72 : XE_”A’ — X" for w such that s;w < w and

A > 4.The functor s,’jA is an exact equivalence

(520, <w(d) __ O <wl®) __
Hol [ D T Xy | s Hol (D X,

<w <w
XH—A Xl
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Exact auto-equivalence s;, of Hol()\)

fie® of X descends to affine

The automorphism s :=5; = eSe™
morphisms s,J“A X,j_”A’ — X " for w such that s;w < w and

A > 4.The functor s,’jA is an exact equivalence

(s,’M)*ong(A) - Oxgw()\)
Hol ~. 7 X, | = Hol T X |
X/?-A X/

Identifying (s, 74)* OX <w(A) = Oy <w(A) we get an exact
1+A
auto-equivalence of Hol(\).
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Exact auto-equivalence s;, of Hol())

f

The automorphism s :=5; = e%e "ie® of X descends to affine

-‘rAX

morphisms s, TA — X " for w such that sjw < w and

A > 4.The functor s,le is an exact equivalence

(s12)70, <w () Oxgw()\) .
Hol (D ., 7 X, | — Hol T X |
X/IA X/

Identifying (s;72)* Oy <w(A) = Oy<w()) we get an exact

1 1+A
auto-equivalence of Hol(\).
Theorem
Let M € Hol(\). Then H/(X, 5, M) = H (X, M)%, where (-)%
is the twist of the g-module by the automorphism s; = e e~ figSi
of g.

40



The case of R.,())

Let us abbreviate the isomorphism class R, (A) = Raw (A, @)

when « € Z (trivial monodromy).

41



The case of R.,())

Let us abbreviate the isomorphism class R, (A) = Raw (A, @)

when « € Z (trivial monodromy).

Theorem

Let A + p be regular antidominant. Then
HO(X, Ruw (X)) = R(w - \)V as g-module.

41



Sketch of proof

Lemma

We have an isomorphism of g;-modules

B HUX, Raw(N)) = Cur @RT2((w - X)(hy))
wE Zaji+w-A
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Sketch of proof

Lemma

We have an isomorphism of g;-modules

B HUX, Raw(N)) = Cur @RT2((w - X)(hy))
wE Zaji+w-A

Thus we have an induced morphism
¢ R(w-A) = HO(X, Ruw(N)) of g-modules. Source and target
coincide as h-modules. In order to prove that ¢ is an isomorphism

it suffices to prove that it injects.

42



We have a short exact sequence
0 — siuBw(A) = Riaw(A) = Bsw(A) = 0

in Hol(\). Here B, () is the #-direct image from the Schubert cell
Xu-
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We have a short exact sequence
0 — siuBw(A) = Riaw(A) = Bsw(A) = 0
in Hol(\). Here B,,(\) is the x-direct image from the Schubert cell

Xu-
We have m(X, sisBw(N)) = W(X,BW(A))g = 0. We get a

surjection HO(X, R (X)) = HO(X, B, () and hence an

injection

¥ HOU(X, Bsw(N)Y < HU(X, Ruw (X)) .
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surjection HO(X, R (X)) = HO(X, B, () and hence an

injection
¥ HOU(X, Bsw(N)Y < HU(X, Ruw (X)) .

By Kashiwara-Tanisaki '95 HO(X, B, ()))Y = M(sjw - ).
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We have a short exact sequence
0 = $i.Buw(A) = Raw(A) = Bsw(A) =0
in Hol(\). Here B, () is the #-direct image from the Schubert cell
Xu-
We have m(X, sisBw(N)) = W(X,BW(A))g = 0. We get a

surjection HO(X, R (X)) = HO(X, B, () and hence an

injection
¥ HOU(X, Bsw(N)Y < HU(X, Ruw (X)) .
By Kashiwara-Tanisaki '95 HO(X, B, ()))Y = M(sjw - ).

Similarly, we get an injection 9% : M(s;w - X)% < HO(X, R.w(N\))V.
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Lemma

R(w - X) does not have nonzero g'-finite vectors.
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Lemma

R(w - X) does not have nonzero g'-finite vectors.
This lemma implies
Proposition

Any nonzero submodule of R(w - \) intersects the submodule
M(siw - \) @ M(sjw - \)¥ nontrivially.
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Lemma

R(w - X) does not have nonzero g'-finite vectors.

This lemma implies
Proposition
Any nonzero submodule of R(w - \) intersects the submodule

M(siw - \) @ M(sjw - \)¥ nontrivially.

Apply the proposition to ker ¢. Note that ¢| M(sjw - A) is a

nonzero multiple of ¢ and similarly for 1% to conclude ker ¢ = 0.
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