As examples of branchhad coverings we considar nowr Riemann svrfaces

of ollgpbraic Punclions. Jok ws construct the Riemann surface of the. Finckion
V2. This Pinction s mulkivaluad , Ahat is for cach 2 we fave Awo-
hoites Lov Ahe volus of VZ, 55 e dorth Rove. o funchion in he axsurl
somse. We sholl construct o Riemann surface om whidh V3 becomes
an msuol hslomevphic fundhion. To see the problom, sot
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where arg: C*— (-7, As Ahe main bramch of khe argument. Thon
2 € {-ﬁ(ﬁ),fz(z)ﬁ. The argument is conlinuous on CyR_ but is net
conkinuous om khe Maaiiva oous [R_ amd ﬂ\%pu 4ump 04- 2 for aelR_:
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HOR

Thare is ne continwows exhomsion of Aha funchions £ or P, ever Ahe
holf-line R_. The graphs of £, amd £, hove o "cut” over R
Riemann's idea was ko axtend. Ahe fonction f, Ly khe passage. over R_
with khe fraclion £, by glueing the kwe graphs.



Grap h (rz)

Graph L)

Tha Ame- graphs are Awo- copies of CVR_, & Aomesmorpism is givem
by 21— (2, §509), j=1,2. We glue now Ao wpper side of Aha cut on the
firsk copy wuith Ma fowar sida of Ahe cut om Ahe Secondl copy (in red)
and. Ahe Lswer side ow khe firsh copy o Ahe mpper side of Ao second..
We can oo Ahis withowt self-intersections amd we obtoin a surface
X awhich is Ahe uniem of Awo copies of CVIR glued aa obeve. This 4s
indaed o Riemann sucface. We Rave Ahe charts (z,f(2)) 72 outside
kha cuds, buk aloo in Ahe naighbourhood of Ake cut points @, (a)
With a e R_ we Rave paramatrizations of Ahe form B (x) —> X

(Z»'ﬁ\(*)) )LF Imz>v0 L (Z"fgci')) ,LF Imzv0
=TT (2,£,2)), 4f Tmz<o (Z;f,l(z)), i Imz2<o0



whicd are wdﬂ~o‘b{4’.f\aok by Aho wWay we %.ueol khe %m'aks ‘We could
adbuoﬂﬂa chosse ary Awe- corlinvenn determination 'F'.'.: B (@Q—>C of the

syuare rest, i Graph (£,)
i Graph (194)
Graph (£,)

'E_x./

Tha inversa o} Ahese. paramelrizations give charts en X\ §ol,
where O€X khe point sbhaindad by gluing tha origina of the Awo
plares, orresponding ke M poink (0,16)= (0,9) of kha graphs.

Tn. ke, naighbowhood. of O we construck khe following chartk.
Ficsh obawe in khe raighbousrhood of ©,0) Ahe graphs of £ andk £,
are homeomorphic Ao Redf-discs by khe maps (&, 6(2) —> £ @,

Graph{f;) Graph (£,)




By gluing khe Awe siks me obnin o naighbeurRsed of O ia X
whidh is homeomorpfuic koo o dise by A map 2,f,2) = fi(2) on
kha eighk holf-dise amok (2,£,(2) = £ @) om the LfA dise.
Using Ahis chark near O amd kha charts daseribed, above om XM {O)
we form o holomerphic aAlon om X whick bacomes o. Riemann
surface.
Lok ws intreduce bha map p: X—>C, p(z,5@) =2, The charks
on X\ {0y are focol restrickions of £ so ik is obvisus thak p s Asle-
merphic on XM {0}, Tha Bocol expression of p sin khe chadck near O
As {] ) — (3, {-’5 @) 72 abso wi—> W thus P As Islomorphiic
o X. Moreover, P 4s a bramched covering of dagres Anue- wikh
branching peird. O.
dot ms introduce khe map

f:X=C, £@EHE)=EG, 4=12
This map is continuous near the red and green ines om X sina
Hhare khe Binction £, edands continuorly inko £, Uhsing Ahe aféas
above. We s2a eanily hot £is halomorphic ow X. We have £()<2
thas £ is Ahe single-valued helomorphic funclion ew £ha Riemann
suface X representineg Aha muwlkivalued Lunction Y2 em C.



We examire next khe Riemann surface of V2 from a more anddiic
poink of ariow. Jok un key ko construck khe graph of W=Y3E.
MNow w=\2 is eguivolindk ko W'=2 s> Lok ms Consider khe sek
X={(G@me C*: 2=m}={ (Wim)E C weC}
This xs khe graph of khe fundion a0 5mw? over khe w-axis.
Tha projection £,: X— € | £(2)w) =W is well dedined amek dlune
Ao A (Wiw) = W) Ahis can be considated an kha fundien 21913
Tk is dear khok X is o Riemann sirface. We am aklon formed by
omly owe chork, namely B, “Tha inverse As B, (W) = (W M)
Wickh ospeck ko Rhis skrvdtiare Hha finckion #, is Relomorpnic amd
X is ackmedly biholomephic e €. The projection f,: X— C,
AP, @) =2 as odoo halomorphic | acluolly a branchad covesing
wikh Awe shaks omdd o kmmokzna peink ot O=(9,9).
We wish ko axamine the Riemann surface X ok infeniky, which
means for 120, \w| very Large, Consider tha set U= {we C: |w[>4]
omd X, = femy: weUd. We define khe chark «: X,—C
P (W mw) = L bl s Joacdy compatible with £, Moreover,
Kha dmoge of X is khe pinctered unik dise D'=fued : o<jul<4l.
and @ (Wim)— 0 for Ww—0, L.e. Wham (W) Aemdn ko infinidy”
en X. Tha idea ccours Ao irkvodmen o poink 00y ok Anfinitky om X
whidh showld be mapped ko- O by ¢. We kobe a point o, &X



omdk form kha mnien X= XU ooy} khe oma peink compackifecodion

of X, We Arkroduca o kepology o X by adding ko Aha wsnol open

seks o} X Aha opon naighbourhoods o} o6, twhick ase by defimikion

of Aha form {@M)eX: Iw>RY U foox ) for any R30. The map
¢ /iu =Xgu{2x} =D, F(e)= {‘«Lu A o= Win),

O i &=y

is 6. homasmorpRism and e sz 1k an a chart ok infidy on X.
Togebhar ikl P, Ahay Lorm an atas om X, nehick becomes o
compack Riemann surfoce.

Tha ap £,: X =T =T, dedivad by extending p, wibh £ (09
= 0, £ biholomorphic , khus X £s bihdermorphic Ao T.

We axhendd the Linction p, As B, :X— T, by sebting ZACHEER
Using khe chark 2 53 n he neighbaurhood of <0, | kha local
fomed B 4s D =D, w—> {(‘\%"”‘%) ’ ‘W:l:o} \—>#l——>fw".

SOx y =0
T&MS ’/ﬁ AS B\BQGJ\MMP&;C amd £s o brandhed Cov-em'm% 04. @ ik
Ao sheets amd Awe- Bram:ﬂ\ic\a points ak (0,0) amd o0y .



