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@ Lipschitz approximation and UC symbols

@ 1. Application: Deformation estimates

@ 2. Application: Toeplitz algebras over the two ball.
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Lipschitz Approximation and UC symbols

On a metric space (X, d) we consider function spaces:
e Lip(X)="Lipschitz continuous functions”.

e UC(X)="uniformly continuous functions”.

Both spaces may contain unbounded functions and

Lip(X) ¢ UC(X). (+)

Define:
BUC(X) ="bounded functions in UC(X)".

Question: Is the inclusion () uniformly dense? If so: how to
uniformly approximate UC-functions by Lip-functions?
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A very general answer

Definition (Metrically Convex Space)

A metric space (X, d) is called metrically convex if:

Two closed balls B(x,s) and B(y,t) around x € X and y € X and
with radii s > 0 and t > 0 intersect iff d(x,y) < s + t.

Example: Complete Riemannian manifolds are metrically convex.

Theorem

Let (X, d) be metrically convex. Then the space of all Lipschitz
functions Lip(X) is uniformly dense in UC(X) 2@

UC(X) = Lip.(X) = uniform closure of Lipschitz functions.

“e.g. see: Y. BENYAMINI, J. LINDENSTRAUSS, Geometric non-linear
functional analysis, AMS Colloquium Publication vol. 48, 2000.

v

See L.A. Coburn, Approximation by Lipschitz functions, ArXiv 21.
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Bounded mean oscillation

Aim: Approximation by real analytic Lipschitz functions. Explicit
and with a control of the remainder in the case X = C".

With t > 0 consider the heat transform of a (suitable) f : C" — C:

2

1zl

FO(w): = ! / fw—z)e a

(4mt)n

dv(z).

—— (1)

Semi-group-property: {f(9)} = f(tT5) (if defined).

Definition

Mean oscillation of f fort > 0 at w € C":

MO (F, w) : = IF2" (w) — |FO ()2

~{jr- O] W =o
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The functions having bounded mean oscillation are given by:

BMOZ(C") := {f : |fllamo, := sup /MO¢(f,z) <oo}. (%)

zeCn

v

Remarks:

e The spaces () are linear and independent of t > 0. Hence we
denote them by BMO?(C").

e || - |lBmo, depends on t > 0 and only defines a semi-norm.
e The following inclusions hold (for all t > 0)

BUC(C™) c UC(C™ c BMO?(C") C L*(C", dus).

NI
D
|
Q.
<
—~
N
~

where  du:(z) = (nt)”

In particular: BMO?(C") contains unbounded functions.
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Bounded oscillation versus bounded mean oscillation

Definition: A continuous function f € C(C") is of bounded
oscillation, if there is C > 0 such that for all z, w € C":

f(z) = f(w)| < C+ Cllz — wl].

BO(C") = functions of bounded oscillation.

Lemma

One has the inclusion BO(C") ¢ BMO?(C"). More precisely,

BMO?(C") = BO(C") + BA(C"),
0 0 1
foo= e 4+ (F—F(0))

where BA(C™) := {f € BMO(C") : |F2"" is bounded}.

More inclusions: For all t > 0:
BUC(C™) c UC(C™) ¢ BO(C") c BMO?(C™) C L*(C", du.).
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Bounded oscillation versus bounded mean oscillation

Let z,w € C" and f € BMO?(C"), then for all t > 0:

|F9(z) = FO(w)] < 2[|f||smo, |2 — wl].

Conclusion: f € BMO?(C") = (8 ¢ Lip(C").

Lemma

Let t > 0 and f € UC(C") € BMO?(C"), then
o 7(t) € Lip(C™),
o f—f(t) € BUC(C").
Lip(C") is the "difference” between UC(C") and BUC(C"):

UC(C") = Lip(C") + BUC(C")

In particular: If f € UC(C") is unbounded, then the heat
transform f(t) remains unbounded for all t > 0.
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Theorem A (W.B., L.A. Coburn)

Let £ € UC(C™), then the heat transform {f(t)},_ defines a flow
of real analytic functions in Lip(C") with

lim £(t) — f

t—0

uniformly on C". A Lipschitz constant of (1) is:

1
Cri=t2 Hf( 2\/E)||BM01/4‘
In particular, the following inclusion is dense:

Lip(C™) N C¥(C") ¢ UC(CM).
)

real analytic functions

Remark: In the theorem one can replace C” by R".
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Heat transform and Berezin-Toeplitz quantization

Let t > 0 and again consider a family of Gaussian measures on C”.

1 =
dpe(z) =

Definition:

The Fock space is defined as:

Ht2 = H2((Cn,ﬂt) = O(Cn) M LQ(Cn,,ut).

With the orthogonal projection
Pt [2(C", pe) = H?*(C", i)
and a symbol f : C" — C the Toeplitz operator T/ is defined as:
Th .= Pf/\ff  H? = HZ,

multiplication by f
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Heat transform and Berezin Toeplitz Quantization

Toeplitz quantization and Berezin transform

Berezin-Toeplitz quantization: For all t > 0:
{functions on C"} > f - T} = P*My € {operators on H?}.

Berezin transform:

{operators on HZ} 5 A A (2) := (AkL kE) € {functions on C"}.

Notation: We write:
k; o= [IKe( 2) |7 Ke(2),  zeC”
with K; being the reproducing kernel of HZ.

Example: Let A= T/, then A) = £(t) = peat transform on C".
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Generalization to the ball (or BSD)

Remark:

If we replace C” by the unit ball B” C C" or any BSD Q C C”
equipped with the Bergman metric. Similar ideas apply.

Example

Consider the open unit ball B” € C". Let a > 0 with
A=n+14a>0. Then, with g : B" — C:

Bni1talg)(w) =
1T(n+1+a) / ( )(1 — lw[?) e — |lz?)”
7 (a+1) 0 11 — z - w|2(ntlta)

dv(z).

In this case B,11+4(g) also is called a-Berezin transform of g.
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Theorem (W.-B. and L.A. Coburn, 2012)

Let 2 C C" be a BSD of genus p equipped with the Bergman
metric and let f € UC(Q).

There is a family of integral transforms { B\(f)} >, defining a
"flow” of real analytic functions in Lip(£2) with

lim B,\(f) =f

A—00

uniformly on Q. The Lipschitz constant of By(f) is dominated by

Cy: 2\/7||f||BMOA

In particular, the inclusion Lip(2) N C¥(2) € UC(Q2) is dense.

v

Idea: Let B,(f) be the Berezin transform of the Toeplitz operator
T2 acting on standard weighted Bergman spaces A3
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W Bouer  Unifom continuity and Toeplitz quantization
1. Application: deformation estimates

Estimates in deformation quantization (M. Rieffel):

lim I TEle = [1flloos (1)
t t .
ll—% IT¢ Tg — Tglle =0, (2)
t t _
lim = 1= [Tfa Tl = Tir g lle =0, (3)

where

@ t ~ h > 0 corresponds to Plancks constant = weight,
o {f,g}t=>1"4 g—;g—f — ng g)g = Poisson bracket.

Theorem (D. Borthwick, 1989)

(1) - (3) hold for f, g € C}"T°(C").

Proof: Techniques from pseudo-differential operator theory.
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Relation to Hankel operators

Problem: The limits (1) and (2) do not require derivatives. Can
we relax the regularity of f and g7

We start with (2): Consider the big Hankel operator
HE = (1 — PY)My : HZ — (HE)™.
Standard identity:
TeT, — Tg, = —(Hf)"Hg.

Corollary

Let f and g be symbols s.t. ¢ — |[H;][: is bounded as t — 0 and

lim || HE[|; = 0.

t—0 f

Then (2) holds, i.e. limeo || T/ T, — Tg |l = 0.

Consequence: We need to estimate the norm of Hf as t — 0.
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Theorem D (W. -B., L. Coburn, R. Hagger)

Let f € BMO?(C") and assume that there is ¢ > 0 such that for
all t € (a, 8) where 0 < o < f3:

If = ) < c. (*)

Then there is C > 0 independent of ¢ such that for all t € («, 3)

11l < {3 /Ifllenmoz, + Ifllemoz, | (+%)

Remark: The condition (x) holds for f € L°°(C") or f € UC(C").

Consequence: A problem on operators is reduced to a problem on
functions. We need to decide for which symbols with (%) we have

v

t"_% Hf”BMogtzo.
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Theorem E (W. -B., L. Coburn, R. Hagger)

Let f € UC(C"). Then
o f(t) — f uniformly on C" as t — 0 (approximate UC by Lip)
° ||fHB|\/|o§ —0ast—0.

In particular: (by Theorem D):
o lim; o ||Hf||: = 0.

In particular, (by the Corollary)

For all g € L>°(C") or g € UC(C") we have (2), i.e.

im | TETE — TE e = 0.

t—0

o

Note: The Toeplitz operators T; or T; above may be unbounded.
However, the semi-commutator

TETE- T},

necessarily is bounded for all t > 0.
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e THEOREM E also holds for bounded operator symbols in

VMO(C"™) = function of vanishing mean oscillation.

Recall: f € VMO(C") iff for all cubes E in C":
1 1
li — f—fe| : |E|<ap = th fe = — [ f.
al‘"o{|E|/E| el : IE| < af =0, wih fe !E\/E

@ The space VMO(C") contains non-continuous functions.
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o THEOREM E does not hold i.g. for symbols of high
oscillation, e.g.

im(TETf — Th)1=—1

t—0

if f,g € L°(C") are chosen as follows:

f(z) = 8(2) - {1 A

elzl> ifz#0

@ The asymptotic relation (1) is always true, i.e. without any
further conditions on f:

lim || TE|e = ||fllso forall f e L®(C").
t—0
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Fock Quantization Algebras

There is a kind of converse of THEOREM E, which | describe next:
Consider direct integrals and operators:

12 = /69 L2(C™, ut)
- y Mot

Ry
X = @t>0X(t) where X(t) c E(Lz(cnaut)>

with norm
1X]| = sup || X < o0
t>0

Definition

The algebra of such operators is denoted by Op(L?). Define

T = {X € Op(L?) : lim X0 = o},

which is a closed two-sided ideal in Op(L?).
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Fock Quantization Algebras

Similarly: H? = [ HZ and Op(H?).

Let f € L>°(C"), then:

Tf = Bi>o0 T; < Op(Hz) and Hf = @t>0H; c Op(L2),

Lemma: The set
A={Fel®(@) : TiTy—Te, TyTi- T e T, Vg € LX(C")}
is a closed, conjugate-closed subalgebra of L°°(C") and coincides

with
A= {f e L>°(C") : Hf,erI}.
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Fock Quantization algebras

Consider a second set of bounded functions:

B:= {f € L(C") : lim || fllgoz = o}.

Then one can show that:

Theorem (W.B., L. Coburn, R. Hagger)

A =B=VMO(C")N L>*(C"). In particular, B is a C* function
algebra.

Remarks: In the above sense VMO N L*°(C") is the largest C*
symbol algebra for which the quantization estimates (2) hold.
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2. Application: Toeplitz algebras over the two ball

Let B” C C"” denote the open unit ball. Let A > —1 (weight).
dvy(2) = ca(1 — |z]?) dv(2)
= weighted (probability) measure.

Definition (weighted Bergman space)

A3(B") := O(B") N L2(B", dvy).

Consider the orthogonal projection:

Py : L2(B", dvy) — A3(B").

Definition (Toeplitz operator)
Let f € L°°(B"). The Toeplitz operator with symbol f is defined by

T2 : A3(B") — A3(B") : g — Py(f - g).
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Quantization estimates on the ball

We equipp B"” with the Bergman metric distance 8 and consider
the corresponding function spaces

UC(B") and  VMO(B").

Theorem, (W.B., R. Hagger, N. Vasilevski)

Let f € UC(B"), (or f € VMO(B")), then

lim ||TAT) — T3

A—00

for all g € L>°(B") or all g € UC(B").

Remark: Similarly for any bounded symmetric domains.
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Toeplitz algebras over the two-ball

From now on: Put n = 2.

With weight A > —1 we consider the standard ONB of A% (B?):

B,\::{ z

{Ea N

(e

ca=(a1,an) € Zi}

Consider a sequence of Hilbert subspaces of A5 (BB?) defined by:

ZOé

H., = span{ ca=(a1,a0), a1 € Zy, ap € Ly fixed}.

1Z<[[

One obtains an orthogonal decomposition of the Bergman space:
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Reduction of dimension

For each aps € Z. there is a well-defined and unitary map:

z2
: Hy, — AOQHH(D) f(z1) - —a— > f(z1).
125 || a+1
Note: 2 — 2 . 2°  herea — (o1, ) € Z7
"z 1z Ixran+1  1292][xs1” 15 &2 +-

The operator U below is an isometric isomorphism:

U= @ tigg - «42 B*) — @ Aa2+A+1 D).

(DX <y/ =Y/

Question:

Which Toeplitz operators on A3 (B?) leave - after conjugation with

U - the space Aa y1(D) invariant for all ap € 217
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Let a € L>°(ID) and b € L*°(0,1) and put:

The Toeplitz operator T3 on A3(B?) decomposes as

UT2,U" = €D 75(a) T2,

€Ly

(a) Tg»t 1 = Toeplitz operator acting on A2 ., (D).

(b) Moreover, for all ap € Z:

(o2 + A +2)
Mo+ 1)F(A+1

Th(a2) =

) /O b(v/5)s%2(1 — s) ds.
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Goal: Study C* algebras generated by Toeplitz operators which
leave the above decomposition of A3 (B?) invariant.

Construction of operator algebras:

Chose subclasses S; € L*°(ID) and S» € L°°(0, 1) and consider the
C* algebra:

B2 . % A
7;\ (51,82) = C {Tfab :a€ S8y and be 82}.
Notation: Let S denote a set of bounded operators. Put:

C*(8) := C* algebra generated by the operators in S.

Example: Special (commutative) case
T ({1}.£7(0.1)) = SO(Z4),

where

SO(Z1) = {(a))jez. + lim |aj— ax| = 0}.
k—H—>1
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A non-commutative case

Consider the C* algebra:

TE(CD),{1}) = C{T} : ac C(D)}.

Theorem (W. B., N. Vasilevski, 2017)
Each T in 7;\32 (C(D),{1}) has a unique sum decomposition:

UTAU* = @ (T2 4+ K™), (*)

€Ly

where a € C(D) and K2 is compact with norm convergence:

K(Ai2+)\+1(ﬂ))) SK®? -0 as ap — o0.

Question: How can we recover the symbol a of T in (*)?
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The symbol map "via Quantization”

The map p : T (C(D), {1}) — C(D):

p: T = UTU = € T2
€L+
— lim Ba,as1 (T2 € C(D)

O —> 00 \

~~

Berezin transform

is a continuous and surjective x-homomorphism of C* algebras.

Answer: The homomorphism p recovers the function
a= p(TA) c C(D)
in the representation () of T:

UTAU" = @ (T3 4 Ke2). (%)

el
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Fredholm property and index

Theorem

Let T* € 7;1532((:(@)7 {1}). The following are equivalent:
(1) T is a Fredholm operator,

(2) p(TY) € C(D) is invertible, i.e. pointwise non-vanishing.
If (1) and (2) are true then

Ind(T?) = 0.

The essential spectrum of T is given by:

Oess (T)‘) = Range p(T)‘).
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Irreducible representations

Theorem (W.B., N. Vasilevski, 2017)

A complete list of irreducible representations of the C* algebra
2 S
T (C(D), {1})

Is given as follows:

(i) infinite dimensional repr. (non-equivalent for different c):

lay : T UTAU = @ TP 4 K% s TP 4 Koq
B2E€Z+

(i) The one-dimensional representations: Let t € D, then put:

(T = p(T’\)(t) e C.
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Further problems:

(a) How does the above analysis generalizes to the larger algebra

Ay = TF(C(D), L°(0,1))?

Some new effects:

o Representations of elements in the form

D (T + K2) € As

P Sy/m

are not unique anymore.

e A, contains Toeplitz operators with non-zero index.

o index formulas exist (W.B., R. Hagger, N. Vasilevski).

W. Bauer Uniform continuity and Toeplitz quantization

Further problems:

(b) What happens if we further enlarge the algebra by replacing

C(ID) with a bigger function algebras S,, e.g.

S = VOy(ID) = "vanishing oscillation at the boundary”,
S = BUC?

Some results:

Based on the quantization results of the first part and compactness
of semi-commutators we treat the algebras

TE ({1},V0s(D))  and even T (L2, (BY), VO,(B"))

v
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Let c(p,2") € (SO(ZT) @ VOu(B"*)) ® Mat,(C). Then the
Toeplitz operator

< P 10(TeT 4 K,) € TA(LiZyr, VOo(B"™)) ® Mat,(C)
pELT

is Fredholm if and only if the restriction of the matrix c(n) onto
(Mo x M(VO)) U (ZT x My)
is invertible. The essential spectrum and index are given by

N
ess(T") = Range det ¢| 1, x m(voyuzm x My -

Ind(TY) = Y dim#, |nd(T“'P'“)

pELT
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Figure: M.C. Escher: Circle Limit IV

Thank you for
your attention!
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