4 Riemann svrfocas an ollagbraic curves

Tha %a.ai 04 Ahis ,faragra.fk is ke .s/tuolj Riemann surfacen giveh
by /Fs(»gnvmxaﬂ_ egm)blen.s in Ahe affine spaca C? omd P /fDrOJ,sz,VQ.

Space P2

Definition 4.4 A plane afline olgebraic curve As Aha 2ero- sak
in € o] o polynomiol Pe C[2,w] in Aro complax Araciobles :
V(P)= {@w)eC*: P@a,w)=0].

JE P Ras ne mwlkiple fackors in iks decomposition in prime
fackors khan V(B is callad o curve of dogree dogP. The curves
of degror. oma are. kha (eomplex) Binas | kha curven of degras Ao
are colled guadcics (eircle, oflipse, parabola, hyperbela), kha
ewrves of dagree thres are calladd eunbion, those of oleanes fomr

rzuaﬁbius, those of dagree five are eninlies amdk so om.
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Note that o pelynomiol P determints compledely V(P) as o net,
but V(P) doesn't dekermine P. For example , V(") =V (@) as Ahe
w-axis, More. guneraly, V(B B*)= V(BB for every pobyne -
mals B, B This is ahy in Ahe definibion of Ahe dagrer of o
evive e eonsider owly pobynomiols avithout mulkple Arveducibly
fackors, Tk is easy Ao sae khat V(PR)=V(P)UV(Q).

A wrve C ss colled reducille Af it is Ahe wniom C=C,UC,

of Awo- curver Cp omd C; ,whaie C, C, #C.

Otheravise C is collod ireducible .

4.9 SMOLZ)S IQW\W\Q- Jut Pe C (_2)’\10:\ be Arredmeible and Lok

Q e C [Z,M] svch khok \/(P) CV(Q)) khot is Q nramishos om V(P}
Them Pdivides @ in C [2,MW],

The asserion is very easy for polynomials in one variable ,since
for QeC2], QD=0 implies Aot 2-0 divides Q. Tn C2m]
Aha sproel is mere involved. cActuolly , Study's Jammo. £s o pactionlar
case of a control resulk in olgebraic geomehry, Hifbort's Wull -
shellmsakz. An immediole conseguemte of Shudwy's Lamma. 43 the
Lolloming:

Corellary A curve C is irvedmcible if amd oy if there exisks

an Arredmclole faﬁanpwdafl P with C=NV(P).



Tn khe Languoge of olgebraic grometvy Ahis cam be formulated as
folows. Consider Ahe st F()={QeTzM™]:CcV(R)] of pelyromsials
rvanishing on C. J2 is asy ke chack khak J(C) s an idaal in € [2,m],
colled Ahe idool of C. Thon we have :
A owrve C 4s irvedicible if amd omly Af khere exisks an irredmeh e
polynomisl. PeClzn] awith )= (P)
Jo prove rhe asserkion , assume khok C=V(Q) is irredmaible. Sine
Clam] £s « uniguwe fackerizotion domaun, Q:gf'...gf\"‘ , Where 9,,...,9,0
are irfedmcible amd coprima. We have V@)=V(9) V... UV(3,). T m>4,
khem V(9,)#V(Q) for any A, Indand, ££ say V(3)=V(Q) 2 V(35), Eran
2,19, by Study's Jammo, which is impossible. We sbhain a decomposi-
kion o} V(R) xn propar subcurves, which s o eonkradielion.
Convarselry, K& C=V(PK) mith Pirredmeible , and C= C,u C, wikh
Ci= V(R andk C,=V (R) khom for any irreducible fackor £ of F me
fave. N(P)=V(PX)2V(B) 2V (x,). By Study's Famme. p|P s>
P=cp, for nome ce@* Thaelra V(P)=V(B)), for j=1.2.

Corellary Tf C is o curve khan khare are irreducibe curves
Cyye ) Cp such Ahok C=CyU...U Cpy andd C; G C; for 45,
Mereover, £ D € C s an irreducible cwve khen D =C; for some 4.
We coll C,,..., Cp khe Afredmcibe comporents of C.




Tt P=Br. P* khe decomposition in ireducible Loctors of
PeClzm]. Thon V(P)=V(R)U...U V(F,) omd for itj we Kave
V(B)# V(B by Study's Lemma.
Jf D C s an imedumcible ewrve, thow C=V(Q) for some Arveducibla
rlynomial Q. Since V@SV (P), @ divides P. Since KLzl is
is o unigue Lackeritokion domain, Q=c P for some £ amd ceC*
Thus D=C;.
Due Ao Ahe decomposition An irredincible componemts, me mainly
shudsy Aevedmabe cuvves.

(Froof o Studny's famma. We mse khe follouing kwo Laims.
(oim 4 For any nonconstank, PE T[] Ahe set V(P) 4s infinite.
Wrike. Peyw)= W'RE) +W" 'R (@D +...+R@. T P@EMW)=RE) wikh
degf, 74, khen (2,W)€V(P) for any root 2 of Pand any we €. I dug Py4
Ahan for any fixed 2, khe polynomiol Pam) € C(w] has ok Leank
one 2are- (4n fack dag, P). Sincs khare are infinikely mamy 2€ €, khis
proves the loim.

Uaim2 Sk P,Q & Cl2,m] be coprime. Thon V(P) NV(Q) «s finite .

To rbhaw khis we artem P, Q an 2laments of CE)[W], whare C(2) is khe
feeld of rokional Bnctions in2. By the Gamss Lemma, Pomd Q are
coprime in €@ W], Sine CE) is o feeld, CAR) is an Euclicloan

ring | SO P, ‘ob}v\% coprima khere exisks v =r(2)e C(2) and q,b€ (E(*)[Wl



ikl
r (@)= a@w) P@Ew) + b Q(z)w)

— %,(2 ) l"ole W)
—%—(2{—)‘ P(&,‘W) + m- Q {2)M)

wit pslynomials ac,ay,bo,b,. Afker claaring danominators in 2 me gek
am egualion of pelynomiols

R@) = Alw) Pw) + BEW)QGEMW),
Nows for amy @,m)e V(P)NV(Q) me have R(2)=0,mbhidk can happen
oy for finitely many wolues of 2. Rapealing khis arqume~d auith
tha rolas of 2 amd w switchad e finde khak khare are finikaly many
volues of w sudh khat (2,0) € V(P)NV(Q). This proves kha claim.
We prove now Shmdyls Jamma. J§ Pdivides Q ik is cfoar bhak
V(P) V(). If convarsely V(P)CV(Q) Ahen V(PYNV(Q)=V(P) avhich
as infinike by Caimd. Qaim 2 Amplies khat P, Q are not coprime..

Since P xs irredmcible, We concluda thak P divides Q. %

Algebraic eovves are in genaral not smeoth s we Losk for crikersa ho
fead Ahe smookh ,‘:oi.mlts.

4.4 Delintkion Lok UCC be opom amd d: U—> C> be hslsmeorphic
Mhot s D=, 6,) with B DU C holsmerplic. Thamap P 4s
colled paramersization £f ¢ : U — D(U) 4s o homeomerphism and
¢')= (¢, ¢ (2)) # (99 for wery 2 UL




St D c C*be opom. A fuvwﬂorv\ -F: D> C is collod J\Bst\efr'p\ic
£ ik is of dass e as functhon of four real voriobles amdh
g\s{.&r\n&rpﬂ\ic An FYN coMF-QUc ‘lrarA',oLIo-QQ, A.C.

—fé_g_:o omo{ 94—_:0 An D

22 oW
gxamrﬂ% ore Foﬂrdvmmokﬁ/) P(Z,M)GG:EB,'W} and r‘thionaQ -FVnciionS
Rew)e CRW) en kheiv olomasn of 0!141‘4\&;’&('0“.

Ll.3TkﬂG¥em(lmpM Lunction Thasrem) Fot (20,w,) € V(P) such

khok 2B (o ) k0. Then khare axisk disea B,= By (23, B2 By (W)
in € and o holomerphic funcion §: B B, such khak

V(P) n(B‘x B, )= Grap y = {(z,\(’(ﬁ): 2eB, ]
khat is V(P) is Ahe graph of o Aelomorphic funclion ¢=p(2)
rear (2.,W).
I 2L mF o, Ahon in some neighbourhood B,xB, of (200,
V(P is khe graph of o helsmorphic funchion =y (w):

V(P) n([@x8,)= GrapV = {W@)M): we B 1.
J 25w 40 and 2EowFo0 than khe Awe folsmorphic
funcbiows are inverse ks aath chher,

GD(O-G_P.E ‘We arpﬁa Ahe A’.mrQAdft .fundblgvx kheovem -Co( reod mops,
Denote 2=x4iy, W= ueiv- so L2w)= £(Goy,uv) s o map from Rt R

Tha .fur\c)komoi detevminank I?; (i\)f\%

wik renpeck Ao w0 As Aha



Joacobs matrix of Ahe mop (U, V) —> (£, £, W), which £s Ralo-
merplic, By the Camchy - Riemann eyuations for khe variable w,

I’a(&,\ez _ |%€ \7—
M

2 (u,v)
‘AFF%‘I"“a khe. A'-mfglio:/‘t -f\lnc)biev\ kheover we sbtain o {-’unciiov\ ¢ 0{ Lass C

such khat V(P)ss ,roaﬂz its graph. Then {3(2,\(’(2\\:0 Ans

O= —-?(2)\3(2)) -F(z,i,‘[’(l),\f_@))

= _F.gz ?f 2z _£ __@ P
Q2 22 Z T MW 5_ MW 2%
=2t ¢
oW T

s ) - !
SAnCe %:O—fg—% andk 5722.'=0. Now %(&,‘(’(&D*O on B« So %—%:o e‘v\B,‘

Motk is, ¢ As hslomerphic. Y
4.5 Theotem Jot X @ The folllowing are eguivolomt
(A) Fev ony Poik (2o,Wo)E X Ahare wxishs an opam sek DCC” and.

A parametnisokion ¢: U= X nD.

(i) Fov any poiak (2e,W)EX Ahare wushs an opom st DCC™ and
a Rolomorplic map £:D =5 € such that (2£,28)% (9,0) o D and
XAD = £&) for nome ceC.
() Xis Locally Aha graph of o holsmecpluic fundion everthe 2-ais
or over ihe aw-axis.

The pros] follows from khe implicct Punchion khasrem. TFor axample
if 99(*»»"”«») +0 Ak map ¢:B, =X NBxB), 2+ (2,9(2) is o



MM"‘“F‘N‘SM omd 45'(1\:(4)(?'@)’}‘(0,0)' j\f %%(2")'\“’0)*0 khe same
Polds for B, —XN(BxB,Y), Wi (Y(m), W),

I ome of Ahe conditions &)~ (4id) ace flPilled awe soy Ahak X is o
Cp\m!onX submomifold of dimension oma of C*

4.6. Theotem Fok X be o connecked. complax submamifslol of dimension
ome of €2 Than the projeckions on the 2-axis and W-axis Anduc
Locol homeomorplhism onks epem suks of € nohich form o felsmorphic
okas. Wikh Ahis sheuctisve X s o Riemann surfoce, colled embeddad
Riemann svrfoce in C*

Proed Bue Ao 4.5 (1id) for every poink (2.,W)EX Ahare 2ocisk
B,= By, (2), B,=By, (b)) in C avch Ahak one of Ahe Awo- situations occur:
@) There exisks o hotomerphic funchion ¢:B—~B, wikh Xn(Bx8)=
Graph(f). We dofine o chart on X by Xn(Bx8,)2 (2,9(2) 7 2B,
(b) There esisks a Aotomevphic function Y:B—=B awikh Xn(BxB)=
Graph (W)= T (Y )0): weBY. A dhart is given by ("P(w),) —> W
We frave khws a collaction of charts of twe &inds whidk covar X.
We have ko chack Ahak khe Aransition maps are Aolomorphic.

Tov charts of Ahhe Pirsh find Ahe Aranzidions have khe form 2 o2,
and bekmween second Lind khe Lorm M0 | on approprioke
inkercections of dises. e hransikion bekmenn a chart of furst



Lind and secondd find has the form 21— (2,9(2)) — €(2) amdl
Ahis is I\&Q&morr«p\k. %
We decuce immediotely the following.

Thaorem 43 FLok PeClan], D CC*opom and X=V(P)ND.
Assyme Ahat ok amy peink (2MW)EX we have (g—:— >%—E\,\¢ (0,9).
Thon 2ach conrected comporent o X Aas a strwchare of o

@Co_manr\ surfo.cz.

M'\A_/{&QA Jot C ba om O‘Q%Al:l’a-«'c WYV Ah (E-‘.-

A poink (20Wo)E C is callad vagullac £f Ahare exisks an open naigh-
Lourhsod D€ €7 of (2o,1.) such Ahak CAD is o complx submanifold
ol € of dimomsion one. A poink (2e,W,)EC is callad Singmler if JA
ks et regular. Tha sek of reqWlar/singullar poinks is denckad by

Reg V(P) [Stng V(P).

If Rowo)€ C reqular Ahete txists an opam set DCC  ond o parame
thisokion d: U= CnD.

Tery commacted component of RegV(P) 45 o Riemann surface. The
charts are given by he dnverses of kha parameluzotions &' (V) U,
To chack Aha compatibiliky of Ahese charts reguires some axdra mork.
We Arowr khat {@WeV(P) : (ZE: 2LV (0,0)] C Rig V(P) amd
Sing V(P) < {@mw): (ZE, 2L Y= (0,0)] bak An govaral tha Kndusions

2z’ 2w



are s}c.ridt.

Examples  Fer Plam)=w-2" ol poinds of V(P) are regullar.

Tor Pla,w)=2mr, V(P) is Ahe uniom of tha 2-auis and mr-axis.
Sing V(P)={(0,0)} umd RegV(P)= V(P)\{{]}.

Tor Payw)= 2", V(P) us Ahe w-axis khus Sing V(F)=¢ altheugh
2 (09= 2 (0,9 =o.

4.4, Thaorem Assume Ahak P C[2,w] As Arredmeble . Then

Sing V(PY)= {@WeV(P): (ZE, 28 )= (0,0)] amek Sing V(P) is a
finthe sek. Moreover, Rag V(P) is conrectad , Romaa o Riemann
surfaca .

Tn packiondar, if P is itteducible and khe sst  {P=2E= 2L =0}
is emply, Ahom V(P) x5 an embedded Riemann surface in C2




