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Complex Geometry - Homework 1

1. Problem
Let D1 ⊂ Cn and D2 ⊂ Cm be two open sets, F = (F1, . . . , Fm) : D1 → D2 a C1

map and g : D2 → C a C1 function. Prove the following:

a) Given a C1 curve γ = (γ1, . . . , γm) : I → D2 defined on some open interval
I ⊂ R one has that

∂(g ◦ γ)

∂t
(t) =

m∑
j=1

[
∂g

∂wj
(γ(t)) · ∂γj

∂t
(t) +

∂g

∂wj
(γ(t)) · ∂γj

∂t
(t)

]
holds for all t ∈ I.

b) One has

∂(g ◦ F )

∂zj
=

m∑
j=1

[(
∂g

∂wk
◦ F
)
∂Fk
∂zj

+

(
∂g

∂wk
◦ F
)(

∂Fk
∂zj

)]
.

2. Problem
Let f : Cn → Cm, f = (f1, . . . , fm) be a map of class C1. Write fj = uj +

√
−1vj

and consider f = (u1, v1, . . . um, vm) as a mapping from R2n to R2m. Denote by

JR
f (z) =
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∂y1

...
...

...
∂vm
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
the real Jacobi matrix of f . Furthermore, set

Jf (z) =

(
∂fi
∂zj

(z)

)
1≤i≤m,
1≤j≤n

.

a) We have an R-linear isomorphism Tn : R2n → Cn, (x1, y1, . . . , xn, yn) 7→ (x1 +√
−1y1, . . . , xn +

√
−1yn) between R2n and Cn seen as real vector space. Then

TmJ
R
f (z)T−1n defines an R-linear map between Cn and Cm. Show that f is

holomorphic on D if and only if TmJ
R
f (z)T−1n is C-linear for all z ∈ D.



b) Assuming that f is holomorphic, show that the transformation matrix of
TmJ

R
f (z)T−1n in the canonical bases of Cn and Cm seen as complex vector

spaces is given by Jf (z).

c) Asumme n = m and that f is holomorphic. Show that

det JR
f (z) = |det Jf (z)|2 .

d) Asumme n = m. Show that

det JR
f (z) = det

Jf (z) Jf (z)

Jf (z) Jf (z)

 .

e) Let D1 ⊂ Cn and D2 ⊂ Cm be open sets and f : D1 → D2, g : D2 → C` be
holomorphic maps. Show that g ◦ f is holomorphic with

Jg◦f (z) = Jg(f(z))Jf (z), z ∈ D1.

3. Problem
Let D ⊂ Cn be a polydisc of multiradius r = (r1, . . . , rn) centred in a ∈ Cn,
f ∈ O(D) a holomorphic function and α ∈ Nn. Verify Cauchy’s Estimates:

(i) |∂αf(a)| ≤ α!

rα
sup
z∈D
|f(z)|,

(ii) |∂αf(a)| ≤ α!(α1 + 2) · · · (αn + 2)

(2π)nrα1+2
1 · · · rαn+2

n

∫
D

|f(z)|dVCn ,

where α ∈ Nn and ∂α =
(

∂
∂z1

)α1

. . .
(

∂
∂zn

)αn

.

4. Problem
A function f ∈ O(Cn) is called an entire (holomorphic) function. Prove Liouville’s
Theorem: Every bounded entire function is constant.
Let f be an entire function, and suppose that there exist a multi-index α and a
constant C > 0 such that |f(z)| 6 C|zα| for every z ∈ Cn. Show that f is a
polynomial of degree at most |α|.

5. Problem
LetD ⊂ Cn be an open set and {fk}k∈N ⊂ O(D) a sequence of holomorphic functions
which converges locally uniformly to some function f : D → C. Show that f is
holomorphic on D and ∂αfk → ∂αf locally uniformly on D for k →∞.

6. Problem
Let f(z) =

∑
ν∈Nn cνz

ν be a power series with non empty domain of convergence D.
Show that



a) f defines a holomorphic function f ∈ O(D),

b)
∑

ν∈Nn cν (∂αzν) converges to ∂αf locally uniformly on D,

c) cα = 1
α!
∂αf(0) for any α ∈ Nn.

7. Problem
Given r = (r1, . . . , rn) ∈ (0, 1)n, n ≥ 2, consider the set H(r) ⊂ Cn defined by

H(r) ={z ∈ Cn | |zj| < 1 for j < n, rn < |zn| < 1}
∪ {z ∈ Cn | |zj| < rj for j < n, |zn| < 1}

and let D ⊂ Cn be the polydisc of radius 1 centred in 0.

a) Show that H(r) ⊂ D is a domain, that is H(r) is open and connected.

b) Prove that any holomorphic function f ∈ O(H(r)) has a unique extension
f̃ ∈ O(D).

c) Let U be an open neighbourhood of ∂D such that U ∩D is connected (∂D de-
notes the boundary of D ⊂ Cn). Show that f ∈ O(U) extends holomorphically
to D ∪ U .

d) Let U ⊂ Cn be open, a ∈ U a point and f ∈ O(U \ {a}). Show that f has a
holomorphic extension on U .

e) Are c) and d) valid when n = 1?


