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Horn’s problem

G connected Lie group
g = Lie algebra of G
g/G = the set of adjoint orbits of G
Horn’s set :

Horn(G) :=
{

(O,O′,O′′) ∈ (g/G)3,O ⊂ O′ +O′′
}

Question
What is the geometric nature of Horn(G) ?

In the compact case (works by Horn, Klyachko, Knutson-Tao,
Berenstein-Sjamaar, Belkale-Kumar, Ressayre,...)

When G is compact, Horn(G) is a polyhedron and one can
compute the equation of its faces.
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Hermitian symmetric spaces

G linear connected real reductive group
K ⊂ G maximal compact subgroup
Cartan decomposition g = k⊕ p

Hypothesis
The vector space p admits a K -invariant complex structure

J = ad(z0).

Classical examples

G = Sp(2n,R), K = U(n), p = S2(Cn)

G = U(p,q), K = U(p)× U(q), p = Mp,q(C)

G = SO0(2,n), K = SO(2)× SO(n), p = Cn

G = SO(n,H), K = U(n), p = ∧2(Cn)
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Invariant cone

gse = open subset of strongly elliptic elements

gse :=
{

X ∈ g, GX is compact
}
.

ghol = holomorphic cone

ghol :=
{

X ∈ g, Tr(X · Ad(g)(z0)) < 0,∀g ∈ G
}
.

T ⊂ K maximal torus with Lie algebra t

Basic facts
ghol = maximal invariant open cone containing z0

ghol ⊂ gse

ghol = G · thol where thol = ghol ∩ t
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Basic example : SL(2,R)

G = SL(2,R) and K = SO(2,R)

z0 =

(
0 −1
1 0

)
g ' R3 through the map

(x , y , z) 7−→
(

x y − z
y + z −x

)

strongly elliptic elements :

gse ' {x2 + y2 − z2 < 0}

holomorphic cone :

ghol ' {x2 + y2 − z2 < 0 and z > 0}
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Holomorphic Horn’s set

t+ ⊂ t = Weyl chamber
thol,+ ⊂ t+ = holomophic chamber

Holomorphic Horn’s set

Hornhol(G) :=
{

(a,b, c) ∈ (thol,+)3, Ga ⊂ Gb + Gc
}

Theorem A

Hornhol(G) is a closed convex set of (thol,+)3.

Example : G = SL(2,R)

Here thol,+ = t+ ' R>0 and

Hornhol(SL(2,R)) =
{

(a,b, c) ∈ (R>0)3,a ≥ b + c
}
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Holomorphic discrete series

∧ ⊂ t∗ = weights lattice
∧+ ⊂ ∧ = set of dominant weights
πK
µ = irreducible rep. of K attached to µ ∈ ∧+

Harish-Chandra (50’)
holomorphic discrete series representations of G are
parametrized by Ĝhol ⊂ ∧+ ∩ t∗hol

πG
λ = hol. discrete series rep. attached to λ ∈ Ĝhol

restriction of πG
λ to the K -action :

πG
λ |K ' πK

λ ⊗ S(p)
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Proof of Theorem A

We consider the Littlewood-Richardson sets :

LRhol(G) =
{

(λ, µ, ν) ∈ (Ĝhol)
3, πG

λ ⊂ πG
µ ⊗ πG

ν

}
LRQ

hol(G) =
{

(a,b, c) ∈ (t∗Q)3, ∃N ≥ 1, N(a,b, c) ∈ LRhol(G)
}

Proposition

LRhol(G) = subset of (∧hol,+)3, stable relatively to� +�
LRQ

hol(G) = Q-convex subset of (t∗Q)3
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3, πG

λ ⊂ πG
µ ⊗ πG

ν

}
LRQ

hol(G) =
{

(a,b, c) ∈ (t∗Q)3, ∃N ≥ 1, N(a,b, c) ∈ LRhol(G)
}

Proposition

LRhol(G) = subset of (∧hol,+)3, stable relatively to� +�
LRQ

hol(G) = Q-convex subset of (t∗Q)3

PEP Horn’s problem for pseudo-hermitian matrices



Proof of Theorem A

We consider the Littlewood-Richardson sets :

LRhol(G) =
{

(λ, µ, ν) ∈ (Ĝhol)
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End of proof of Theorem A

Sympletic reduction

Let (a,b, c) ∈ t∗hol

proper moment map : Φb,c : Gb ×Gc → g∗

compact reduced space : Gb ×Gc//Ga := Φ−1
b,c(Ga)/G

Quantization commutes with reduction (PEP,15)

For (λ, µ, ν) ∈ (Ĝhol)
3,[

πG
λ : πG

µ ⊗ πG
ν

]
= Q(Gµ×Gν//Gλ).

Corollary

LRQ
hol(G) = Hornhol(G) ∩ (t∗Q)3
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3,[

πG
λ : πG

µ ⊗ πG
ν

]
= Q(Gµ×Gν//Gλ).

Corollary

LRQ
hol(G) = Hornhol(G) ∩ (t∗Q)3

PEP Horn’s problem for pseudo-hermitian matrices



End of proof of Theorem A

Sympletic reduction

Let (a,b, c) ∈ t∗hol

proper moment map : Φb,c : Gb ×Gc → g∗

compact reduced space : Gb ×Gc//Ga := Φ−1
b,c(Ga)/G

Quantization commutes with reduction (PEP,15)

For (λ, µ, ν) ∈ (Ĝhol)
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Another model

Theorem (Jakobsen-Vergne)

For (λ, µ, ν) ∈ (Ĝhol)
3,[

πG
λ : πG

µ ⊗ πG
ν

]
=
[
πk
λ : πK

µ ⊗ πK
ν ⊗ S(p)

]
Let (b, c) ∈ (t∗hol,+)2.

Kähler K -manifold X := K/T × K/T × p−

symplectic form Ωb,c on X
proper moment map Φb,c : X → k∗

Kirwan polyhedron ∆b,c = Φb,c(X ) ∩ t∗+

Another model

Hornhol(G) :=
{

(a,b, c) ∈ (t∗hol,+)3, a ∈ ∆b,c

}
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3,[

πG
λ : πG

µ ⊗ πG
ν

]
=
[
πk
λ : πK

µ ⊗ πK
ν ⊗ S(p)

]
Let (b, c) ∈ (t∗hol,+)2.

Kähler K -manifold X := K/T × K/T × p−

symplectic form Ωb,c on X
proper moment map Φb,c : X → k∗

Kirwan polyhedron ∆b,c = Φb,c(X ) ∩ t∗+

Another model

Hornhol(G) :=
{

(a,b, c) ∈ (t∗hol,+)3, a ∈ ∆b,c

}

PEP Horn’s problem for pseudo-hermitian matrices



Another model

Theorem (Jakobsen-Vergne)

For (λ, µ, ν) ∈ (Ĝhol)
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Ressayre pairs

M = complex K -manifold with finite generic stabilizers

Admissible elements
γ ∈ ∧t is admissible if

γ is indivisible
∃m ∈ M such that km = Rγ

Geometric data:{
γ = an admissible element
C = a connected component of Mγ

Ressayre pair

(γ,C) is a Ressayre pair if ∃m ∈ C such that

km = Rγ and nγ<0 ' (TmM)γ<0
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Kirwan polyhedron & Ressayre pair

Compatible data

(Ωd ,Φd ) = compatible data on the complex K -manifold M:
Ωd invariant Kähler two-form
Φd : M → k∗ proper moment map
Kirwan polyhedron ∆d = Φd (M) ∩ t∗+

Theorem
An element ξ ∈ t∗+ belongs to ∆d if and only if

〈ξ, γ〉 ≤ 〈Φd (C), γ〉

for any Ressayre pair (γ,C).
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Classical case : Horn(n)

Horn(n) =
{

(a,b, c) ∈ (t∗n)3, U(n)a ⊂ U(n)b + U(n)c
}

Notations
Let I := {i1 < i2 < · · · < ir} ⊂ {1, . . . ,n}.

dominant weight : µ(I) = (1− i1,2− i2, . . . , r − ir )

if a ∈ Rn, then |a|I :=
∑

i∈I ai

Horn’s conjecture (proved by Klyachko & Knutson-Tao)

(a,b, c) ∈ Horn(n) if |a| = |b|+ |c| and for any 1 ≤ r ≤ n− 1, for
any I, J,L ⊂ {1, . . . ,n} of cardinal r , we have

|a|I ≤ |b|J + |c|L

if (µ(I), µ(J), µ(L)) ∈ Horn(r).
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Non-compact case : Horn(n,1)

Horn(n,1) := Hornhol(U(n,1))

Theorem B
(a,b, c) ∈ Horn(n,1) if |a| = |b|+ |c| and for any 1 ≤ r ≤ n − 1,
for any I, J,L ⊂ {1, . . . ,n} of cardinal r , we have

|a|I ≥ |b|J + |c|L
if (µ(I), µ(J), µ(L)) ∈ Horn(r).

|a|I ≤ |b|J + |c|L
if (µ(I), µ(J), µ(L)) + (n − r)(δ, δ, δ) ∈ Horn(r ,1).
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