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Open Systems

Open Systems: System coupled to environment, treated as noise.
® Classical mechanics:
® [angevin equation
® Fokker-Planck-Kolmogorov (FPK) equation
® Quantum mechanics:

® Lindblad equation, quantum analogue of FPK equation
® Decoherence
® Thermalisation
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The Lindblad Equation

States: positive normalised trace cIass operators j on Hilbert
space H, p > 0, tr[p] = 1 Expectation values: (A); = tr[Ap].

Lindblad-Gorini-Kossakowski-Sudarshan equation

~

. IN oA 1 T ATx 7 A AT x
ihdep = [H, 5] + 5 zk:szpL —[xip—pLily

A internal Hamiltonian, [k Lindblad operators, describing
coupling to the environment.

® most general form of generator of completely positive trace
preserving semigroup. Quantum channel.

Examples:
o = \/o q, scattering on environmental " dust”-particles

o [ =, /y— 4, Ly = /71 &%, where § = p — i§ creation
operator, coupling to heat bath.
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Phase Space Representation

Let p, H, L, be Weyl-symbols of p, A, Ly, then the Lindblad
equation gives

) h
Orp = Xop +divXo p + 5 Zk:XEp + O(h2)

where vector fields X, k =0,1,--- ,2K are given by
© Xop = {H,p} + Sy Im(L{Lk. p})
® Xip={Rely,p} and Xxikp = {Im Ly, p}
Remarks:
® Xy describes transport, Lindblad parts give dissipation
° XE terms describe diffusion, due to external noise
® O(h%) = 0 if H quadratic and Ly linear.

® equation in Hormander "sum of squares form”.
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Examples

o Let p = [¥)(¥]

® if 9 =), is coherent state centred at y, then
plx) = Ne~ kbt

e if ¢ =1, + 1, is superposition of two coherent states, then
p(x) = Ne— bl 4 Ne=wb=2l’ 1 N cos (6y - x/h) e~ rhl
where 5y = Q(y2 — 1) and 7 = (y1 + y2)/2 with Q = (‘,3 —0’)

° et H= %(p2 +g?)and L= /o q, x=(p, q), then

ho
Oep = —pOap + q0pp + —-Tpp

® transport and diffusion in momentum. L models impact of
random scatterers.
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Example
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Figure: Cat state Wigner function, evolving with Harmonic
w=1and L =a. Times (t =0, 0.01, 0.1), h = 1/50.
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Decoherence

We say p € S1(R?9) if for all a there exists C,
2

N _lal
19200 < Ilplloc Cali™ 5"

Examples: p(x) = hdewl P ¢ 5%, cos(dy - x/h) ¢ S%.

Definition
We say a system shows decoherence in phase space if for any
trace classpy the time evolved symbol p:(x) of is in S1 for any

2

t > T > 0 uniformly, i.e., for any T > 0 and « there exist
C1.o > 0 such that

_lal
sup |95 pt(X)| < [[pTlloc CT 0P 2 (1)
x€eR2n

for all h € (0,1] and t > T.
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Hormander condition

Definition
Suppose Xj, j =0,1,--- , K, is a set of vector fields on R29 and
consider the subspaces Vi(x) C R", k =0,1,2,---, spanned by
the X; and iterated commutators,

Vo(x) :=span{Xo(x), Xa(x), -+, Xk (x)}
Vi(x) :=span{Y(x),[Y, Xi|(x),; Y € Vk_1(x),j =0,1,2,--- K} .

We say that Xj, j =0,1,--- , K, satisfy the Hormander
condition if for some r we have V,(x) = R?? for all x € R?9.

Example: H = %p2 + V(q), L =g, then
Xo==poqg+V'(q)0p, Xi=0p, [Xo.X1]=20q.

So Wu((0, q)) = span {9,}, Vi(x) = R? for all x.
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Hormander condition: geometric meaning

Let ¢f(x) be flow generated by Xj, then
* ¢t (x) = tXk(x) + O(t?)
® D0 d' 0 bl o bl = t2[Xi, Xiw] + O(t?)
Can transport in direction of commutators: Hormander condition
gives transport in any direction.
Theorem (Chow '39, Rashevski '38)

Assume the Hormander condition holds. Then for any xg, x1 there
exists a C! path x(t) with xo = x(0) and x; = x(1) and controls
u(t) € L([0,1]) such that

£(8) = 3 u(OXe(x(2)

k
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Hypoellipticity and Hormander's Theorem

Definition
A linear operator L is called hypoelliptic if Lf € C*> implies
fecCc™.

Theorem (Hormander 67)
Assume Hormander's condition holds for the vector fields
Xo, X1, -+, X, , then the operator

L=Xo+> X;
k=1

is hypoelliptic.



Decoherence and Hormander's condition
. N A 1 T AT T* 7T A AT T
ihdep = [A. 7] + - Zk: 2L ply — [ilyp — pLily

Theorem (Parsons, Plastow, RS 19)

Suppose H(x) = %x - Qx Is quadratic and Ly = Iy - Qx are linear
and the Hamiltonian vector fields of H and Re Ly and Im Ly satisfy

Hormander's condition. Then the systems shows decoherence in
phase space.

® Decoherence is semiclassical manifestation of hypoellipticity.

® Theorem is direct application of previous results by Kuptsov
'"72-'83, Lanconelli and Polidoro '94.

® One can as well derive more quantitative estimates, see proof.
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Ingredients in proof |

® let) , LT = M+4+iN, M, N real, F = QQ and A= F + NQ.
e Characteristic function x(t,&) := ﬁ fef%lx'gp(t,x) dx is
given by
X(8,6) = xo(R/ e 2E D¢,
where R, = "4 and D; = [; RaMR/[ ds.
® Decoherence equivalent to D; > 0 for t > 0.

Hérmander condition: V, = R29 for some r < 2d where
Vo =span{Rely,Iml}, V,=Vo+FVo+---+F V.

orthogonal decomposition: R?? = Wy & Wy @ --- @ W, with
WO = V() and Vk == kal ® Wk.



Open Systems and the Lindblad equation Decoherence and the Hérmander condition Quadratic Lindblad case Gaussian propagatic
00000 0000 00e00 000000000000

Ingredients in proof Il, short time approximation

A Aor - 0 0 0

Fio Fu1 Fo 0 O
A= 0 F21 ’Fﬂ = 0 F21 0

0 0 Fo,1 Fr, 0 0 0 Fee O
Lemma

Let ¢ € W, then with R} = et

£ Dt = Z/t|€~ REl[* ds + O(t+?)
k

t2]+1

= @ g LI P 0.
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Decoherence timescales

Theorem (Parsons, Plastow, RS 19)

Suppose that the characteristic function of py satisfies

1
vdet G

where G is symmetric and strictly positive. If ; € W; then

e~ an (E-%0)- 671 (E-Q%0)

Ixo(&)] <

”ﬁtHHS S eiflh[dj(fo) t2j+1+0(t2j+2)]( /7det G 4 O(t))

where dj(0) = iy S L (Figo)? and F = QH" is the
Hamiltonian map of H.
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Dilations and Carnot Groups

Short time approximation defined by F* gives rise to

h
L* = X!+ 52)@3 ,where X} = —(Fix)-V .
k>1

* Dilations: d)(£) = A¥*L for £ € W, then
815 0 L¥ 06y = N2L¥, so O; — L¥ invariant under
(t,x) + (A\2t,05(x)). Gives geometric explanation of different
time scales of decoherence.

e F% nilpotent: gives rise to nilpotent Lie group with Lie
Algebra given by Xg,Xl, -+, graded and with dilation, hence
a Carnot group (Lanconnelli Polidoro '92).

® Underlying geometry of Decoherence is sub-Riemannian
Geometry described by distribution of Hérmander vector fields.
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Gaussian states |

Let p be a quantum state (pure or mixed) with Gaussian
Wignerfunction,

VdetG _1., .
o) = YIEE oo

x=(q,p),X =(Q,P) e R"@R"

® G is symmetric and satisfies the uncertainty relation
G—1+i§z>owith§2:< )

® X expectation values of X = (§,p), G*

covariance matrix.

corresponding

p pure if G symplectic.
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Propagation of Gaussian states in closed systems
Let A be Weyl-quantisation of H(x), then e~ 7" pert" has
Wignerfunction

\/det G — L1 (x—X¢) Ge(x—Xz)

P(t,X):We g + Ry
and
* X; = QVH(X;) classical flow
° G = H"(X:)QG: — G:QH" (X¢) linearised flow

* |Rell iz = Ot(VA/ Amin(G)) where Apin(G) is the smallest
eigenvalue of G

Hepp '74, Heller '75, Littlejohn, Hagedorn ..... . Simple
propagation scheme. Very versatile tool in applications.

Main proof idea: Taylor expand H around centre X; of wave
packet.
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Non-Hermitian propagation of Gaussian states

Let A — il be Weyl-quantisation of H(x) —il(x), H,T real, then
e~ tH=1D) s t(HHD) has Wignerfunction

p(t X) — e_%dei‘t& e_%(X—Xt)Gt(x—Xt)

R
()" e

and
* X; = QVH(X;) — G, VI (X;) Hamiltonian + gradient
° Gt =H'QG — GQH" +T" — GQTT"QG,
o & =2M(X;) + 2tr[QTT"QG]
® Graefe and RS '11; Burns, Lupercio and Urube '13

® evolution of centre X; and variance G; coupled!
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The Lindblad Equation

® Time evolution of density operator 5, Lindblad-GKS equation
('76)

. IN A 1 T ATx T A AT T
ihoep = [H, ] + 5 zk: 2Ly ply — LiLyp — pLily

e 1 internal Hamiltonian, L4 Lindblad operators, describing
coupling to the environment.

® most general form of generator of completely positive trace
preserving semigroup.
Examples:
o [ = \/o §, scattering on environmental "dust”-particles

o [, = VA= 4, Lp = \/7+ &%, where § = p — ig annihilation
operator, coupling to heat bath.
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Lindblad evolution of Gaussian states

Let p, H, L, be Weyl-symbols of p, A, L, then a Gaussian state

evolves as
det G
p(t,X) = \/(j)nte—;(X—Xt)Gt(x—Xt) + Rt
where

* X, = QVH(X:) + Q3 Im(Ly VL) (Xe)

e G, =NQG; — G:OAT —2GQTDOG

® here A=H" + 3, Im(Lg L} + VL, VL]) and
D=3 ,Re(VLVL])

® ||Rell;2 = Ot(V/Amin(G)) where Apmin(G) is the smallest
eigenvalue of G

Generalisation of previous results by Brodier and Ozorio de
Almeida '10.
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Gradient flow in Lindblad equation
Often there exist a W/(x) with Q3" Im(L,VLi)(x) = —VW(x)

Xi = QVH(X:) — VW(X;)

holomorphic/anti-holomorphic Lindblads
® leta=p—igand a* =p+iq
® holomorphic: gaﬁ =0, then 2QIm(LVL)(x) = —V|L(x)|>.
e anti-holomorphic: % =0, then 2QIm(LVL)(x) = V|L(x)|%.

e So if all Ly are either holomorphic or anti-holomorphic, then

W) =5 Sl 5 3 G

hol anti—hol

® Gradient dynamics, but not coupled to G.
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Example
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Figure: Comparison of the quantum (top row) and semiclassical (bottom
row) dynamics of the system given by A=3535[6[,=v013[,=014
and L3 = v/0.15 §* for times t = 13, 50, 150
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Gaussian states Il: superposition of coherent states

o Let j= |v) (Yl

® if i) = 1, is coherent state centred at y: p(x) = Ne~ x>
e if ¢ =1, + 1, is superposition of two coherent states, then

p(x) = Ne=nlnl® o Ne=wb=l® 4 N cos (€ x/h) ok Ix=7P

where £ =Q(y2 —y1) and y = (y1 + y2)/2.
® Get coherent states on phase space:

Peross(X) = Ne;flig'xe_%(x_y)'G(X—)’)

® Decoherence: rapid suppression of interference effects from
superpositions, due to noise from environment.
® Expect peross — 0ast >0if £ #£0.
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Figure: Cat state Wigner function, evolving with Harmonic
w=1and L =a. Times (t =0, 0.01, 0.1), h = 1/50.
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Lindblad equation as non-Hermitian Schrodinger equation

Goal: Write the Lindblad equation for Hilbert Schmidt operators p
as Schrodinger equation for p(x) with (possibly) non-Hermitian
Hamiltonian.

o recall (5, 8) = tr[p*8] = rapym [ A(x)o(x) dx
o key identities: Aj = Afp and A = pA with

AIB = At VOV g

o Aip(x) = A)p and ptA = AlH)p with

A®) = A(x£208) £="v,
i
Weyl quantisation on doubled phase space of
AF)(x, &) = A(x £ 1Q¢).
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Lindblad equation on doubled phase space

~

. A A i T AT* 71 A AT x
ihoep = [H, P + 5 zk:szka — [tLep— pLiLy

then translates into

ihd:p = Kp
with K = KO + ik ... and
KO = HH _ H —i—ZIm (L Z|L+)—L

1 - -
=3 > {Lie L + {Ly, Ly
P

Im K(©) < 0 for £ > 0 responsible for decoherence.
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Figure: The quantum (top) and semiclassical (bottom) dynamics of an
initial cat state in an anharmonic potential with 5 = 0.1 and damping at
aratey=0.3. Times t =0, 0.5, 1.5, 2.5 are shown from left to right.



Summary and Outlook

Open quantum systems described by Lindblad equation, which
gives rise to phase-space evolution of "sum of squares” type

h
6tp=Xop+2kz;:X3p.

Decoherence: rapid suppression of interference effects due to
smoothing by noise.

Decoherence is semiclassical manifestation of hypoellipticity,
expect Hormander condition to give sufficient condition for
decoherence. We demonstrated this for special class of
Hamiltonian and Lindblad operators.

Decoherence is connected to sub-Riemannian geometry.

Future directions: More general operators, e.g., quadratic
Lindblad’s, local modelling by Carnot groups, sub-Riemannian
heat-kernel estimates.
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