We awish now to- consider Ahe behaviour of olg,e,lorouic cwrves ok
Ah-g»NAj ‘T anp_LrouLc kvick which Gaodn o Are solution is to

Ankrodmce zg\oh\cg,!mzws coerdinotes 20,24,2, wath 2= 2 W= 22

Zo 2o

and Ao mobe z,= 0, which somds 2,m Ae Linfinidy on dhe complex
Line of eguation w=Z22 in €% We add in Ahis way a poink ok
infiniky ke cach complex fine khrovgh khe origin in €2 Tha wnien of
Mrtre iinfiniky poinks forms a progpclive line ak infiniky Lo , gven by
the poinks of homognesun coordinatio 0,24,2, . Note Ahat £f 20,202,
are khe homeguveans coordinatin of a poink 2,W Ahom obse 42,2202,
are if AT, Thus poinks of homegmeans coordinates 0,22,
indasd form a propeclive Qine 1P*

Fok s determine in khis oy Ale potnts ak infiniky of Ahe curve
w= 2%, Jn Romegureans coordinatis Ais bacomen 27= 202, ond
setting 2,20 mwe obhain 2,=0. Thare is only ona poiek ak infiniky
o] Pomogernians coordinakes 0,0,2, or esuwivalidy 0,0,4.

Jek wr cofine rigoraunly khe spae €U L4 = CUP. Sina
20,2,,2, represevk Khe same poink an A24,22,%2, ,2€C me
proasd an in Ahe construdtion of khe progactive spaca P! Consider
on €\ [0} kha eguivalinca refadion Zy~Z, il amol owly if khere
exisks K€ CX wikh Z,=22. Tha guedient space CV6) [~ 4is
danoted by P= F@) amd s colled tha hwo dimonsionol cormplex



/.pmof,o.ctve space . Jek W: T o) fPl, T(2e,2,2,):= [20,24,2,]
ba khe canonicol projeclion. We colll 2.,2,,2, the homeguresus co-
ordinates 6] the khe poicks om Ahe Line TW(20,2,24).

We irkroduce om P khe guotiont Aspology with swhich IP* bewres
o comparch connecked space. Moveovar, P*is Locally homeomorplic
ko €*. Gorsidar Bre spen sehs Uj = {[1€P™: 2;407,4=0,4,2.
We define khe chart ¢,: U~ €, o, (D)= (3, %3) whidh 45
Ihowmaomorphism awith inverse 7' (2,m)= [4,2,M]. We dafine the
Ao charks ¢;:Uj— €* for 4=1,2 anclogounly by dividirg with 2

Ahe cthor ke ﬂ\emoazmm coordinetes.
TA As 205y Ao cdrack Ahak ihe Aramsition maps (.F'Abtpf:\ Aove

comporenta rotional fmctions Jence are biholomorphic maps of
hnso complax variabQes. Thus P7is o complax. mamilold. o] climension
Ao, Tha complamert of U, in PT4s L ={B]eP*:2 =0]
which £s homasmorphic ko P! by [0,2,,2, 1 [24,22]. T e
same holds Loc PNUS for = 1,2, koo,

We refirn new to- olapbrale cuvves. Tn ordar ko shudy eurves
An the progective space we resd fomegerasus peliynoniols.

A polyromiol Q€ (u, - W] &5 collacl homegimeoun of dagres n
2 Q)= X'Q (W for any A€ CF khak is, if all monomials of Q

l\ava o!-ﬂ.?ﬂu. n.



Q(u\)...,U(§= Z Co(‘...o(r M:(_‘... u";r
of bt B, =N

Lok pEC 2W] awrillen as £ (2)w) =Py, (2)0) + Py (W) +... £,
wWhare Pp &3 homogenous of o(nawr.vft (Ahe sum of menomials
C’emza'\u'“ with lem=£%£).

@j rQP[Qan%, 2=2,,W=23 /2, amd muM&FlDLna L;j 20 An odder ke
z,Q,Lanoio. kl\a de nominodors 'HN; ezuoi»ion 4]3(2,‘\»3-“.0 becomen

P (26,2,,25):= 2] $ -25 u%—o

= 20p, 2° >+ ﬁ\_ ‘)+ Ct 20R =
This Poﬂaamomasﬁ hon K e feantinre of 'o@r\j, R.orv\og,o,neml
daad , £f Py (2)m)= Z_ Com 2™ fhan

k2
o'Pk 20 20) L C‘e'v"\ o 2’1 2:,\
Lem=fe

As Momogemeouws of degree n. The palynomiol P abeve is collad
khe fomogenizotion of .

ﬁ(ven [ -Romgoéuwu.s ‘ao%mm«fl Qe(C [20,2‘,22.1 > kha f‘Q'z]'\D"“-“‘Q
9 (2,m)=Q (1,2,™) 4is collal kha dahomegenization of Q.

We have Ahus o correspondince boimiean hmoguw.ws amdk
A‘,nlomog,mmm poﬂar\pw\ka@s

Plaw) —> 2, 313 P2 ,22) =Plao 2, 2,)

9 @) = Q1,2,W) <« Q(Z")zt,zz\)



Nete khat deg 9= dagQ if amd omlly 4f 2. does nwt divide Q. Jn Ahis
cose Ahe %mog,mx;.&aiion o{. 9 is Q. Jkis coar Ahak P(’l,l,l\u): P(2,w).
T the abeve correspendmen As ]D,(deab:vg_ beimean thre Mﬂa’wivx%:

Clrw] <« { Pec [2,,20,22]¢ P}\Dmeaﬁv\eous, 2,1 P}

4.9 Delinition A plans projective olasbroc corve is o et
V(Q)={[26,2,,2,1€IP*: Q(20,2,2,)=0}
where Q€€ [20)2,,2,] is & nonconskank homogeresun polynomiod.
TP Q han o mublipla. srreducible factors Ahom mwe coll degQ the dagree
of Aha curve V(Q). Noke thot @ is not well dalined om P™ buk ke
condiion Q (20/21,2,)20 45 dndepomoent on the choice of homogerasus
cordinates since Q (A2o,224,%2,)20 Afamd omly if Q(20,2,2,)=0
e ko kha homegenciks of Q.
4.40 Thuorem oA projective algebraic corve As compack.
Boof Tha set V(@) is closed in P since ibs preimage by kha pro-
Jeckion Ui C\{o — [P™4s Ahe cosed sek {2€ C\o}: Q@)=0).
Boing dlosed in Aha compack spaca P* kha set V(Q) is compoct.
We Aove the follswing one to ome eorrespondanca :

@ro‘_‘aciive olgzlorauic. cuvves
{Affine dgebraic curves} ¢ Jnok containing khe Bina
ak Infinihy Lo

V(9) «— V(Q)



Note khat for Q=21 ae have =4, 30 we have ks exclude polynomials
Q divisible by 20, Ahws curves containing L= {2.=0).

Tha olfire pack of V(@) 4s VQ)NU, = ¢, (V(@)nV,) = V(9):
v@n U, ={islel, : QE)=0d = {(aleU,: 229 Q(1,% 2 0]

? 3o 20
= {[216 Uo: Q('l;ga-" )257' 03

@, (V@)nUo) = 1B, %) ez, 20 eV@NU T = fume € Q1,u)=0)
= 1UMEeC”: 9 (4 V)=o)

We write shortly V(Q)N C*=V(s) by iddertifying U, ke c*
Converely, ¢ (V(9)) = V(Q) , mikch we wrike V(9) =V(Q), khok is V(Q)
Ais kha compackfication of V(9) and V(Q)MV(9=V(Q)N Ly As g,{,nijte.

—

c? LOO:'-[ZO::O} gPi

I Q=2 Cjpe 2 2% z , whare n=degQ , khen

4tkil=n

V@)L, -{[oz‘,;,_‘] Q(0,24,2,)= Z_‘,couz‘ —o}

+-l‘\

amd Q (0,24,22) As net idamtically 2ers- | otlarwise 2, wonld divide Q.



Thes @, (24,22)= Q (0,%1,2,) 4s o ron-trivial homogeresus pelynomiel

se V(Q)N L can be didombified Ly Ahe bijective map L, IP"
[012,2 1 (2,221 ko V(@)= {[2231€P": Qqo(20,2)=0].

The 0fbine part of V(Q), khat is V(@) N {l2,2;1€P": 2,#0), can
be identified ke kha 2ero ot of Aha polyromiol Q,(1,2,)€C (2] in C,
wbich is finte. Tha sek V(QJ) can oo conkain khe poink ak infenidy
[0,41€ P, no it is carkainly Linike.

Nowr V(Q) has no- isoloted points , bemca V(9)=V(Q).



