
We Introduce the quotient topology an R '
: UCP '

is open

by definition , if E
'

1 U ) is open In a ' { 03 .

With this topology

IP '
is Hans dorff and compact and I is a continuous map .

We define

two charts as follows :

Uo = { [ Zo
, Ze ] E P '

: zo to } , yo : Uo → a
, yo ( [ zo

,
Z , ] ) = 2¥

4= { [ Zo
, Zi ] E P '

: znto } , if: U
,

→ a
,

4
,

( [ zo
,

Z , ] ) =¥
One checks that % and y ,

are home omorphisms and yj
'
( z ) = A , ⇒

,

yit ( z ) = [ z
,

1 ] ,
thus yppj

'

, yooyjl : �1�
*

→ e* are equal and given by

the biholom orphic map z 1- > tz . Therefore IP
'

is a Riemann surface

endowed with the atlas { ( Uo
, %) ,

( 4,4 , ) } .

( iii ) Tori Let wz , wze ¢ be linearly independent over IR
, equivalently

In (¥2) to
.

This means geometrically that the vectors OJI ,
052

are not coli hear
.

The subgroup 17 of ¢,
t ) generated by W

,
and wz Is

called the lattice spanned by w
, , wz and has the form

M = Kw
,

+ Zwz = { m
,

w
,

+ mzwz : mn , mze Z }
.

Two complex numbers z , W E Q are called equivalent modulo P if z - WEP

that is if there exists yen with z  = wtf ,
so that z  is obtained from

w by a translation with yer .
The set of all equivalence classes is denoted

by 1417 .
The equivalence class of z is denoted [ A and the map

I : E → 14 p
,

Rlz ) = [ z ] is called the canonical projection .

The set Ehn has a nice geometric realization as a parallelogram

P = { ze ¢ : Z  = a w
,

+ bwz
,

a
,

be [ °
, 1) } . Every point In Cl is



equivalent to a point In P and no points of P are equivalent .

Actually , every ZECI can be written uniquely as Z = aw
, tbwz

with a ,b ER and Z  ~ Z
'

⇐ { a } w
,

+ { b}WZEP ,
where {x}E[ 0,1) is

the fractional part of xe IR
.

Moreover
, z

'
is the unique point

from [ A in P
,

[ z]nP={z ' } .

Thus I :P → Chp is bijective .
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Since points on the opposite edges of the parallelogram P are

are equivalent ,
2- ~ Ztw , ,

Z ~ Ztwz ,
we can glue these pair of

edges together and obtain a torus
.
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We Introduce the quotient topology on 6/17 :

UCCHP is open :# Ti '

( U ) is open in 1C
.

One checks that this Is indeed a topology and I is then

continuous
.

Since 1C is connected
,

then 14in = I (a) is connected
.

Since F is compact also �1� / in = I (F) is compact .
The projection

I is an open mapping ,
that is

, maps open sets to open sets
.

Indeed
, if V c G is open ,

then E ' ( END = U &+ V ) Is open ,
so

ret

it ( V ) is open .

We define an atlas on eh '
in the following way .

For any ZEE

let Pz = { z + aw
,

+ bwz : a ,
be ftz , E) ) be the open parallelogram

centered at z
.

Then Ilpz : Pz → I ( Pz ) Is a home omorphism :

it  is bye ctive
,

continuous and pziefypzj
'

is continuous
,

since it

Is open .

p
z

.
z

It is clear that the sets { IIPZ )
,

Ze ¢ } form an open covering

of ¢ / P
.

Let zn , zze 1C
, y ,

= yz , , yz = yzz .

Let U = R ( Pzn) n I ( Pzz)

and let f= pzoyjt : 4. 1 U ) → pz ( U ) .
Thus f l A = ftp.dttlpzl ⇒

so k ( f (A) = RH )
,

that Is ffz ) ~ z
, f ( z ) - z  = wlz ) e P

.

Since f  is continuous
,

also w is continuous
.

Now P is a discrete

set
,

thus w is a locally constant function ,
so holom orphic .



The transition functions being holom orphic ,
It follows that

{ ⇐( Pz)
, yz ) : z E E } Is a hole morphine atlas on Q/p ,

which

becomes a Riemann surface .




	Lecture_02
	Lect21

