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Intrduction

@ In this work we study the problem of “quantization commutes
with reduction” for CR manifolds (for some non-hypoelliptic
operators), in particular for Sasakian manifolds.

@ An important difference between CR setting and symplectic
setting is that the quantum spaces we considered in CR
setting are infinite dimensional.
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CR manifolds

@ Let X be a smooth and orientable manifold of dimension
2n+1, n > 1.

o Let T10X be a subbundle of CTX the complexified tangent
bundle of X.

Definition

We say that T1%X is a CR structure of X if
o (i) dimc 710X = n, for every x € X.
o (i) TYOX N TO1X = {0}, where TO1X := TLOX.
o (iii) [V, V] CV, V =¢>(X, THOX).

@ For a 2n + 1 dimensional smooth manifold X, if we can find a
CR structure T19X on X, we call the pair (X, T%%X) a CR
manifold.
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CR manifolds

@ Take a Hermitian metric (-|-) on CTX such that we have
the orthogonal decompositions:

o CTX = THOX @ TOIX @ CT, T € €°(X, TX), |T|| =1,

o CT*X = T*10X @ T*O1X @ Cuwg, wo € €=(X, T*X),
[|woll =1,

o (wp, T)=—1, T*O1X = (THOX & CT)~.

e wp: Reeb one form, T: Reeb vector field, T*%1X: bundle of
(0,1) forms.
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CR manifolds

@ Take a Hermitian metric (-|-) on CTX such that we have
the orthogonal decompositions:

o CTX = THOX @ TOIX @ CT, T € €°(X, TX), |T|| =1,

o CT*X = T*10X @ T*O1X @ Cuwg, wo € €=(X, T*X),
[|woll =1,

o (wp, T)=—1, T*O1X = (THOX & CT)~.

e wp: Reeb one form, T: Reeb vector field, T*%1X: bundle of
(0,1) forms.

Definition

For p € X, the Levi form L, is the Hermitian quadratic form on
T,°X given by £,(U, V) = —Lduwo(p)(U, V), U,V € T°X.
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CR manifolds

@ We say that X is strongly psudoconvex at p € X if the Levi
form is positive definite at p € X.

@ We say that X is strongly psudoconvex if the Levi form is
positive definite at each point of X.
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o Let 7: CT*X — T*%1X be the orthogonal projection.
0 Op=T1od:E>®(X)— Q%(X): tangential
Cauchy-Riemann(CR) operator, where
QOL(X) = €>(X, T*O1X).
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o Let 7: CT*X — T*%1X be the orthogonal projection.
0 Op=T1od:E>®(X)— Q%(X): tangential
Cauchy-Riemann(CR) operator, where
QOL(X) = €>(X, T*O1X).
o We extend d) to L? space:
Obp: Dfm dp C L2(X) — L20 1)(X) where
Dom dp = {u € L3(X); dpu € L2(X)}.
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o Let 7: CT*X — T*%1X be the orthogonal projection.

0 Op=T1od:E>®(X)— Q%(X): tangential
Cauchy-Riemann(CR) operator, where
QOL(X) = €>(X, T*O1X).

o We extend d) to L? space:
dp : Dom 9, C L2(X) — L20 1)(X) where
Dom dp = {u € L3(X); dpu € L2(X)}.

o For a function u € L?(X), we say that u is a CR function if
u € Ker 0.

o If X is strongly pseudoconvex at some point of X and d, has
L? closed range, then dim Ker 0, = +o0o (Boutet de
Monvel-Sjostrand, Hsiao-Marinescu).
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CR manifolds with group action

o Let (X, T*°X) be a compact connected CR manifold of
dimension 2n+1, n > 2.
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CR manifolds with group action

o Let (X, T*°X) be a compact connected CR manifold of
dimension 2n+1, n > 2.
@ Now, we assume that

e X admits a d-dim’l locally free connected compact Lie group
action G with Lie algebra g.

e The Lie group action G preserves wy and CR structure. That
is, g*wo = wp and dg(TH0X) = THOX, for every g € G,
g: X=X

@ For any € € g, {x : the vector field on X induced by . Let
g = Span ({x; € € g).
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CR manifolds with group action

o Let (X, T*°X) be a compact connected CR manifold of
dimension 2n+1, n > 2.
@ Now, we assume that

e X admits a d-dim’l locally free connected compact Lie group
action G with Lie algebra g.

e The Lie group action G preserves wy and CR structure. That
is, g*wo = wp and dg(TH0X) = THOX, for every g € G,
g: X=X

@ For any € € g, {x : the vector field on X induced by . Let
g = Span ({x; € € g).

@ Goal: Study Hg(X)G the space of global G-invariant L? CR
functions.
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CR momentum map

The momentum map associated to the form wq is the map
X — g such that, for all x € X and £ € g, we have

(p(x), &) = wo(€x(x))- (1)
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CR momentum map

The momentum map associated to the form wq is the map
X — g such that, for all x € X and £ € g, we have

(p(x), &) = wo(€x(x))- (1)

@ We will work under the following natural assumption.

0 is a regular value of y, the action of G on u=1(0) is free and the
Levi form of X is positive definite near ;1 ~1(0).

@ X is not necessarily strongly pseudoconvex.
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o Let Y :=pu71(0), Y5 :=p1(0)/G.
Theorem (H/Huang, 2017)

Y is a strongly pseudoconvex CR manifold of dimension

2n — 2d + 1 with natural CR structure T1°Y¢ induced from
T1OX.

Chin-Yu Hsiao
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o Let Y :=pu71(0), Y5 :=p1(0)/G.
Theorem (H/Huang, 2017)

Y is a strongly pseudoconvex CR manifold of dimension

2n — 2d + 1 with natural CR structure T1°Y¢ induced from
T1OX.

o Is HY(X)C = HO(Yg)?

Chin-Yu Hsiao
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G-invariant Szeg6 projection

e Fix a G-invariant smooth Hermitian metric (- | -) on CTX.

o Let (+|-)and (-|-)y, be the L2 inner products on L2(X) and
L?(Y;) induced by (- | -) respectively.

o Let 9y : €°(X) — Q%(X) and
Ob,ys : €°°(Ys) — Q%1(Yg) be the tangential
Cauchy-Riemann operators on X and Y respectively.

@ We extend 9, and 5b7yc to L? spaces in the standard way.

9 : Dom p C L2(X) — L 1)(X),
gb,YG : Domgb,YG C L2(Yg) — L%OJ)(Yg).
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G-invariant Szeg6 projection

o Put
HY(X) == {u € L*(X); Opu =0},
HY(X)C = {ue H2(X); h*u = u, forevery he G},
Hp(Ye) := {u € [*(Y5); Opyou =0}

@ The G-invariant Szegd projection is the orthogonal projection
Sc : L2(X) = H(X)¢

with respect to (- |-).
o Let Sy, : L?(Yg) — H2(Y¢) be the orthogonal projection

with respect to (|- )y, (Szegd projection on Yg).
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The canonical Fredholm operator &

o Let 1g : (X)) — €>(Y;) be the natural restriction,
@ ©>°(X)C: the space of G-invariant smooth functions on X.

o Let

5 HY(X)® NE>(X)¢ — HA(Ye), )
ur Sy,oEoigofou,

o E:%°°(Ys) = €°°(Ys): any elliptic pseudodifferential

operator with principal symbol pe(x, &) = |§\_%,
o f € €>(X)C: a specific G-invariant smooth function.
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The canonical Fredholm operator &

o Let 1 : €°(X)® — €>(Y;) be the natural restriction,
@ ©>°(X)C: the space of G-invariant smooth functions on X.
o Let
G HY(X)® NE>(X)¢ — HY(Ys), @)
ur Sy,oEoigofou,
o E:%>*(Ys) —» €>(Ys): any elliptic pseudodifferential
operator with principal symbol pe(x, &) = |§\_%,
o f € €>(X)C: a specific G-invariant smooth function.
@ We can show that there exists a C > 0 such that
(oulou)y, <C l|ul|?, for every u € HY(X)€ N€>(X).
o Hence, we can extend & to & : HY(X)® — HY(Y5).
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Geometric quantization on CR manifolds

Theorem I (H/Ma/Marinescu, 2019)

Suppose that gb’yc has L? closed range and the Levi form is
positive definite near p=1(0). The map

5+ HY(X)C — HY(Ye)

is Fredholm. That is, Ker& and (Im)* are finite dimensional
subspaces of the spaces €>°(X) N H2(X)® and
E>°(Ys) N HY(YG) respectively.
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Geometric quantization on CR manifolds

In this work, we do not assume that d}, has closed range on X.

The definition of & depends on the choice of elliptic
pseudodifferential operator E.

Up to lower order terms of E, the map & is a canonical choice.

0Oy is not hypoelliptic and not transversally elliptic in general.

Theorem I establishes " quantization commutes with
reduction” for some non-hypoelliptic operators.
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Applications: Complex manifolds

(L, h%) : a holomorphic line bundle over a connected compact
complex manifold (M, J),

ht is a Hermitian fiber metric of L.
RL : the curvature of (L, ht).

G : a connected compact Lie group with Lie algebra g.
Assume that

G acts holomorphically on (M, J),
the action lifts to a holomorphic action on L,
ht is preserved by the G-action.

w = iRL is a G-invariant form.
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Applications: Complex manifolds

@ [i: M — g*: the momentum map induced by w. Assume that

e 0 € g" is regular,
o the action of G on ji~1(0) is free.

e Moy := ji"*(0)/G: a complex manifold with natural complex
structure induced by J.

@ Ly :=L/G: a holomorphic line bundle over Mp.
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Applications: Complex manifolds

Theorem (Guillemin-Sternberg (1982))

Suppose that Rt > 0 on X. We have
dim HO(M, L™)¢ = dim H°(My, L{'), for every m € N*.

o HO(Mo, LT'): the space of holomorphic sections on My with
values in Ly,

o HO(M,L™)C: the space of G-invariant holomorphic sections
with values in L™.
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@ Guillemin and Sternberg conjectured: "quantization
commutes with reduction” holds for compact symplectic
manifolds with compact connected Lie group G.

@ When G is abelian, this conjecture was proved by Meinrenken
(1996) and Vergne (1996).

@ The remaining nonabelian case was first proved by
Meinrenken (1998) using the symplectic cut techniques of
Lerman, and then by Tian and Zhang (1998) using analytic
localization techniques by Bismut-Lebeau.

@ Paradan developed a K-theoretic approach for Guillemin and
Sternberg conjecture.
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@ When symplectic manifold is non-compact and momentum
map is proper, " quantization commutes with reduction
problem (Vergne's conjecture in her ICM 2006 plenary
lecture),” was solved by Ma-Zhang.

@ Paradan gave a new proof for Vergne's conjecture.

@ When manifold and group are both non-compact: many
works, Mathai, Zhang, Hochs, etc.

Chin-Yu Hsiao Geometric quantization on CR manifolds



Applications: Complex manifolds

o Let X be the circle bundle of (L*, L"), i.e.
X = {v e L |v|,21L* = 1}.

@ X is a compact strongly pseudoconvex CR manifold with a
group action G.

o X admits a S! action e?: e/ o (z,)) := (z,e")\), where )
denotes the fiber coordinate of X.

@ Oy is not hypoelliptic but transversally elliptic with respect to
the S action.
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Applications: Complex manifolds

o For every m € Z, let
Hg,m(X)G = {u e HA(X)®; (") u = e™ u, for every e 51} ,
Hp m(Ys) = {u € HY(Ye); () u = e™u, for every e/ ¢ 51} ,

@ We have
o H)(X)® := ®mezHp (X)¢, H)(Y6) := ®mezHp m(Ys),
o G :Hp . (X)® = HY ,.(Yc), for every m € Z.

e For every m € Z,
HO(M7 Lm)G = Hg,m(X)G7 HO(M07 L6n) = Hg,m(YG)'

@ From Theorem I, we deduce that if |[m| > 1, then
dim Hg,m(X)G =dim Hg’m(Yg).
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Applications: Complex manifolds

@ Ma-Zhang showed that the map

p: HO(M, L™ — Ho(My, LT, -

_d
urm 4BM07moLGofou,

is an isomorphism if m is large enough,
® Bumg.m : L2(Mo, LF") — HO(Mo, LT"): the orthogonal projection
(Bergman projection).

d
4

@ When we change m~4 in (3) to any m-dependent function

with order m™ ¢ + O(mfgfl), we still have an isomorphism
between HO(M, L™)¢ and H°(My, LT') for m large.
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Applications: Complex manifolds

@ In this work, we only assume the Levi form is positive definite
near 1~ 1(0).

@ As an application of Theorem I, we deduce

With the notations and assumptions above and suppose that Rt is
positive near ji~1(0). Then, for |m| large, we have

dim HO(M, L™)¢ = dim H°(Mp, LT").
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Applications: Sasakian manifolds

o Let (X, T2°X) be a compact strongly pseudoconvex CR
manifold.

@ We say that X is torsion free if there is a non-vanishing global
real vector field T € ¥°°(X, TX) such that

o T preserves the CR structure 720X,
o T, THOX @ TO%1X generate the complex tangent bundle of X.
@ We call T CR Reeb vector field on X.

@ Ornea and Verbitsky: A (2n + 1)-dimensional smooth
manifold X is a Sasakian manifold if and only if X is a torsion
free strongly pseudoconvex CR manifold.
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Applications: Sasakian manifolds

e X is a quasi-regular (regular) Sasakian manifold if the flow of
T induces a locally free (free) S-action on X.

@ X is an irregular Sasakian manifold if there is an orbit of the
flow of T which is non-compact.

@ In this case, the flow of T induces a transversal CR R-action
on X.

@ We now assume that X is an irregular Sasakian manifold with
a CR Reeb vector field T and suppose that the Lie group G
preserves T and CR structure on X.
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Applications: Sasakian manifolds

o Consider the operators

—iLr  E€(X) = €(X),
— iff_ 5 CKOO(YG) — Cgoo(YG),

o T is the CR Reeb vector field on Ye, R
o 21, 2+ denote the Lie derivative of T and T respectively.

o We extend —i %7 and —i %% to L? spaces by their weak
maximal extension.
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Applications: Sasakian manifolds

Theorem (H/Herrmann/Li, 2017)

We have that Spec (—i£r) is countable and every element in
Spec (—iZ1) is an eigenvalue of —i.L1, where Spec (—i.LT)
denotes the spectrum of —i.%r.

e Put
Spec (—iZT) = {1, az,...} CR,
Spec (—iZz) = {1, B2,---} CR,
Hg,a(X)G = {U € H)(X)®; —iLru= ozu}, a € Spec (—i L),
Hp 5(Ye) == {v € Hp(Ys); —iZLsv = Bu}, B € Spec(—iLz).
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Applications: Sasakian manifolds

@ 0y is transversally elliptic with respect to the R action.

° Hgya(X)G and Hgvﬁ(Yg) are finite dimensional subspaces of
€>(X)¢ and €>(Y¢) respectively, for every
a € Spec (—iZT), B € Spec (—iZ%).

o HY(X)® = Bacspec(—izrHa.o(X)C,
HY(Y6) = @pespec (~izr) Hps(Ye)-
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Quantization commutes with reduction for irregular
Sasakian manifolds

Theorem II (H/Ma/Marinescu, 2019)
There is a N € N such that the map

G Hp o, (X)® = Hpa, (Y6)

is an isomorphism, for every k > N and if By # «y, where k > N,
then dim HY 5.(Ye) =0.
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Quantization commutes with reduction for irregular
Sasakian manifolds

Theorem II (H/Ma/Marinescu, 2019)
There is a N € N such that the map

G Hp o, (X)® = Hpa, (Y6)

is an isomorphism, for every k > N and if By # «y, where k > N,
then dim HY 5.(Ye) =0.

o It was shown by Marinescu and Yeganefar that O, y, has L2
closed range.

@ In the rest of this talk, we will sketch the proof of Theorem I.
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G-invariant Kohn Laplacian

o Consider 9y ¢ : Domdp ¢ C L%(X)C — L%O 1)(X)G,
o L{54y(X)€: the space of G-invariant L? (0,1) forms,

o Domdp ¢ = {u € 12(X)C; Dyu € L(2071)(X)G},

° 5b7cu = gbu, for every u € D0m5b7c.

o Let 9,6 : Domdy g C LT 1)(X)® — L*(X)€ be the Hilbert

space adjoint of dp ¢ with respect to (| -).
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G-invariant Kohn Laplacian

o Let
Ob,6 = 95606 : DomOp 6 € LA(X)€ — L3(X)®

denote the (Gaffney extension) of the G-invariant Kohn
Laplacian given by

Domp ¢ = {s € [2(X)®; s € Domdp g, OpGS € Domgzyc} ,
Up,cs = 5Z,G5b,cs for s € Dom [y, ¢ .

e [y ¢ is self-adjoint.
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Closed range property for G-invariant Kohn Laplacian

@ By using some kind of Kohn's hypoelliptic estimates, we can
show that

Theorem (H/Ma/Marinescu, 2019)

Recall that we work with the assumption that the Levi form is
positive near 1~1(0). The operator
Op.c : DomOp ¢ C L2(X)® — L%(X)C has closed range
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Closed range property for G-invariant Kohn Laplacian

@ By using some kind of Kohn's hypoelliptic estimates, we can
show that

Theorem (H/Ma/Marinescu, 2019)

Recall that we work with the assumption that the Levi form is
positive near 1~1(0). The operator
Op.c : DomOp ¢ C L2(X)® — L%(X)C has closed range

e The Kohn Laplacian Op, : Dom [, C L2(X) — L?(X) may not
have closed range.
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G-invariant Szegé kernel

o Let Sg(x,y) € Z'(X x X) be the distribution kernel of the
orthogonal projection Sg : L?(X) — KerOp g = H2(X)°.
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G-invariant Szegé kernel

o Let Sg(x,y) € Z'(X x X) be the distribution kernel of the
orthogonal projection Sg : L?(X) — KerOp g = H2(X)°.

@ We have

Se(x,y) = [c S(x,hoy)du(h) on X x X, (4)

o du = dp(h): the Haar measure on G with [ du(h) =1,
o S(x,y) € Z'(X x X) is the distribution kernel of the
orthogonal projection S : L2(X) — Ker 0.
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G-invariant Szegé kernel

o Let Sg(x,y) € Z'(X x X) be the distribution kernel of the
orthogonal projection Sg : L?(X) — KerOp g = H2(X)°.

@ We have

Se(x,y) = [c S(x,hoy)du(h) on X x X, (4)

o du = dp(h): the Haar measure on G with [ du(h) =1,
o S(x,y) € Z'(X x X) is the distribution kernel of the
orthogonal projection S : L2(X) — Ker 0.

@ When X is strongly pseudoconvex and [, has closed range,
we can study Sg(x,y) by using (4) and Boutet de Monvel and
Sjostrand’s classical result for the Szegd kernel S(x, y).
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G-invariant Szegé kernel

o Let Sg(x,y) € Z'(X x X) be the distribution kernel of the
orthogonal projection Sg : L?(X) — KerOp g = H2(X)°.

@ We have

Se(x,y) = [c S(x,hoy)du(h) on X x X, (4)

o du = dp(h): the Haar measure on G with [ du(h) =1,
o S(x,y) € Z'(X x X) is the distribution kernel of the
orthogonal projection S : L2(X) — Ker 0.

@ When X is strongly pseudoconvex and [, has closed range,
we can study Sg(x,y) by using (4) and Boutet de Monvel and
Sjostrand’s classical result for the Szegd kernel S(x, y).

@ Since the Kohn Laplacian (], may not have closed range, it is
difficult to study Sg(x,y) by using (4).
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Spectral kernel for Kohn Laplacian

e [, is self-adjoint and the spectrum of [, is contained in R .
@ For A >0, set Hg,gA(X) ;= Ran E([0, \]) C L3(X),

o E([0, A])):the spectral projection of [y,
e E: the spectral measure of [1p.

o Let
Sext (X)) — Hg,gA(X)
be the orthogonal projection with respect to the product
(1)

o Let Scy(x,y) € 2/(X x X) be the distribution kernels of S<.
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Szegd projection for lower energy functions

Theorem (H/Marinescu, 2017)

Assume that the Levi form is positive on an open set D € X.
Then for every A > 0, S<x(x,y) is a complex Fourier integral
operator on D of the form

Saa(x,y) E/ ei“a(x’y)ts(x,y, t)dt,
0

“+o0o
s(y, 1) ~ ) t"Isi(x,y), (5)
j=0

SO(va) 7& Oa
Imy >0, ¢(x,x)=0.
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G-invariant Szeg6 kernel asymptotics

@ From the closed range property for G-invariant Kohn
Laplacian, we can show that

There is a \g > 0 such that

Sa(x.y) = [ Sca(xchoy)du(h) on X xX.  (©
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G-invariant Szeg6 kernel asymptotics

@ From the closed range property for G-invariant Kohn
Laplacian, we can show that

There is a \g > 0 such that

Sa(x.y) = [ Sca(xchoy)du(h) on X xX.  (©

e From (5), (6) and note that the Levi form is positive near
1 ~1(0), we can study Sg(x,y) near u~1(0).

@ By using Kohn's estimates, we can show that Sg is smoothing
away 1~ 1(0).
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G-invariant Szeg6 kernel asymptotics

Theorem III (H/Ma/Marinescu, 2019)

o Sg is smoothing outside ;1 ~1(0).

e In an open set U of u=1(0), we have

Sc(x,y) = / e 0Nt a(x, y, t)dt on U x U,
0

o a(x.y,t) ~ T ()1 in SToE(Ux UxRy),
o dy®(x,x) = —d, ®(x,x) = —wo(x), Vx € p~1(0),
o Im®(x,y) >0, Im®(x,x)~ d(x,u"1(0))>.
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The outline of the proof of Theorem I

o Consider & as a map acting on L2(X):
G L2(X) — H)(Ye) C L2(Yg), u— Sy ,0EoigofoSgou.

o Let 0" : L%(Yg) — 2'(X) be the adjoint of .
@ From Theorem III and by developing some kind of complex
Fourier integral operators calculation, we can show that
o F:=05"G: L%(X) — 2'(X) is the same type of operator as
Se,
° FG: Go(l — R)Sg, G is a constant, R is also the same type of
operator as Sg.
o We take E so that the order of F is the same as the order of
Se.
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The outline of the proof of Theorem I

@ We can take f so that
o the leading symbol of R vanishes at diag (2~1(0) x x~1(0)),
o R:H%(X)— H*¢(X) is continuous, for every s € Z, where
e > 0 is a constant and H®(X) denotes the Sobolev space of
order s on X.
o From F =5*G = Go(/ — R) on H2(X)® and the regularity
property of R, we can show that
o the kernel of F : HY(X)® — H2(X)C is a finite dimensional
subspace of €>°(X) N H2(X)°.
@ Since Kero C Ker F, Kerd is a finite dimensional subspace
of €°°(X) N HY(X)C.

Chin-Yu Hsiao Geometric quantization on CR manifolds



The outline of the proof of Theorem I

@ Similarly, we can repeat the argument above with minor
change and deduce that

e the kernel of the map

A

F=566": H)(Ys) — HY(Ye)

is a finite dimensional subspace of €>°(Ygs) N HY(Ys).

e Since (Im3)"- C Ker £, (Im&)" is a finite dimensional
subspace of €°°(Yg) N H2(Ys).
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The outline of the proof of Theorem I

@ Similarly, we can repeat the argument above with minor
change and deduce that
e the kernel of the map

F=566": H)(Ys) — HY(Ye)

is a finite dimensional subspace of €>°(Ygs) N HY(Ys).
e Since (Im3)"- C Ker £, (Im&)" is a finite dimensional
subspace of €°°(Yg) N H2(Ys).
@ We can also apply the method of the proof to study some
extension problems in several complex variables.
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Microlocal isometric map o

o By using spectral theory, we will show that there is a
self-adjoint bounded operator
o /Ny i L2(X) — L3(X),
] \/MSG = SG\/M on L2(X),
o /Ni(I — R)y/Ns =1— P on [?(X), where P is the

orthogonal projection from L?(X) onto Ker (/ — R).

o Let o := 150 Sg 0 /Ny : H)(X)€ — HY(Yc).

o 0'c = & \/N.5°6\/N; = /N (I — R)\/Ny = I — P,
& V/INx VN (I = R)y/Ny
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Microlocal isometric map o

@ We have

(oulov)yve = (VNe(l=R)y/Niu|v) = (u|v)=(Pulv),

for every u, v € HY(X)C.

o Note that P is smoothing and for u € HJ(X)®, Pu =0 if and

only of u € (Kero)*t.

@ o is microlocally isometric.
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Geometric quantization on CR manifolds

Theorem (H/Ma/Marinescu, 2019)

Suppose that 5b7YG has L? closed range and the Levi form is
positive near ;1~1(0). The map

o HY(X)® = HX(Ye)
is Fredholm and

(oulov)y, = (u|v), u,ve (Kera)t.
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