Quantization

I think I can safely say that nobody Sy
understands quantum mechanics. I, _ A
Richard Feynman

Anyone who is hot shocked by quantum

theory has not understood a single word.
Niels Bohr

Very interesting theory -- it makes no sense at all

Groucho Marx
Gott wurfelt nicht!

Albert Einstein

The more success the quantum theory
has the sillier it looks.




Geometry Quantum algebra

symplectic manifold ~—> 7

(M, o) d

algebra of functions —~> A

Lagrangian submanifolds

I c M ~>  vectors 7€ H




Mirror symmetry:

Complex (B-model) Symplectic (A-model)
variations of Hodge < > quantum cohomology,
structure curve counting

D’Coh(X) <«<——  D'Fuk(Y)

M.Kontsevich



Brane quantization: 5.6, EWitten (08)

A-model of Y = %1

| — Y
/
A = Hom(B.., B..) W\
)~

H = Hom(B..,B')

B’ = Lagrangian A-brane supported on M C Y

B5...= cotsotropic A-brane supported on Y and
endowed with a unitary line bundle £ with a

connection of curvature F' = Re ()
A.Kapustin, D.Orlov



Geometry Quantum algebra

symplectic manifolds, interesting algebras,
non-compact moduli representations,
spaces, ... modular categories, ...




Geometry Quantum algebra

Quantization

/ algebra A, ...

X

TTT— MTC[N]

(modular) tensor
category



Geometry Quantum algebra

Quantization
/ algebra A, ...
X
non—comp;t\) MTC[X]
hyper-Kahler (modular) tensor
I J K category

wr wj WK



Geometry Quantum algebra

X =T*CP!
X =T1"Cp" Quantization
X =T"Gr(n,N) / algebra A, ...

X = Hilb"(C?)
X =MyG.C) T MTC[X]

[ee-Weinberg-Yi (modular) tensor
category

T'aubian-Calabi

ALE, ALF, ALG, ALG™ ...



Branes and DAHA Representations

Sergei Gukov' Peter Koroteev?? Satoshi Nawata? Du Pei® Ingmar Saberi®

Rozansky-Witten geometry of Coulomb branches

and logarithmic knot invariants

Sergei Gukov!' Po-Shen Hsin! Hiraku Nakajima? Sunghyuk Park® Du Pei* Nikita

Sopenko!




Ayt 42 —ayz = tr V42

Deformation (smoothing) of

C* x C*
Lo

W.Goldman
T.Hausel
E.Frenkel, E.Witten

2010 Takagi Lectures



Example:

Y :

Brane quantization:

' ' 1 dxANdy
2mh 16
— € h — h € Q —
! n 2mh xy — 22
B
ok \ ReQ:%(wICOSQ—WKSiHH) ’
1 .
A-model — Im £ = _ﬁ(wl sin 6 + wg cos 0)



t=2 0
v~ »)

Yo 5’724‘924—22—:@2:&“/—!—2

A = Hom(B.., B..) = spherical DAHA

A.Oblomkov
BCC \ 1
Re 2 = W(wj cosf) — wg sinf) |
1 .
A-model — Im £ = _W(WI sin 6 + wy cos 6)



Elliptic braid group (a.k.a. double athne braid group):
TP ({E\ 0}/Z2)

TY IT=Y Y lxXlyXx7T?=1
TXT = X1



Example:

Elliptic braid group (a.k.a. double athne braid group):

" ({E\ 0}/Zs)
TY I T=Y Y lXx-lvyx1?2=1
TR = X

Central extension: Y X 1Y XT? = ¢!
Double Affine Hecke Algebra (DAHA):

C[Ben]/(T —t)(T +t71))



A = Hom(B.., B..) = spherical DAHA

A-branes B/ —— Representations of

(spherical) DAHA

——

B/ 7_[ — HOIII(BCC,B)

S.G., P.Koroteev, S.Nawata, D.Pei, I.Saberi

cf. M.Varagnolo, E.Vasserot
E.Gorsky, A.Oblomkov, J.Rasmussen, V.Shende
A.Braverman, P.Etingof, M.Finkelberg, H.Nakajima, D.Yamakawa



A = Hom(B.., B..) = spherical DAHA

A-branes B/ —— Representations of

(spherical) DAHA

N




A = Hom(B.., B..) = spherical DAHA

A-branes B —— Representations of

(spherical) DAHA




A = Hom(B.., B..) = spherical DAHA

A-branes B —— Representations of

(spherical) DAHA




A = Hom(B.., B..) = spherical DAHA

A-branes B/ —— Representations of

(spherical) DAHA

gen pt 0



Interesting branes 3’
- generic hiber F
- Bung
- exceptional divisors D;
- non-trivial extensions %

By } "
gen pt 0

£2



/ .
3" = generic fiber parameters

(B,A,A) brane \ e CX x CX
dim Hom (B, BA) = % _ il_l .
# m & Z>()

t = unrestricted

gen pt 0




B’ =Bung no additional parameters
(B,A,A) brane
2 = gk

Vie+r1 = Hom(B.., BI) “additional series”
(Verlinde) representation

gen pt 0




finite-dim rep

shortening condition

Lgam qm =
%n q2n —
Vi+1 t2 = —q"
9, 2 = g—t+1/2
F N
Fon
Mp
T
B

0

£2



Sk(Ms) = C[qi%](isotopy classes of framed links in M3)

( \/\ =q‘1/2> (+q1/2:, O=—q—q‘1)

V.Turaev ('90)
J.Przytycki

Sk(Z) " Sk(z 8 [O’ 1]) S.6unningham, D.Jordan, P.Safr;mov
T.Ekholm, V.Shende

Sk(T) is a specialization of spherical DAHA

D.Bullock, J.Przytycki

stacking:  Sk(X) x Sk(X) — Sk(X) V. Turaev (‘91)
Sk(X) = Hom(Bee, Bece)
@, @, ¥
Sk(M3) = Hom(Bc,Br) A\

S.G., P.Koroteev, S.Nawata, D.Pei, I.Saberi



Geometry Quantum algebra

Quantization
/ algebra ﬂ, o
X
e — (modular) tensor
M category
\(y




FIGANACE] LEARNS To SOUWNT.




U(l); C X = Coulomb branch, ...

#1(A)

o=
S

5
|

K2

K-theory Euler class(T)X)



Example:

U(l); C X = Coulomb branch, ...

2 fixed points Fibonacci MTC
= 0 1/5 2 ([sing sin%7T
= S\/g(sin%wsin%)
Wy = 2/5  6/5 - —
T = 117i
(0 &)

W,= 3/5 —1/5



Example:

U(l), xU(1); C X =T*CP!
/ N\

tri-holomorphic holomorphic

1
1 —x)(1—t/x)
1

TX|p =x+t/z wh (Sw) = (

TX|p, =2 '+t = (Sn)" =

(1 —z-1)(1 — tz)



Geometry

of <

Galois action?



Hyper-Kahler Geometry and Invariants of Three-Manifolds

L. Rozansky

E. Witten




Hyper-Kahler Geometry and Invariants of Three-Manifolds

L. Rozansky

E. Witten

answers. In general, the analysis by cutting and summing over physical states is likely to be

quite subtle if X is not compact, roughly because there is a continuum of almost Q)-invariant

states starting at zero energy. In the presence of such a continuum, formal arguments claim-

ing to show a reduction to the (-cohomology are hazardous at best. But if X is compact,

the spectrum is discrete, and one will get a quite straightforward formalism involving a sum

over finitely many physical states.

(cf. eq. (5.8)). If X is non-compact, the continuous spectrum starting at zero energy
obstructs a reduction to a description with a finite-dimensional space of physical states. We

therefore consider only compact X, such as X = K3, to obtain the surgery formulas.



Hyper-Kahler Geometry and Invariants of Three-Manifolds

L. Rozansky

E. Witten

||
D
!
=
s
Q
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'—l
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Z(S' x B,) = sdimH(Z,)




infinite-dimensional

{

sdimH (2,)

— Z(SOA)2_29

A

>

: G.Moore, N.Nekrasov, S.Shatashvili
finite sum C.Teleman, C.Woodward
A.Gerasimov, S.Shatashvili

S.G., D.Pei

equivariant

Z(S' x %)

= ) t"sdimH,(5,)



‘Thanks for listening.

Questions?



