
For the study of Riemann surfaces it is necessary to consider also

branched coverings .

3. 8 Definition Let X be a topological surface .
A branched covering

is a pair ( Y
, p ) consisting of a topological surface I

,
called

covering space ,
and a continuous map p : I → X

,
called projection

or covering map such that the follow ig holds :

Each point x E X has a connected open neighbourhood U such

that if p
- '

I U ) =L Vj is the decomposition of F
' I U ) in connected

components
,

for each j ET
, p

- '
( x ) n Vj consists of one element  

yj E f
'
GD and

there exists charts y : U → E
, y :
V.

→ a with 464=0 = y ly)
,

and
j j y j j j

P (Vj ) = U
,

fjpyj
'

: Yj(Vj) →

Yj
l U )

,
Z I → z nd

'

( nj 21 ) .

The number nj
 = V ( p , Yj ) is called the

multiplicity
and r ( p , Yj ) = nj - L is

called the ramification order of pat  yj .
A point y; E p

' '
Coc) is called

ramification( or critical ) point off if v I p , y j ) 22 and regular point

if Vfp , y j ) =L ( in this case ply . : Vj  → U is a homeomorphism ) .

A- point x EX is called regular value of p if all points y E p
- '

Gc) are

regular ,
and critical value if there exists a critical point y e p

- '
Gd .

3
.

9 Theorem Let p : Y → X be a proper holomorphic non - constant

map b et wenn Riemann surfaces .

Then p is a branched covering .

Proof Sincep is holomorphic and non - constant
,

we know that p

is surjective and has discrete fibers .

and concludeas in Theorem 3
.
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Since p is proper the fibers are finite .

Let x e X and set

p
"

( x ) = { ye , . . . , Y n } .

We follow the proof of Theorem 3
.

6 with the

necessary modifications .

We choose namely charts (Uj , yj ) , (Wj , Yj )

around x and yj such that

4,64
= o = Yjlyj) ,

and P IWj) = Uj and

4JPY51 : Yj(Vj) → y I U
.)

,
z , → z hi

j y

and conclude as in Theorem 3
.

6
.
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10
Theorem Let p : I → X be a proper branched covering .

Then the

set R c Y of critical points and the set pl R ) of critical values are

closed and discrete
.

The map I l F
'

( p ( R )) €7 X ' p CR) is a proper

unbranched covering .

Proof If  y EI is  a regular point ,
then p is a homeomorphism in a

neighbourhood
V of y ,

so all points of V are regular .
Thus the set Y ' R of

regular points is open ,
so R is closed

.
Since p is proper ,

also p ( R ) is

closed
. By the local form of p around a critical point it is clear that

R and p ( R ) are discrete
.

The map I l f
'

( p ( R )) €7 X ' p CR) is a proper local homeomorphism

so by Theorem 3
.

6 is a covering .
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Theorem Let p : I → X be a proper branched covering where

X is connected
.

Then the function d : X -7 IN
,

d I x ) =

,pq⇒V(p, Y ) is

constant and it is called the degree of p .

The conclusion means that p takes each value of x EX
, counting

multiplicities
,

d times
.

Note that by definition of branched coverings

p
- '

C x ) is discrete so finite , p being proper ,
see 3

.

5 (3) .

Thus the

sum defining dog is finite so d I x ) E IN indeed
.

Proof Let R C I be the set of critical points . By Theorem 3 . It the

map Y ' P'
'
( pl R )) → X '

P ( R ) is an unbranched covering . Being proper

it is a finite covering .
For x E X ' p I R) and y E p

- '

Coe) we have up , y ) -

- I

thus d I x ) = I p
- I cool is the number of sheets of this covering , say d

.

If x Ep ( R ) consider neighbourhoods U and Vj as in the definition .
Then

for x
'

E U I Ex ] we have I p
- '

Cody
= d and I p

- '

Gd
) n Vj I = nj

 
= V ( p, Yj ) ,

since on Vj looks like 2- ↳ Zhi
.

Hence

d = d Iod ) = I I F
'

Gi ) n Vj) I = Every ;) = disc ) .

j E ] Yi E f
'
Coc)

3.

12
Example A polynomial P E G G-] of degree n > a can be

considered as a map P : I → I with P (a) =D
,

which is a

branched covering of degree n -

- deg ( P )
.

The critical points

are the zeroes of P
'

and a
.

Note that P
- '

(a) = { a ) and v ( P
, a) = n .



3.
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Theorem On any compact Riemann surface every non constant

meromorphic function has as many zeros as poles ,
where each

is counted according to multiplicities .

Proof A meromorphic function is a holomorphic map f : X → I
,

thus a branched covering of degree d
.

Then

E '

, Uff ,
x ) = d = E Uf ,

x ) . .

KE  f ' Yo) x Ef
' '

(a)
- -

Number of zeros Number of poles

Proof of Theorem 3.11 : Fiber of x in red
, fibor of od in green .
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