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Overview
Goals:

» review semitoric systems: special integrable systems with Hamiltonian
Sl action on four-manifolds,

» introduce their quantum analogues and their joint spectrum,
P explain how this joint spectrum encodes symplectic invariants of the system,

» discuss constructing new examples of such systems.
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Introduction

Section 1

Introduction
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Introduction

Integrable systems

(M*,w) (compact) connected symplectic manifold. For f,g € C*°(M,R):
ix,w + df =0, {f, g} = w(Xs, Xq).

A (classical) integrable system on M: fi,f, € C*°(M,R) such that:
> {fi,L}=0,
> Xy, Xr, almost everywhere linearly independent.

F = (f,f): M — R? momentum map of the system.

Examples
L (M,w) = (R*,wp), wo = dx1 A d&1 + dxa A déa, i = &1, b =&,
2. (Myw) = (S? x $?,ws ® wg), wse = dz; A db;:

> fi =2z, h =2,

> fi=z+2, h=xx+yy+z22.
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Introduction

Semiclassical quantization
Roughly: to (M,w), associate, for k — 0:
1. a Hilbert space H, (quantum state space),
2. alinear map Op,, : C>°(M,R) — .“(H}y) with a number of properties, among
which:
» if f = c constant, then Op,(f) = c Id,
> if £ € L, 0p, ()] ~noo Il
> [Op,(f), Op4(g)] = F0p4({f.g}) + O(H*).

A semiclassical operator: Ty = Op,(fy) with f, = fo + hfy + A2 + ...
a(Ty) := fy principal symbol.

Two standard contexts:
> (M,w)=(T*X,d\), X =R" or (X, g) compact Riemannian manifold: Weyl
quantization, pseudodifferential operators, Hy = L?(X) (ex.: Schrédinger
—R2A + V),
» (M,w) compact: geometric quantization, Berezin-Toeplitz operators,
dimHp < +oo (ex.: spin operators).
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Introduction

Quantum integrable systems

A quantum integrable system: a pair (TF(LI), T,gz)) of semiclassical operators on
(M*,w) such that:

> (1, TP =0,
> (f1,h) = ((r( T,(Ll)),(r(T,(LQ))> is a (classical) integrable system.

Joint spectrum JS(TF(LI), TF(Lz)): support of joint spectral measure. For instance, if
dim(H5) < oo,

gs(TV, T = {0 2) € B2 |3v £0, Tv = v, TEv = xav .

Question

From the data of JS( T,gl), T;EZ)) when % — 0, which information on (M, w, f1, f)
can we extract?
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Introduction

The toric case

F = (f, ) integrable on (M*, w) is toric if the flows of X; and Xj, are 27-periodic
and the action T? x M — M, ((t1,t2), m) — (¢ o ¢Z)(m) is effective.
Theorem (Atiyah, Guillemin-Sternberg 1982, Delzant 1986)

M compact. P = F(M) is a convex polygon such that, at each vertex, the
outgoing edges are generated by a Z-basis (u1, uy) of Z2. Moreover, P determines
(M,w, F) up to equivariant symplectomorphism.

h

Figure: S? x S2. Figure: CP?,

Figure: A Hirzebruch
surface.

Theorem (Charles-Pelayo-Vii Ngoc 2013)
(T;Ll), T}gz)) quantum integrable system such that F = (o( Tr(Ll)), o T;Lz))) toric.
From .ZS’(T,Q)7 Tg)) as b — 0, one can recover (M,w, F) up to isomorphism.

Idea: jS(Tfsl), Tr(;,2)) converges towards the Delzant polygon P = F(M) as i — 0.
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Semitoric systems

Section 2

Semitoric systems
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Semitoric systems

Singularities of integrable systems

(f1, f) integrable system on (M* w). Points where Xy, Xy, linearly dependent:
singularities. Notion of nondegenerate singularity to ensure normal form
(Eliasson): local coordinates (xi, x2, £1,&2) such that w = dxg A d&; + dxa A d&;
and (f1, ) ~ (g1, g2) where g; are some of

1. g; = & (regular component),

2 2
2.qi= % (elliptic component),

3. gi = x;& (hyperbolic component),

4. g1 = x1& — x€1, g2 = x1&1 + x& (focus-focus component).

=) -

Figure: An elliptic-elliptic
fiber.
Figure: An elliptic-regular iber
Figure: A regular fiber. fiber.
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Semitoric systems (Symington, Vi Ngoc)

An integrable system F = (J, H) : (M* w) — R? is semitoric if
» Jis proper,
» the Hamiltonian flow of J yields an effective St-action,

» F has non-degenerate singularities only (like toric case), with no hyperbolic
component (these create problems, e.g. disconnected fibers).

New singularities can appear (wrt toric case): focus-focus singularities (in what
follows, assume one per J-fiber). Image in the interior of F(M).

o

Figure: A focus-focus fiber with one focus-focus point.
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Semitoric systems

Examples

Spin-oscillator

(M7w):S(2quz) XR%UV),Q):LUS2 @sz. %
J=Y5 z, H= g | k |

Coupled angular momenta (Sadovskil’—ZﬂiIinskif 1999)
(M,w) = ($? x $%, Riwge ® Rowsz). R, Ra > 0. X = x130 + y1ya.

J= Rlzl + RQZQ, Ht - (1 - t)Zl + t(X -+ 2122).

t=0 t=0.25 t=0.5 t=0.75 t=1

1.0 1.0 10 10 :

05 /nft///7 /96;/7 ~\//05‘f',/7 \ o5 /
‘352165 1/23-%3-%‘\%3-3%{\%3—3&\;3@j3

; T 10 10 .

Figure: The momentum map image for varying values of t and Ri =1, R, = 2.
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Generalization (Hohloch-Palmer 2018)
(M,LU) = (S2 X 827 RIWSZ ©® RQ(.USZ). Rl, R2 >0 X= X1 X2 +y1y2.

J = R121 + RQZZ
He s, = (1 —s51)(1 — s2)z1 + 51522 + 51(1 — 2)(X + 2122) + (1 — 51)(X — z12),

(s1.52) = (0.25, 1) (s1.52) = (0.5, 1) (s1.52) = (0.75, 1) (s1.82)=(1.1)
o Top A Tof s Pl
\ os” osf”
17 373;7;’1)5 1 2 :\,3;;/7_5/5/1 2 3
10 -0l <Al

(51:52) =(0,075)  (s1,52) =(0.25,0.75)  (s1,52) =(05,0.75)  (51,5,) = (0.75,0.75)  (s1,5) = (1,0.75)
4 10 10] 10] 1.0 »

05| e

of

(s1,82) =(0,05)  (s1.8) =
Ty 1.0

0,025)  (s1,5,) = (0.25, 0.25)
1.0]

D I

10!

(s1,82) = (s1,82) = (0.5, 0)
1.0 10f .

(s1,52) =(1,0)
odep e

05|

2 3

Boprpr
3 Rchsf T2

etoboe

Figure: The momentum map image of the system for s1,s, € [0,1] with Ry =1, R, = 2.
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Semitoric systems

Classification

(M,w, F) and (M’',w’, F") semitoric are isomorphic <= 3¢: M — M’
symplectomorphism and

g: F(M) = F'(M), g(x.y)=(x.g%(xy)),

such that F/o¢p =goF.

Theorem (Pelayo-Vii Ngoc 2007-2011)
Semitoric systems are classified up to isomorphism through “five” invariants:
» the number my¢ of focus-focus singular points,

a family of convex polygons obtained from F(M),

>
» the heights of the images of focus-focus points in these polygons,
» a formal series for each focus-focus point,

>

roughly, an integer for each focus-focus point (twisting index).
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Semitoric systems

Action variables

F = (f1, f) integrable system on (M*,w). Assume regular fibers of F are compact
and connected. ¢ = (¢, ) regular value of F.

Theorem (Arnold-Liouville)

3 neighbourhoods U of F~*(c) in M and V of {0} x T? in Rf, ) x T(, ) with
symplectic form dly A d01 + dl, A d6,, a symplectomorphism ¢ : U — V and a

diffeomorphism g : (R?,c) — (R2,0) such that go Fo ¢t = (I, h).
> (I, b): action variables,
> )(I1

_ 0 . -1 . 2 :
891 X, = 505 hence go Fo ¢~ : V — R toric momentum map,

» (v1,72) basis of Hi(F~1(c),Z) and da = w locally,

g(c)—i / a/ «
2t \Jute) i) )

> (Ki, K3) other choice of action variables:

K1 o Il u
<K2> =A <12> + <v>’ A€ GL(2,Z),u,veR.
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Semitoric systems

Invariants: semitoric polygons and heights
For a semitoric system, F(M) need NOT be a convex polygon.

X
fir ,,II
N
F(M)

» Choose independent action variables (J, K) near F~1(c),

10
» try to extend them: account for monodromy 1 1)

» action of {(ll( (1)) , <8) | ke Z,ve R} on polygons.
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Semitoric systems

Invariants: Taylor series

W =goF = (J,H), g local diffeo from normal form, W = (g1, g») near the
focus-focus point, g1 = x1& — x2€1, g2 = x1&1 + x2&> in local symplectic
coordinates. ¢ = (¢, &) regular, z = ¢; + ic.

01(z) = 11(c) — S(Logz), 02(z) = m(c) + R(Logz).

» o = o1dc; + oordc, smooth, closed,
> regularized action S: dS = o near 0, S(0) =0,

» invariant: Taylor series of S at 0.
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Semitoric systems

Invariants: twisting index

» Start with a map f. from the construction of a semitoric polygon; get
generalized toric momentum map pu = f. o F,

» from local normal form near focus-focus point m;, construct local reference
toric momentum map v,

1 0
> = Tk i =
= TNy, with T (1 1),

» k; € 7Z: twisting index of m;.

Note: depends on the choice of polygon. Action of (T”7 (8)) changes
k,' — k,' + p.
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The inverse problem for quantum semitoric systems

Section 3

The inverse problem for quantum semitoric systems
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The inverse problem for quantum semitoric systems

Question and result

(7}

Ll), T}gz)) semitoric quantum integrable system on (M, w):

F=(J,H)= (o T;l)),o( TS))) semitoric.

Theorem (L.F.-Pelayo-Vii Ngoc 2016)

From the knowledge of JS( T,ELI), T,SLZ)) up to O(h?), one can recover
» the number my of focus-focus points,
» the semitoric polygons of the system,

» the height invariant associated with each focus-focus point,

» the Taylor series associated with each focus-focus point.

Note: twisting index missing.
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|dea of proof 1/2

Bohr-Sommerfeld conditions near ¢ regular value of F (Colin de Verdiére 1980,
Charbonnel 1988; Charles 2003):

(A, x2) € ITS(TV, TP = gn(A1, \2) € 27hZ2 + O(R™);

grn =80+ hgi+ ... with ggo F = (h, k) action variables:

» reconstruct semitoric polygon,

» find focus-focus values where actions are singular.
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|dea of proof 2/2

Taylor series (Pelayo-Vii Ngoc 2014)
Assume J‘S'(T,gl)7 T,LE2)) = .73(7—'%1)» T’ff)) + O(1?).
1. Bohr-Sommerfeld conditions = 3A € GL(2,Z), dgp = A dgi,

2. 11,72 as in definition of the Taylor series, X = 7 X; + 7 Xy; compute actions
I = (h, k) using v1 orbit of J and ~, orbit of X, and similarly /',

3. since gp also comes from actions, 3B € GL(2, Z) such that d/ = Bdg and
similarly dI" = Cdgj,

4. this yields dl = BAC~dl,

5. show that BAC~! = 1d, so that dl = d/’,

6. one has
h=S8—%R(zLog(z) —z) + K, I} =5 —R(zLog(z) — z) + K’,

where S as in definition of Taylor series invariant, hence dS = dS’.
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The inverse problem for quantum semitoric systems

Normalized polygons

Define normalized twisting index (@
from normalized polygon: start
from any polygon and apply T7,

T—lOt t pol
=lo 1) toset polygon

with edge as close as possible to
horizontal line.

Theorem (L.F.-Pelayo-Vii Ngoc 2019)

Let (T}gl), T;f)) be a semitoric quantum integrable system with fixed normalized
twisting index. From the knowledge of JS( T,(bl), T,(IVQ)) up to O(h?), one can
recover (M,w, F) up to isomorphism.
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The inverse problem for quantum semitoric systems

Digression: rotation number
(T,(Iyl), T,(I/Q)) quantum integrable system, F = (f, H) = (o( T}(bl)), (T(T,(I/Q))).
> Assume: for every regular value c of F, F~!(c) is compact and connected,
» Arnold-Liouville: near F=1(c), F = (h1(h, k), ho(h, k)), h, I» action
variables, h = (hy, hy) diffeomorphism,

0>

Rotation number:

Ohy L(m),hL(m
W[(C) — M

o (h(m),12(m))
m € F~1(c).

€ RU {co},

01
Theorem (Dauge-Hall-Vii Ngoc 2019)

From JS( T}(Ll), T,(LQ)), recover wj(c) for every regular value c of F.

Hope to recover the twisting index from the joint spectrum of a semitoric
integrable system (but use singular Bohr-Sommerfeld conditions).
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Semitoric families

Section 4

Semitoric families
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Semitoric families

General idea

Semitoric systems:
» more invariants than toric ones,

» some of these (polygon, number of focus-focus points) are more visual and
easier to detect on joint spectrum,

» constructing a system given its five invariants is complicated and not as
explicit as in the toric case,

» few fully explicit examples.

Hence, goal:
» produce more examples,

» systematic construction from given polygon and number of focus-focus
points?
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Example: coupled angular momenta
(S2 x S? lesz D ngsz). Rl, Ry > 0. X =x1x + yiyo.
(1—t)z1 + t(X + z2120).

(M,w) =
J R121 + RQZQ7 Ht =

Semitoric with one focus-focus singularity when t = 1/2.
t=0.75 t=1
1.0 =
S BN

t=0.5

0 t=0.25
1.0 1.0
0.
M NV 35%:;\% 3 -3-\%)%5}j 3

t=
62
-3 fz = 2 3 -W
.e - -10
Figure: The momentum map image for varying values of t and Ry =1, R, =2

L7

Figure: Two representatives of the semitoric polygon of the system when t =1/2
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Semitoric families

Some results
No systematic construction yet, but:
L.F.-Palmer 2019:
» new fully explicit examples on first and second Hirzebruch surfaces,
» use of blowups/blowdowns: examples on every Hirzebruch surface obtained
from coupled angular momenta,

» minimal semitoric models (Kane-Palmer-Pelayo) + blowups/blowdowns =
everything?

Figure: Image of the momentum map for (J, H;) on the first Hirzebruch surface.
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Thank you!
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Semitoric families
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An example on the second Hirzebruch surface

(s1,82) = (0, 1) (s1,52) = (0.25, 1) (s1,52) = (0.5, 1) (s1,82) = (0.75, 1) (s1,82) = (1,1)

o s = 5 5

(51,52) =(0,0.75)  (s4,55) = (0.25,0.75)  (51.52) =(0.5,0.75)  (s4,55) = (0.75,0.75)  (s1,52) = (1, 0.75)
1 1 1 1 1
N A = g
Z/L,L/\J M 3 | —% 2 3 </ 2 3
-1 -1 -1 -1 -1

(1.5 =(0,05)  (s1,8)=(0.25,05)  (s1,52) = (0.5,05)  (s1,5)=(0.75,05)  (s1,8) = (1, 0.5)

1 1 1 1 1
7& 7% = 76 2 3 7%
-1 -1 -1 -1 -1

(51,52) =(0,0.25)  (s1,5,) =(0.25,0.25)  (51,52) =(0.5,0.25) (s1,5,) =(0.75,0.25)  (1,52) = (1,0.25)

TS o 1oy | o | —

Wa_ﬂwﬁus F— 1 —2— 3 w2 3 Va

(81,82) = (0, 0) (81,82) = (0.25, 0) (81,82) = (0.5, 0) (s1,82) = (0.75, 0) (81,82) = (1,0)

'/1_</3 Pﬂ\a/s Wa \\Vs 1 2/ 3
-1 -1 -1 -1 -1

Figure: The image of the momentum map for a system (J, Hs, s,) on the second
Hirzebruch surface (compare with Hohloch-Palmer).
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Interlude: toric blowups

One can perform a blowup at an elliptic-elliptic point of a toric system to get
another toric system.

NN

77
77777

7777777

Figure: The momentum map image of CP? (left) and a blowup of CP? of size A = 1/2
(right), obtained by “chopping off” the top corner.

Fulton (19897): minimal toric models in dimension 4.

Yohann Le Floch Classical and quantum semitoric systems July 15, 2019 30/31



Blowups

One can also use blowups and blowdowns at elliptic-elliptic points of a semitoric
family to get a new semitoric family. Starting from coupled angular momenta, this
yields a semitoric transition family on every Hirzebruch surface:

W1 BI(W1) Wa
t=0 /\
t = 1/% blowup leowdowg Q
t=1

Figure: Performing a blowup followed by a blowdown on the semitoric family on the first
Hirzebruch surface to produce a semitoric family on the second Hirzebruch surface. We
perform a blowup at the black point and then a blowdown at the bold edge.
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