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Family setting

7 :X — S proper holomorphic submersion, relative dimension 1
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Family setting

7 :X — S proper holomorphic submersion, relative dimension 1

wx/s = (Amax T*(1,0)X) ® (/\max T*(1 ’O)S)_1
the relative canonical line bundle of =

te S, X, =71t
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Dolbeaut complex

¢ a holomorphic vector bundle over X
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Dolbeaut complex

¢ a holomorphic vector bundle over X

QY (X, &) = 62X, T"WX 2 ¢), ij=0,1

0 — Q%0(X;,¢) 2, o (Xt,§) = 0

HO(X;,€) =ker(d),  H'(X:,€) = Q%'(X:,€)/ Im(9)
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Grothendieck-Knudsen-Mumford construction

The determinant of the cohomology
MG = (N"*HO(X;, €1x)) ! @ AT H' (X, €lx,), te S

family of complex lines over S
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Grothendieck-Knudsen-Mumford construction

The determinant of the cohomology
MG = (N"*HO(X;, €1x)) ! @ AT H' (X, €lx,), te S

family of complex lines over S

Grothendieck-Knudsen-Mumford :
A(Jj*€)t, t € S form a holomorphic line bundle A(j*¢) over S
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Theorem of Riemann-Roch-Grothendieck

Theorem. (Riemann-Roch-Grothendieck, 1957)
The following identity holds in H*(S, Q) :

oi(€) = = [ [Tdwss)en(o)]

4]

g 14909, 9O re0)

c1(§)? — 2c2(¢)
5 +

ch(§) = rk(&) + ¢1(§) +
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Chern-Weil theory

m Y a complex manifold
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Chern-Weil theory

m Y a complex manifold
(E, hF) a holomorphic Hermitian vector bundle over Y
VE the Chern connection on (E, hF)

m RE = (VF)2 ¢ Q"1(Y,End(E))
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Chern-Weil theory

m Y a complex manifold
(E, hF) a holomorphic Hermitian vector bundle over Y
VE the Chern connection on (E, hF)

m RE = (VE)? c QY (Y,End(E))

RE

27V —1

E

ch(E, hE) = Tr[exp < — )] € CpenQPP(Y)

Td(E, hf) = det [
exp
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RE

27V —1

E

ch(E, hf) = Tr[exp < - )] € DpenQPP(Y)
Td(E, hf) = det [
exp
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Chern-Weil theory

m Y a complex manifold
(E, hF) a holomorphic Hermitian vector bundle over Y
VE the Chern connection on (E, hF)

m RE = (VE)? c QY (Y,End(E))
RE
27y —1

E
s 1) € PP

ch(E, hE) = Tr[exp < — )] € CpenQPP(Y)

Td(E, hf) = det [
m Td(E, hF), ch(E, hF) are closed forms

m Chern-Weil : [ch(E, hE)] op = Sh(E) € BpenH?(Y,R)
[Td(E, hE )} o = TA(E) € GpeH?P (Y, R)
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A natural question

7 :X — S proper holomorphic submersion, relative dimension 1
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A natural question

7 :X — S proper holomorphic submersion, relative dimension 1

H-II‘)"(/S a Hermitian norm on wy/s

(¢, h%) a holomorphic Hermitian vector bundle over X

(AG€). 2) = = [ [TaCexs. (15, 1ente. 1))
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L2 product and Hodge theory

m [2-Hermitian product. Let o, o/ € Q%*(X;, €)
(a,0) 2 = [y (a(x), /(X)) ,dvx,(x),
(-,-)n the pointwise Hermitian product induced by A, [|-[|%/s-
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L2 product and Hodge theory

m [2-Hermitian product. Let o, o/ € Q%*(X;, €)
(a,0) 2 = [y (a(x), /(X)) ,dvx,(x),
(-,-)n the pointwise Hermitian product induced by A, [|-[|%/s-

= 0 — Q%9(X,, &) & Q%1(X,,€) = 0,
=00 +90
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L2 product and Hodge theory

m [2-Hermitian product. Let o, o/ € Q%*(X;, €)
(a,0) 2 = [y (a(x), /(X)) ,dvx,(x),
(-,-)n the pointwise Hermitian product induced by A, [|-[|%/s-

m 0 — Q00(X,, £) & Q01(X,, €) — 0,
05 =80 +00
[ | <D§a,a>Lz = <5a,5a> + <5*a,5*a>,
ker(CF |qo.(x,¢)) = {8 € Q%*(X(,£)|0s =0, 0's = 0}
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L2 product and Hodge theory

m [?-Hermitian product. Let o, o/ € Q0*(X;, €)
<Ck, O/>L2 = fX, <Oz(X), O/(X)>thX,(X)a
(-,-)n the pointwise Hermitian product induced by A%, |-|I%/s-

w0 - Q90(X;, £) % Q0(X,, ) - 0,
5=09" +00
| <Dfo¢,a>L2 = <5a,5a> + <5*a,5*a>,
ker(f |qo.(x,¢)) = {5 € Q%*(X(,£)|0s =0, 0's = 0}

ker(2|go.e(x.¢) — H* (X, €)
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L2 product and Hodge theory

m [2-Hermitian product. Let o, o/ € Q%*(X, €)
(a,0”) 2 = [y, (a(x),d/(x)),dvx,(x),
(-, the pointwise Hermitian product induced by %, (|5 /s-

m0— QO7O(XI‘7£) i QOJ (Xt,f) — 0:
=99 +90
[ | <D§a,a>L2 = <5a,5a> + <5*a,5*oz>,
ker(f |qo.(x,¢)) = {5 € Q%*(X:,£)|0s =0, 0's = 0}
ker(Délgo,c(Xh&)) ~ H.(Xt,é)
Hodge theory
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L2 product and Hodge theory

m [2-Hermitian product. Let o, o/ € Q%*(X, €)
(a,0”) 2 = [y, (a(x),d/(x)),dvx,(x),
(-, the pointwise Hermitian product induced by %, (|5 /s-

m0— QO7O(XI‘7§) i QOJ (Xt,f) — 0:
=99 +90
[ | <D§a,a>L2 = <5a,5a> + <5*a,5*oz>,
ker(f |qo.(x,¢)) = {5 € Q%*(X:,£)|0s =0, 0's = 0}
ker(Délgo,c(Xh&)) ~ H.(Xt,é)
Hodge theory

m induces the L2-norm |- = (g™, h¢) over
AG*E)e = (N"HO(X, €|x,)) " @ AMHT (X, €| x,)
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Infinite product

From now on Df = DE’QOVO(XHS)
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Infinite product

From now on [T : = O lgo.0(x,.¢)
D? essentially self-adjoint

Spec(Df) = {M ., A2, ..}, Ai non decreasing, A;; — oo
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Infinite product

From now on [T : = O lgo.0(x,.¢)
D? essentially self-adjoint

Spec(Df) = {M ., A2, ..}, Ai non decreasing, A;; — oo

det'T; = H At
i, 1#0
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Infinite product

From now on [T : = O lgo.0(x,.¢)
D? essentially self-adjoint

Spec(Df) = {M ., A2, ..}, Ai non decreasing, A;; — oo

o0
det'; = [ Mir-
X £0

Problem : Need to make sense of the infinite product...
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Zeta renormalisation

Weyl's law : \; ; increase asymptotically linearly with /
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Zeta renormalisation

Weyl's law : \; ; increase asymptotically linearly with /

> 1
Cea(s) = Z e for Re(s) > 1
Ajt#0 bt
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Zeta renormalisation

Weyl's law : \; ; increase asymptotically linearly with /

1
Ceu(s Z O for Re(s) > 1
lﬁ‘éo

Definition of the determinant. (Ray-Singer, 1973)

det'f = exp — ¢L,(0))
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Refinement of Riemann-Roch-Grothendieck theorem

Quillen norm

Hermitian norm on A(j*¢), given by

119 (g™, ) = (det/T)" /2|12 (9™, Af)
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Refinement of Riemann-Roch-Grothendieck theorem

Quillen norm

Hermitian norm on A(j*¢), given by

119 (g™, ) = (det/T)" /2|12 (9™, Af)

Curvature theorem. (Bismut-Gillet-Soulé, 1988)

= Hermitian norm ||-|? (g™, h¢) is smooth over S

Finski Siarhei RRG theorem 17 July 2019 Cologne, Germany

14/58



Refinement of Riemann-Roch-Grothendieck theorem

Quillen norm

Hermitian norm on A(j*¢), given by

119 (g™, ) = (det/T)" /2|12 (9™, Af)

Curvature theorem. (Bismut-Gillet-Soulé, 1988)

= Hermitian norm ||-|? (g™, h¢) is smooth over S

i (A8), (11° (™, 1))°?)
== [ [ratoxss. (115 Psente, 1)
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We want to extend the theory of Quillen metrics to surfaces with
hyperbolic cusps and degenerating families with singular fibers
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What is a surface with hyperbolic cusps ?
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What is a surface with hyperbolic cusps ?

.=

M a compact Riemann surface
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What is a surface with hyperbolic cusps ?

\_/U
M a compact Riemann surface

g™ is a Kahler metric on M
zy,...,Zm local holomorphic coordinates, z;(0) = {P;}
Suppose g’ over {|zj| < €} is induced by
|z:log |z |?
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What is a surface with hyperbolic cusps ?

.=

M a compact Riemann surface

g™ is a Kahler metric on M
zy,...,Zm local holomorphic coordinates, z;(0) = {P;}
Suppose g’ over {|zj| < €} is induced by

v -1 dZ,'dZ'
|zilog |zi[|*

We call (M, Dy, g™) a surface with cusps
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An important example

Suppose 2g(M) — 2 + #Dy > 0, i.e. (M, Dy) is stable
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An important example

Suppose 2g(M) — 2 + #Dy > 0, i.e. (M, Dy) is stable

By uniformization theorem, there is exactly one csc —1

complete metric g of finite volume on M = M\ Dy
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An important example

Suppose 2g(M) — 2 + #Dy > 0, i.e. (M, Dy) is stable

By uniformization theorem, there is exactly one csc —1

complete metric g of finite volume on M = M\ Dy

The triple (M, Dy, gjv) is a surface with cusps
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We want to extend the theory of Quillen metrics to surfaces with
hyperbolic cusps and degenerating families with singular fibers
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We want to extend the theory of Quillen metrics to surfaces with
hyperbolic cusps and degenerating families with singular fibers

Why ?

m Problem on its own.

m Universal curve m :6g.m — g m With csc —1 metric H'Hf(%p

On %g,m, we have fﬂ_ [Td(wX/87 (H||‘;’(:/hgp)2)] [4] = wp.
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We want to extend the theory of Quillen metrics to surfaces with
hyperbolic cusps and degenerating families with singular fibers

Why ?

m Problem on its own. N
m Universal curve m 6y m — #gm With csc —1 metric||-||y,%"

X/s
On .#ym, we have [_[Td( wX/& (H‘Ilf(’/hép)Q)][ I % e,

4
As we expect ci(\, (|19)2) = — [, [Td(wxs, (|II52)2)]
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We want to extend the theory of Quillen metrics to surfaces with
hyperbolic cusps and degenerating families with singular fibers

Why ?

m Problem on its own. X
m Universal curve m 6y m — #gm With csc —1 metric||-||y,%"

X/s
On .#ym, we have [_[Td( wX/& (H‘Ilf(’/hép)Q)][ I % e,

4
As we expect ci(\, (|19)2) = — [, [Td(wxs, (|II52)2)]

Regularity of ||| near OMgm
\

Regularity of wwp near 0.#g m.
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We want to extend the theory of Quillen metrics to surfaces with
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Why ?

m Problem on its own. X
m Universal curve m 6y m — #gm With csc —1 metric||-||y,%"

X/s
On .#ym, we have [_[Td( wX/& (H‘Ilf(’/hép)Q)][ I % e,

4
As we expect ci(\, (|19)2) = — [, [Td(wxs, (|II52)2)]

Regularity of ||| near OMgm
\

Regularity of wwp near 0.#g m.

m Curvature theorem of Takhtajan-Zograf (csc -1).
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We want to extend the theory of Quillen metrics to surfaces with
hyperbolic cusps and degenerating families with singular fibers

Why ?

m Problem on its own. X
m Universal curve m 6y m — #gm With csc —1 metric||-||y,%"

X/s
On .#ym, we have [_[Td( wX/& (H‘Ilf(’/hép)z)][ I % e,

4
As we expect ci(\, (|19)2) = — [, [Td(wxs, (|II52)2)]

Regularity of ||| near OMgm
\

Regularity of wwp near 0.#g m.

m Curvature theorem of Takhtajan-Zograf (csc -1).
m Arithmetic Riemann-Roch theorem for pointed stable curves
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Definition of Quillen metric for surfaces with cusps
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Q— (det'D)"? | 2
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m Let (M, Dy, g™) be a surface with cusps
|||l the induced Hermitian norm on wy; over M
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induces the Hermitian norm ||-||,, on wuy(D) over M
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m Let (M, Dy, g™) be a surface with cusps
|||l the induced Hermitian norm on wy; over M
m wy(D) = wy; ® O77(Du) the twisted canonical line bundle
wu(D) ~ wy, over M
induces the Hermitian norm ||-||,, on wuy(D) over M
This norm has log singularity ||dz; ® sp,,/zil|,, = |log |zi]|
m (¢, %) a holomorphic Hermitian vector bundle over M

Er=¢@wn(D)”, ()
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m Let (M, Dy, g™) be a surface with cusps
|||l the induced Hermitian norm on wy; over M

m wy(D) = wy; ® O77(Du) the twisted canonical line bundle
wu(D) ~ wy, over M
induces the Hermitian norm ||-||,, on wuy(D) over M

This norm has log singularity ||dz; ® sp,,/zil|,, = |log |zi]|
m (&, h%) a holomorphic Hermitian vector bundle over M
E; = ¢ @wm(D)", W@ (||-1)?"

m For n < 0, by Hodge theory*
(-,-),2 induces the L2-norm ||-|;> on

MER) = (N HO(M, E5))~" ® A" H'"(M, E})
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The determinant

= (det'T)"Z ..
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Problem with the determinant

OE :Q00(M, ES) — Q%O(M, ES)
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It is again self-adjoint by the same reason

As M is non-compact, in general Spec(DEg) is not discrete
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Problem with the determinant

OE :Q00(M, ES) — Q%O(M, ES)

It is again self-adjoint by the same reason

As M is non-compact, in general Spec(DEg) is not discrete

o0
det'0E # T A
Ai#£0
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Takhtajan-Zograf approach

{ Length of closed geodesics } « Spec(DES)
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Finski Siarhei RRG theorem 17 July 2019 Cologne, Germany 25/58



Takhtajan-Zograf approach
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Suppose (¢, h*) trivial, (M, Dy, gi¥) has csc —1
then the set of simple closed geodesics is discrete

Finski Siarhei

RRG theorem 17 July 2019 Cologne, Germany 25/58



Takhtajan-Zograf approach

{ Length of closed geodesics } « Spec(DES)

Suppose (¢, h*) trivial, (M, Dy, gi¥) has csc —1
then the set of simple closed geodesics is discrete

H H(1 —(s+k)I(7) )

v k=0

~ simple closed geodesics on M; /() is the length of ~.
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Takhtajan-Zograf approach

Takhtajan-Zograf definition using Selberg zeta-function, 1991

I —_—
deJ[/'I'ZDEE = Z(M7DM)(1)7 for n=0,
Z(W,DM)(—” +1), forn<O.
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Takhtajan-Zograf approach

Takhtajan-Zograf definition using Selberg zeta-function, 1991

I —_—
deJ[/'I'ZDEE = Z(MDM)(‘I)7 for n=0,
Z(W,DM)(—" +1), forn<O.

Motivated by a theorem of Phong-D’Hoker, 1986, which says
that when m = 0, two sides of the previous equation coincide*
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Takhtajan-Zograf approach

Takhtajan-Zograf definition using Selberg zeta-function, 1991

/

det/,00E = Zwom1)
Zigpy(—n+1), forn<O.

forn=0,

Motivated by a theorem of Phong-D’Hoker, 1986, which says
that when m = 0, two sides of the previous equation coincide*

Limitations of this approach

m Restriction on the topology 2g(M) — 2 + # Dy > 0.
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Takhtajan-Zograf approach

Takhtajan-Zograf definition using Selberg zeta-function, 1991

/

det/,00E = Zwom1)
Zigpy(—n+1), forn<O.

forn=0,

Motivated by a theorem of Phong-D’Hoker, 1986, which says
that when m = 0, two sides of the previous equation coincide*

Limitations of this approach

m Restriction on the topology 2g(M) — 2 + #Dy, > 0.
m Complex structure predefines the Kahler metric.
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Takhtajan-Zograf approach

Takhtajan-Zograf definition using Selberg zeta-function, 1991

/

det/,00E = Zwom1)
Zigpy(—n+1), forn<O.

forn=0,

Motivated by a theorem of Phong-D’Hoker, 1986, which says
that when m = 0, two sides of the previous equation coincide*

Limitations of this approach

m Restriction on the topology 2g(M) — 2 + #Dy, > 0.
m Complex structure predefines the Kahler metric.
= No liberty in choosing (&, h%).
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Analytic approach to the determinant

+o00
m A8 = / exp(— )51 at
0
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Analytic approach to the determinant

1 oo
- ATS = / exp(—\t)t5~ " dt
i) o P
m If M is compact,i.e. m=20
CIOE D DR (%)
AeSpec(CER )\ {0}
1

iG] /O+oo Tr{expL(—tDEﬁ )] 7t (o)

Finski Siarhei RRG theorem 17 July 2019 Cologne, Germany 27/58



Analytic approach to the determinant

1 oo
- ATS = / exp(—\t)t5~ " dt
i) o P
m If M is compact,i.e. m=20
CIOE D DR (%)
AeSpec(CER )\ {0}
1

iG] /O+oo Tr{expL(—tDEﬁ )] 7t (o)

mForm>07?
Idea : define (<(s) for m > 0 using (xx) and not (x)
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Analytic approach to the determinant

1 oo
- ATS = / exp(—\t)t5~ " dt
i) o P
m If M is compact,i.e. m=20
CIOE D DR (%)
AeSpec(CER )\ {0}
1

iG] /O+oo Tr{expL(—tDEﬁ )] 7t (o)

mForm>07?
Idea : define (<(s) for m > 0 using (xx) and not (x)

m Problem : expL(—tDEﬁ) is not of trace class for m > 0

Finski Siarhei RRG theorem 17 July 2019 Cologne, Germany 27/58



Two faces of the trace

A€ End(C"),n e N, self-adjoint
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Two faces of the trace

A€ End(C"),n e N, self-adjoint

i

Tr [A} => XA, (N)L, eigenvalues
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Two faces of the trace

A€ End(C"),n e N, self-adjoint

Tr [A} => XA, (N)L, eigenvalues

i

A= (ak,)z’,:v V:(b1,...,bn)

Av = ( > aibi,y agibi, ...,y anibi>
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Two faces of the trace

A€ End(C"),n e N, self-adjoint
Tr [A} => XA, (N)L, eigenvalues

i

A= (ak,)z’,:v V:(b1,...,bn)

Av = ( > anb, > apibi. .Y anibi>
Tr [A] = Z aji
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Two faces of the trace

A€ End(C"),n e N, self-adjoint

Tr [A} => XA, (N)L, eigenvalues

i

A= (ak,)z’,:v V:(b1,...,bn)

Av = ( > anb, > apibi. .Y anibi>
Tr [A] = Z aji

Idea :if Tr | A| = +oo, we define Tr' [A] = 2, a-

Finski Siarhei

RRG theorem 17 July 2019 Cologne, Germany 28/58



Regularizing trace, |

m The operator exp(—tDEﬁ) has a smooth Schwartz kernel
< *
exp(_tDEn)(X’y) € (ES)X®(ES)y7 X,y € M

exp(~105)s = | (exp(~0)(x.).s(y) ) dy)
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Regularizing trace, |

m The operator exp(—tDEﬁ) has a smooth Schwartz kernel
< *
exp(_tDEn)(X’y) € (ES)X®(ES)y7 X,y € M

exp(~105)s = | (exp(~0)(x.).s(y) ) dy)

mlfm=0, Tr[exp(—tDES)} = /MTr[exp(—tD’:_g)(x,x)} dv(x).
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Regularizing trace, |

m The operator exp(—tDES) has a smooth Schwartz kernel
3
exp(_tDEn)(X’y) € (ES)X ® (ES);, X,y € M

exp(~105)s = | (exp(~0)(x.).s(y) ) dy)

mlfm=0, Tr[exp(—tDES)} = /MTr[exp(—tD’:_g)(x,x)} dv(x).

m |dea : define Tr’[exp(—tDES )} by taking the finite part of

/ Tr [ exp(— {05 )(x, x)} v (x)

r

as r — 0, where M, is the non-striped region

|Zi|<r
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Regularizing trace, Il

P =CP"\ {0,1,00},
9" hyperbolic metric csc —1 over P
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Regularizing trace, Il

P =CP"\ {0,1,00},
9" hyperbolic metric csc —1 over P

We fixn<0
1 n
0n(r,t) = 5 [ exp(~13 O ) x)dve(). (4.1)

where P, is the non-striped region
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Regularizing trace, llI

Theorem. (-, 2018)
For any (M, Dy, g™), (¢, h%), t > 0, the function

Roo > 1 [ Te[oxp(—10%)(x, )] dv(x) ~ 1k(€) - m- gn(r,
My

extends continuously over r = 0.
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Regularizing trace, IV

Regularized heat trace

— r||_r110 (/ Tr[exp(—tDEﬁ)(x,X)} avm(x)

~1k(E) - go(r,1)).
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Regularized zeta function

1

+oo
(8 = g /0 T | exp* (—105) | £ at.

Finski Siarhei RRG theorem 17 July 2019 Cologne, Germany 33/58



Regularized zeta function

1

+oo
(8 = g /0 T | exp* (—105) | £ at.

Theorem. (-, 2018)

m (¢(s) is well-defined and extends meromorphically to C
m 0 € Cis a holomorphic point of (¢ (s)
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Finally, the determinant

Definition of the determinant

det’0E = exp ( — g;:_S(O)>.
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Compatibility theorem

Theorem. (-, 2019)

Suppose (M, Dy, gi) has csc —1, (&, h*) trivial. Then for any
m >0, n <0, we have

det’0E =* det’, 005,

*

=" means up to some computed universal constant
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Compatibility theorem

Theorem. (-, 2019)

Suppose (M, Dy, gi) has csc —1, (&, h*) trivial. Then for any
m >0, n <0, we have

det’0E =* det’, 005,

=" means up to some computed universal constant

m = 0, Phong-D’Hoker, 1986

Finski Siarhei RRG theorem 17 July 2019 Cologne, Germany
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Finally, the Quillen norm

Quillen norm

Hermitian norm on A(ES), given by

119 (g™, hER) = (det'TE) /2 |-l 2 (g™, hER)
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How to compute the Quillen norm ?
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Relative compact perturbation theorem
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A notion of flattening

Flattening of a metric with cusps g™
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A notion of flattening

Flattening of a metric with cusps g™
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A notion of flattening

Flattening of a metric with cusps g™

is a Kahler metric g/M on M such that

The same for |||
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A problem

Let (M, Dy, g™) be a surface with cusps,

(¢, h%) Hermitian vector bundle over M
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A problem

Let (M, Dy, g™) be a surface with cusps,
(¢, h%) Hermitian vector bundle over M

g™ |||} the flattenings of g™, |-,
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A problem

Let (M, Dy, g™) be a surface with cusps,
(¢, h%) Hermitian vector bundle over M

g™ |||} the flattenings of g™, |-,

We want to understand how to calculate

g (@™, K @ ||-|37)
g (6™, k@ (|I-15,)27)

Finski Siarhei RRG theorem 17 July 2019 Cologne, Germany 40/58



A problem

Let (M, Dy, g™) be a surface with cusps,
(¢, h%) Hermitian vector bundle over M

g™ |||} the flattenings of g™, |-,

We want to understand how to calculate

g (@™, K @ ||-|37)
g (6™, k@ (|I-15,)27)

In other words :
How Quillen metric changes under compact perturbation ?
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Compatible flattenings

N>
©[[[[[ —
(=
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Compatible flattenings

i o -

Two flattenings g/M, g™ of g™, g™V are called compatible if

Finski Siarhei RRG theorem 17 July 2019 Cologne, Germany 41/



Relative compact perturbation theorem

(M, Dy, g™), (N, Dy, g™) surfaces with cusps, #Dy = #Dy
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Relative compact perturbation theorem

(M, Dy, g™), (N, Dy, g™) surfaces with cusps, #Dy = #Dy

(¢, h¥) Hermitian vector bundle over M

Finski Siarhei RRG theorem 17 July 2019 Cologne, Germany 42 /58



Relative compact perturbation theorem

(M, Dy, g™), (N, Dy, g™) surfaces with cusps, #Dy = #Dy

(¢, h¥) Hermitian vector bundle over M

N

g™, g™, |Illiy+|I Iy compatible flattenings of g™, g™ |-/l lI v
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Relative compact perturbation theorem

(M, Dy, g™), (N, Dy, g™ ) surfaces with cusps, #Dy = #Dy
(¢, h%) Hermitian vector bundle over M
o™, g™ |||l ,lI- Iy compatible flattenings of g™, g™ ||| yI- [l v

Theorem. (-, 2018)
For simplicity, suppose (&, h%) is trivial

g (™. 1 @ 111 ( g (0™, II1) )rk(é)
)

Ilg (9™, b @ (12— \l-llg (o™, (I-11)2
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Relative compact perturbation theorem

(M, D, g™), (N, Dy, g™ ) surfaces with cusps, #Dy = # Dy
(¢, h*) Hermitian vector bundle over M
9™, g™, |I-lis |-y compatible flattenings of g™, g™,||-[lll-[|
Theorem. (-, 2018)
Il (9™, @ I-l137) _ ( llg (@™, I1-1&") )rk(é)
g (6™, @ (12 \ll-llg (9™, (II-In)2™)
oxp (5 [ e6.h)(2nn(I /1) + n(a™/a™))
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Anomaly formula
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The Wolpert norm

(M, Dy, g™), Dy = {Py,..., Pn} surface with cusps
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The Wolpert norm

(M, Dy, g™), Dy = {Py,..., Pn} surface with cusps
zy,...,Zm local holomorphic coordinates, z;(0) = {P;}
9™ over {|zj| < ¢} is induced by

v =1 dZ,'dE,‘
|zilog | zi] \2
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The Wolpert norm

(M, Dy, g™), Dy = {Py,..., Pn} surface with cusps
zy,...,Zm local holomorphic coordinates, z;(0) = {P;}
9™ over {|zj| < ¢} is induced by

v =1 dZ,'dE,‘
|zilog | zi] \2

Wolpert norm

1" on @ jwylp, is defined by

| @izl =1.
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The Wolpert norm

(M, Dy, g™), Dy = {Ps, ..., Pn} surface with cusps
zy,...,Zm local holomorphic coordinates, z;(0) = {P;}
g™ over {|z;| < €} is induced by

v—1 dZ,‘d?,‘
|zilog |z ’2

Wolpert norm
11 on @M jwilp, is defined by

|| ®j dZ,"PI.”W =1.

D V—1dzdz

5 |dzfo]|” = 1
|zlog |Z]|

Finski Siarhei RRG theorem 17 July 2019 Cologne, Germany 45/58



The Wolpert norm
(M, Dy, g™), Dy = {Ps, ..., Pn} surface with cusps
zy,...,Zm local holomorphic coordinates, z;(0) = {P;}
g™ over {|z;| < €} is induced by
v—1 dZ,‘d?,‘
|z log |Zi|’2

Wolpert norm
11 on @M jwilp, is defined by

|| ®j dZ,"PI.”W =1.

v —1dzdz

on D* 5
|zlog|2z]|

Jozlo]* = |
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The Wolpert norm

(M, Dy, g™), Dy = {Py,..., Pn} surface with cusps
zy,...,Zm local holomorphic coordinates, z;(0) = {P;}
g™ over {|z;| < €} is induced by
v—1dz;dz;
|z1log |z |*

Wolpert norm
1" on @M w| p, is defined by

|| &j dZ,'|P,.||W =1,

D v—1dzdz
2
|zlog 2z]|
Wolpert norm is related to the “constant term"”
of the conformal transformation at cusp

1
on Jozlo]* = ]
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Anomaly formula, setting

(M, Dy) a pointed Riemann surface
g™, g™ metrics with cusps at Dy
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Anomaly formula, setting

(M, Dy) a pointed Riemann surface
g™, g™ metrics with cusps at Dy

M

Il 1113, the norms induced by g™, gI™ on wy(D)

-1V, H-H('J’V the associated Wolpert norms on ®pcp,,wy;lp
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Anomaly formula, setting

(M, Dy) a pointed Riemann surface
g™, g™ metrics with cusps at Dy

M

Il 1113, the norms induced by g™, gI™ on wy(D)

1%, H-Hgv the associated Wolpert norms on ®pcp,,wy;lp

¢ holomorphic vector bundle on M
ht, hg Hermitian metrics on £ over M
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Anomaly formula

Theorem. (-, 2018)

2109 (|1l (a8, 1 (I1130%") /Il (6™, i @ I1137))
= / [Bott-Chern terms, analogic to the anomaly
M

for compact manifolds of Bismut-GiIIet-SouIé}

- %6 10g (11" /118") + X log et /H)lr ).
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What is a family of curves with cusps ?
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Family of curves with cusps

m 7 :X — S proper holomorphic of relative dimension 1,
t € S, X; = n~'(t) has at most double-point singularities
(i.e. those of the form {zyz; = 0})
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Family of curves with cusps

m 7 :X — S proper holomorphic of relative dimension 1,
t € S, X; = n~'(t) has at most double-point singularities
(i.e. those of the form {zyz; = 0})

Y x/s singular points of the fibers, A = m.(Xx/s)
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Family of curves with cusps

m 7 :X — S proper holomorphic of relative dimension 1,
t € S, X; = n~'(t) has at most double-point singularities
(i.e. those of the form {zyz; = 0})
Y x/s singular points of the fibers, A = m.(Xx/s)

W oy,...,0m:S— X\ Xx,s hol. non intersect. sections
DX/S = Im(a1) + -+ |m(0'm)
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Family of curves with cusps

m 7 :X — S proper holomorphic of relative dimension 1,
t € S, X; = n~'(t) has at most double-point singularities
(i.e. those of the form {zyz; = 0})
Y x/s singular points of the fibers, A = m.(Xx/s)

W oy,...,0m:S— X\ Xx,s hol. non intersect. sections
DX/S = Im(a1) + -+ |m(0'm)

m [|-[|x,s Herm. norm on wy,s over X \ (|Dx,s| U 7 1(|A]))
I11% /s | x, induces metric g™ton X; \ |Dx/sl, t € S\ |A|
So that (X;, {o1(1),...,om(t)}, g™) is a surface with cusps
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Family of curves with cusps

m 7 :X — S proper holomorphic of relative dimension 1,
t € S, X; = n~'(t) has at most double-point singularities
(i.e. those of the form {zyz; = 0})
Y x/s singular points of the fibers, A = m.(Xx/s)

W oy,...,0m:S— X\ Xx,s hol. non intersect. sections
DX/S = Im(a1) + -+ |m(0'm)

m [|-[|x,s Herm. norm on wy,s over X \ (|Dx,s| U 7 1(|A]))
I11% /s | x, induces metric g™ton X; \ |Dx/sl, t € S\ |A|
So that (X;, {o1(1),...,om(t)}, g™) is a surface with cusps

(m: X — S, DX/S,||-||‘;(’/S) a family of curves with cusps
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XtI Xo ‘
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Curvature theorem for family of curves with cusps
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Grothendieck-Knudsen-Mumford determinant

(m:X = 8, Dx/s:|IIx/s) @ family of curves with cusps

wx,s(D) = wx/s ® Ox(Dx/s), I-lx/s
twisted relative canonical line bundle on X
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Grothendieck-Knudsen-Mumford determinant

(m:X = 8, Dx/s:|IIx/s) @ family of curves with cusps

wx,s(D) = wx/s ® Ox(Dx/s), I-lx/s
twisted relative canonical line bundle on X

(¢, h%) a holomorphic Hermitian vector bundle over X
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Grothendieck-Knudsen-Mumford determinant

(m:X = 8, Dx/s:|IIx/s) @ family of curves with cusps

wx,s(D) = wx/s ® Ox(Dx/s), I-lx/s
twisted relative canonical line bundle on X

(¢, h%) a holomorphic Hermitian vector bundle over X

Ef = ¢ @ wys(D)"
AGFES)t = (N HO(Xq, E§|x,)) " @ AM™H' (X, ES|x,)
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Grothendieck-Knudsen-Mumford determinant

(m:X = 8, Dx/s:|IIx/s) @ family of curves with cusps

wx,s(D) = wx/s ® Ox(Dx/s), I-lx/s
twisted relative canonical line bundle on X

(¢, h%) a holomorphic Hermitian vector bundle over X

Ef = ¢ @ wys(D)"
AGFES)t = (N HO(Xq, E§|x,)) " @ AM™H' (X, ES|x,)

Grothendieck-Knudsen-Mumford
)\(j*ES)t, t € S form a holomorphic line bundle A(j*ES) over S
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Quillen norm for families of surfaces with cusps

Quillen norm

We define the Quillen norm on A\(§ ® wx,s(D)") by

19 (g™ 1 2|-1%)s )
¢
_ (det’Df")”z -2 (gTXt,hf ®H'||§(r}s)-
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Wolpert norm for families

Wolpert norm

We define the Wolpert norm |- on ®io}(wx/s) over S by
gluing the Wolpert norms ||/ on @wx /ss,(r) induced by g™
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Necessity of additional hypothesis

We are in the non-compact setting !
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Hypothesis on the metric

We suppose that the metric [|-||x,s induced on wx,s(D) is pre-
log-log on X with singularities along 7—'(|A]) U Dx/s
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Hypothesis on the metric

We suppose that the metric [|-||x,s induced on wx,s(D) is pre-
log-log on X with singularities along 7—'(|A]) U Dx/s

Notion defied by Burgos Gil-Kramer-Kiihn, 2005
It is less restrictive than "good" condition of Mumford, 1977
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Hypothesis on the metric

We suppose that the metric [|-||x,s induced on wx,s(D) is pre-
log-log on X with singularities along 7—'(|A]) U Dx/s

Notion defied by Burgos Gil-Kramer-Kihn, 2005
It is less restrictive than "good" condition of Mumford, 1977

If {z = 0} is a local equation for 7= (JA|) U Dy /s around a
smooth point

l0g([1vlx/s) = O((loglog )"
a10q([1vl1x,5) = O (log 10g |2V 1o
dzdz )

9910g(|lv]lxs) = O((log |log 2D g
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Hypothesis on the metric

We suppose that the metric [|-||x,s induced on wx,s(D) is pre-
log-log on X with singularities along 7—'(|A]) U Dx/s

Notion defied by Burgos Gil-Kramer-Kihn, 2005
It is less restrictive than "good" condition of Mumford, 1977

If {z = 0} is a local equation for 7= (JA|) U Dy /s around a
smooth point

l0g([1vlx/s) = O((loglog )"
a10q([1vl1x,5) = O (log 10g |2V 1o
N dzdz )

99109(v]1x/5) = O((log|log |z]]) Zlog 2l

Wolpert, 1990, (compact case) and Freixas, 2007, (pointed
case) proved : the metric of csc —1 on the relative twisted
canonical line bundle of universal curve is good
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Riemann-Roch-Grothendieck theorem in the presence of cusps

Zn=NJ"ER)"? © (®j07wxys) ™8 @ O5(8)*O) @ (@07 det)°
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Riemann-Roch-Grothendieck theorem in the presence of cusps

Zn=NJ"ER)"? © (®j07wxys) ™8 @ O5(8)*O) @ (@07 det)°

Canonical singular norm

sa the canonical holomorphic section of Os(A)
-2 on Os(A) is defined by [|sa[|a” (X) =1,  x € S\ |A|
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Riemann-Roch-Grothendieck theorem in the presence of cusps

Zn=NJ"ER)"? © (®j07wxys) ™8 @ O5(8)*O) @ (@07 det)°

Canonical singular norm

sa the canonical holomorphic section of 0g(A)
-9 on @s(A) is defined by|[sa]|% (x) =1,  x € S\ |A]

Zn 12 —rk
112 = (119 (9™ K @l12s)) P @ (I ) ™
& (|54 @ (@07 hoet€)3
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Riemann-Roch-Grothendieck theorem in the presence of cusps

Zn=NJ"ER)"? © (®j07wxys) ™8 @ O5(8)*O) @ (@07 det)°

Canonical singular norm

sa the canonical holomorphic section of 0g(A)
I-IX on @s(A) is defined by ||sal|X (x) =1,  x € S\ |A]

Zn 12 —rk
112 = (119 (9™ K @l12s)) P @ (I ) ™
& (|54 @ (@07 hoet€)3

Theorem. (-, 2018)
||-|I¥" extends continuously* over |A|, smooth* over S\ |A|
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Riemann-Roch-Grothendieck theorem in the presence of cusps

Zn=NJ"ER)"? © (®j07wxys) ™8 @ O5(8)*O) @ (@07 det)°

Canonical singular norm

sa the canonical holomorphic section of 0g(A)
I-IX on @s(A) is defined by ||sal|X (x) =1,  x € S\ |A]

Zn 12 —rk
112 = (119 (9™ K @l12s)) P @ (I ) ™
@ (||-]|[5vy*E) @ (@07 HoeE)3
Theorem. (-, 2018)

||-|I¥» extends continuously* over |A|, smooth* over S\ |A|,
and on the level of currents over S :

o1 (2 (11#02) = =12 | [Taeox;s(D). 15 s)en(e. P )enteons(O) 1) s)]
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Thank you'!
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