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Main results

o X: closed complex manifold.
o K(X): K-group of coherent sheaves.
e holomorphic analogue of the topological K-theory.
e Hpc(X,R): Bott-Chern cohomology.
e holomorphic analogue of the de Rham cohomology.
Theorem (Bismut-S.-Wei, 2021)
@ There is a Chern character chpc : K(X) — Hpc(X,R).
@ chpc satisfies a Riemann-Roch-Grothendieck formula for
arbitrary holomorphic map f : X — Y, i.e., the diagram
commutes

KX)— k()

TdBc(TX)Cthi leBC (TY)ChBC

HBC(X7 R) L HBC(Y7 R)
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Chern-Weil theory Bott-Chern cohomology
H A

de Rham cohomology

o OF(X,R) : smooth k-forms.
e d:0%X,R)— Q*(X,R) : de Rham operator.
e d*=0.

Definition (de Rham)

HP. (X, R) = kerd N QP(X,R)/d®~(X,R).
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H A

Bott-Chern cohomology

o OP9(X,C) : smooth (p,g)-forms.
e d=0+0.
o Classical relation 0% = 0,52 =0,[0,0] = 0.

Definition (Bott-Chern)

HZ4(X,C) = kerd N QP(X, C)/00w—19-1(X, C).
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Bott-Chern vs de Rham

o Canonical morphism : H5%(X,C) — H(X,C).
o If X is Kihler, @4 -t HRA(X,C) ~ HkL (X, C).
o In general, Hpc(X,C) # Har(X, C) (e.g. Iwasawa manifold).
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Holomorphic vector bundles

@ D: holomorphic vector bundle.

o VP Q0%*(X, D) — Q%*+1(X, D) holomorphic structure.
@ Leibniz rule: VP (as) = da- s + (—1)%8*a A VD5
e (VD”)2 =0.

Theorem (Koszul-Malgrange, Newlander-Nirenberg)

A smooth vector bundle D is holomorphic iff there is
VP 0% (X, D) — Q%*+L(X, D) with Leibniz rule and (VP")? = 0.
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Chern connection

e (D, VP"): holomorphic vector bundle.
e hP : Hermitian metric on D.

o VP =vVP” 4 P Chern connection. (Unique unitary
connection whose antiholomorphic part is given by the
holomorphic structure. )

e We have
(VD//)2 — 0, (VD/)Z -0, (VD)2 _ [VD”, VD/] '

o R = (VP)? € Q11(X,End(D)).

Shu Shen Coherent sheaves & RRG 7 /36



Chern-Weil theory Bott-Chern cohomolog;
Holomorphic vector bundles
Complex of holomorphic vector bundles

Chern-Weil & Bott-Chern theory

Shu Shen Coherent sheaves & RRG




Chern-Weil theory

Chern-Weil & Bott-Chern theory

ch(D,VP” hP) = Tr [exp(—RP /2im)] € Q(X, C).

Shu Shen Coherent sheaves & RRG 8 /36



Chern-Weil theory

Chern-Weil & Bott-Chern theory

ch(D,VP” hP) = Tr [exp(—RP /2im)] € Q(X, C).

Theorem (Chern-Weil, Bott-Chern)

Q@ ch(D,VP" hP) € ®,0PP(X,R) and d-closed.

Shu Shen Coherent sheaves & RRG 8 /36



Chern-Weil theory

Chern-Weil & Bott-Chern theory

ch(D,VP” hP) = Tr [exp(—RP /2im)] € Q(X, C).

Theorem (Chern-Weil, Bott-Chern)

Q@ ch(D,VP" hP) € ®,0PP(X,R) and d-closed.
Q ChBC(D,VD”) = [Ch(D,VD”,hD)] € @pHg’g(X, R) is
—_———

Hpc(X,R)

independent of hP.

Shu Shen Coherent sheaves & RRG 8 /36
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Chern-Weil & Bott-Chern theory

ch(D,VP” hP) = Tr [exp(—RP /2im)] € Q(X, C).

Theorem (Chern-Weil, Bott-Chern)

Q@ ch(D,VP" hP) € ®,0PP(X,R) and d-closed.
Q ChBC(D,VD”) = [Ch(D,VD”,hD)] € @pHg’g(X, R) is
—_———

Hgc(X,R)
independent of hY. (holomorphic invariant!)
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Complex of holomorphic vector bundles

@ Complex of holomorphic vector bundles

0 pr—Ysptl_“, __YsDpr 0.

o D' has a holomorphic structure vD
e v is holomorphic, i.e., [1}, VD”] =0.

e O%P(X, D7) has total degree p + q.

o A" =v 4+ VP":Q0%(X,D*) — [Q%*(X, D*)]*! has total degree
1 and (A4”)% = 0.
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Complex of holomorphic vector bundles

Complex of holomorphic vector bundles

0 pr—Ysptl_“, __YsDpr 0.

o D' has a holomorphic structure vD
e v is holomorphic, i.e., [1}, VD”] =0.

Q%P(X, D7) has total degree p + q.
o A" =v+ VP": Q% (X, D*) — [Q%*(X, D*)]*! has total degree
1 and (A4”)% = 0.

o A" is an example of antiholomorphic superconnection.
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o hP : Z-graded Hermitian metric on D®.

A’ =v* + VP’ (“adjoint” of A” w.r.t. hP).
A= A"+ A’ (example of superconnection).
o (A")*=0,(A)?=0,4%=[A", A.
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o hP : Z-graded Hermitian metric on D®.

A’ =v* + VP’ (“adjoint” of A” w.r.t. hP).
A= A"+ A’ (example of superconnection).
(A")* =0,(A")? =0,A% = [A", A'].

ch(D, A", hP) = 7(2m)1\,/2r_[’1"S [exp(—A42)] .

Shu Shen Coherent sheaves & RRG 10/ 36



Chern-Weil theory Bott-Chern cohomology
Holomorphic vector bundles
Complex of holomorphic vector bundles

o hP : Z-graded Hermitian metric on D®.

A’ =v* + VP’ (“adjoint” of A” w.r.t. hP).
A= A"+ A’ (example of superconnection).
(A")* =0,(A")? =0,A% = [A", A'].

ch(D, A", hP) = WT@ [exp(fAz)} .

Theorem (Bismut-Gillet-Soulé)

Q ch(D, A" hP) € 3,0PP(X,R) is d-closed.

Shu Shen Coherent sheaves & RRG 10/ 36



Chern-Weil theory

1dles
phic vector bundles

o hP : Z-graded Hermitian metric on D®.

A’ =v* + VP’ (“adjoint” of A” w.r.t. hP).
A= A"+ A’ (example of superconnection).
(A")* =0,(A")? =0,A% = [A", A'].

ch(D, A", hP) = WT@ [exp(fAz)} .

Theorem (Bismut-Gillet-Soulé)

Q ch(D, A" hP) € 3,0PP(X,R) is d-closed.
© chpc(D, A”) = [ch(D, A", hP)] € &,HEE(X, R) is independent of
hP.

Shu Shen Coherent sheaves & RRG 10/ 36



Chern-Weil theory Bot gy
>undles
hic vector bundles

o hP : Z-graded Hermitian metric on D®.

A’ =v* + VP’ (“adjoint” of A” w.r.t. hP).

A= A"+ A’ (example of superconnection).

(A7)* =0,(4)* = 0,47 = [A", A).
ch(D, A", hP) = Trg [exp(—A4?)] .

Theorem (Bismut-Gillet-Soulé)

(217r)N/2

Q ch(D, A", hP) € @, P(X,R) is d-closed.

© chpc(D, A”) = [ch(D, A", hP)] € &,HEE(X, R) is independent of
hP.

Q@ chyc(D, A") = 32,(~1)'chpc (D, V).
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K-theory of holomorphic vector bundles

K*(X): Abelian group
o Generators : holomorphic vector bundles.

o Relations: if we have a short exact sequence,
0—E—FE —-E' =0

then E' = E + E".

chpe : K*(X) = Hgo(X,R).
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Coherent sheaves

o The category of holomorphic vector bundles is not good.

o If f: D — D is a holomorphic bundle map, then ker f and im f
are not holomorphic vector bundles.

e Holomorphic vector bundle and complex of holomorphic vector
bundles can be generalized to coherent sheaves and O x-complex
with coherent cohomologies,

07" =7+ 5 . .77 5.
o K*(X) can be generalised to K (X), K-group of coherent sheaves.

An Ox-complex (F*,v) has coherent cohomologies iff for any small
open set U C X, there exist a complezx of holomorphic vector bundles
(Ey,vy) on U, and a quasi-isomorphism

(v, vv) = (F*,0)v.
——

sheaves of holo. sections in Ey
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o If X is projective, (Ey,vy) exists globally, i.e., U = X.
o In general, (Ey,vy) exists only locally. (Voisin: a generic torus
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o If X is projective, K*(X) = K(X).
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Global vs local

o If X is projective, (Ey,vy) exists globally, i.e., U = X.
o In general, (Ey,vy) exists only locally. (Voisin: a generic torus
of dimension > 3).
e K*(X) < K(X) subgroup.
o If X is projective, K*(X) = K(X).
o In general, K*(X) # K(X).
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Chern-Weil theory for superconnecions

Questions

@ Is there a Chern Character chgc : K(X) — Hpo(X,R) ?
@ Is chpc compatible with the direct image associated to
f: X =Y (RRG)?
Bismut-S.-Wei 2021: yes !

o Grothendieck 1956 : X,Y are projective and ch with taking in
Chow groups.

e Atiyah-Hirzebruch 1962 : ch taking values in Hyr and RRG for

immersion.
o Green, O’Brian, Toledo, Tong, Levy...1980~1990.

Shu Shen Coherent sheaves & RRG 14/ 36



Coherent sheaves
Chern character and coherent sheaves Block’s antiholomorphic superconnections

Chern-Weil theory for superconnecions

Questions

@ Is there a Chern Character chgc : K(X) — Hpo(X,R) ?
@ Is chpc compatible with the direct image associated to
f: X =Y (RRG)?
Bismut-S.-Wei 2021: yes !

o Grothendieck 1956 : X,Y are projective and ch with taking in
Chow groups.

e Atiyah-Hirzebruch 1962 : ch taking values in Hyr and RRG for

immersion.
o Green, O’Brian, Toledo, Tong, Levy...1980~1990.
o Grivaux (2010) : ch taking values in Hpeligne(X, Q) and RRG for

projective morphism.

Shu Shen Coherent sheaves & RRG 14/ 36




Coherent sheaves

Chern character and coherent sheaves

Questions

@ Is there a Chern Character chgc : K(X) — Hpo(X,R) ?
@ Is chpc compatible with the direct image associated to
f: X =Y (RRG)?
Bismut-S.-Wei 2021: yes !

o Grothendieck 1956 : X,Y are projective and ch with taking in
Chow groups.

e Atiyah-Hirzebruch 1962 : ch taking values in Hyr and RRG for
immersion.

o Green, O’Brian, Toledo, Tong, Levy...1980~1990.

o Grivaux (2010) : ch taking values in Hpeligne(X, Q) and RRG for
projective morphism.

e Wu (2020) : ch taking values in Hpc(X, Q) and RRG for
projective morphism.

Shu Shen Coherent sheaves & RRG 14/ 36




Coherent sheaves

Chern character and coherent sheaves

Questions

@ Is there a Chern Character chgc : K(X) — Hpo(X,R) ?
@ Is chpc compatible with the direct image associated to
f: X =Y (RRG)?
Bismut-S.-Wei 2021: yes !

o Grothendieck 1956 : X,Y are projective and ch with taking in
Chow groups.

e Atiyah-Hirzebruch 1962 : ch taking values in Hyr and RRG for
immersion.

o Green, O’Brian, Toledo, Tong, Levy...1980~1990.

o Grivaux (2010) : ch taking values in Hpeligne(X, Q) and RRG for
projective morphism.

e Wu (2020) : ch taking values in Hpc(X, Q) and RRG for
projective morphism.

o Grivaux’s unicity theorem: all the constructions of Chern

Character are compatible.
Shu Shen Coherent sheaves & RRG 14/ 36
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Antiholomorphic superconnections

o D* =@ D': Z-graded smooth vector bundles on X.
Definition (Quillen 85, Block 2010)

A" Q% (X, D®) — [Q%*(X, D*)|*! of total degree 1 is called an anti-
holomorphic superconnection, if
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Chern character and coherent sheaves Block’s antiholomorphic superconnections
Chern-Weil theory for superconnecions

Antiholomorphic superconnections

o D* =@ D': Z-graded smooth vector bundles on X.
Definition (Quillen 85, Block 2010)

A" Q% (X, D®) — [Q%*(X, D*)|*! of total degree 1 is called an anti-
holomorphic superconnection, if
Q@ A" =vy+ VP + vy +... where v; € Q%(X,End' (D)) and
VP antiholo. part of some connection,

e (A”)2 =0.
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Coherent sheaves
Chern character and coherent sheaves Block’s antiholomorphic superconnections
Chern-Weil theory for superconnecions

An example

If vo =v3=...=0, then
(A2 =0 < v} =0,[V”" ] =0,(VP”)* =0.

By Koszul-Malgrange/Newlander-Nirenberg, (D, vp) is a complex of
holomorphic vector bundles.
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o Given (D*®, A”), we can define a Ox-complex &*(D*, A”) by

U C X open — (Q°*(U,D*|v),A"|v) .
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o Given (D*®, A”), we can define a Ox-complex &*(D*, A”) by
U C X open — (Q"*(U,D*|v),A"|v) .
Theorem (Block 2010, Bismut-S.-Wei 2021)

Q@ &°(D*, A”) has coherent cohomologies.
@ Every (#°,v) can be “obtained” in this way.

.

o Locally, after conjugason, A” ~ v+ V" (extension of
Koszul-Malgrange/Newlander-Nirenberg).

\,

Shu Shen Coherent sheaves & RRG 17 /36



Coherent sheaves
Chern character and coherent sheaves Block’s antiholomorphic superconnections
Chern-Weil theory for superconnecions

Block’s Theorem

o Given (D*®, A”), we can define a Ox-complex &*(D*, A”) by

U C X open — (Q°*(U,D*|v),A"|v) .

Theorem (Block 2010, Bismut-S.-Wei 2021)
Q@ &°(D*, A”) has coherent cohomologies.
@ Every (#°,v) can be “obtained” in this way.

o Locally, after conjugason, A” ~ v+ V" (extension of
Koszul-Malgrange/Newlander-Nirenberg).

o (D*,A") — &°*(D*, A”) defines an equivalence of categories.

.

\,

Shu Shen Coherent sheaves & RRG 17 /36



Chern character and coherent sheaves

Block’s Theorem

o Given (D*®, A”), we can define a Ox-complex &*(D*, A”) by

U C X open — (Q°*(U,D*|v),A"|v) .

Theorem (Block 2010, Bismut-S.-Wei 2021)
Q@ &°(D*, A”) has coherent cohomologies.
@ Every (#°,v) can be “obtained” in this way.

o Locally, after conjugason, A” ~ v+ V" (extension of
Koszul-Malgrange/Newlander-Nirenberg).

o (D*,A") — &°*(D*, A”) defines an equivalence of categories.

.

\,

Another proof given by Bondal-Rosly 2022.
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Chern character and coherent sheaves holomorphic superconnections
Chern-Weil theory for superconnecions

D A//)

o h: Z-graded Hermitian metric on D®.
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Chern-Weil theory for (D, A”)

o h: Z-graded Hermitian metric on D®.

o A= A"+ A’ : unitary superconnection.
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Chern-Weil theory for (D, A”)

o h: Z-graded Hermitian metric on D®.
o A= A"+ A’ : unitary superconnection.
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Coh
Chern character and coherent sheaves Bloc 1itiholomorphic superconnections
Chern-Weil theory for superconnecions

Chern-Weil theory for (D, A”)

o h: Z-graded Hermitian metric on D®.
A= A"+ A’ : unitary superconnection.
e (A2 =0,(4)2=0and A2 =[A" A].
¢

h(D, A" h) = @i )N/2 Trs[exp(—A2)].

.
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ry for superconnecions

Chern-Weil theory for (D, A”)

o h: Z-graded Hermitian metric on D®.
o A= A"+ A’ : unitary superconnection.
e (A2 =0,(4)2=0and A2 =[A" A].

ch(D, A" h) = =17 Trg[exp(—A2)).

— (2im)N/2

4

Theorem (Bismut-S.-Wei 2021)
@ ch(D, A", h) € ,07P(X,R) and d-closed.
@ chpc(D,A”) = [ch(D, A", h)] in Hy(X,R) is independent of h.

\
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ry for superconnecions

Chern-Weil theory for (D, A”)

o h: Z-graded Hermitian metric on D®.
o A= A"+ A’ : unitary superconnection.
e (A2 =0,(4)2=0and A2 =[A" A].

ch(D, A" h) = =17 Trg[exp(—A2)).

— (2im)N/2

4

Theorem (Bismut-S.-Wei 2021)
@ ch(D, A", h) € ,07P(X,R) and d-closed.
@ chpc(D,A”) = [ch(D, A", h)] in Hy(X,R) is independent of h.
@ chpc descends to K(X) — Hp(X,R).

\
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Proof of RRG: strategy

o Write f = moi where
e i: X — X xY (graph of f) immersion.
o m: X XY — Y projection.
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Reduce to immersion and projection
RRG for immersions

Riemann-Roch-Grothendieck RRG for projections

Proof of RRG: strategy

o Write f = 7 oi where
e i: X — X xY (graph of f) immersion.
o m: X XY — Y projection.
o Thanks to fy = mi, and f, = 7.i., we need only to show the
following two diagrams commute.

KX)— " S K(XxY)— " S K(Y)
Tdpc(TX)chso l Tdpc(T(X xY))chpe J{ Tdpc(TY)chpe l
Hpo(X,R) - Hpo(X xY,R) = Hpo(Y,R)
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Reduce to immersion and projection
RRG for immersions
Riemann-Roch-Grothendieck RRG for projections

RRG for immersions : deformation to normal cone

W = Blxxoo (Y x P1).
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Reduce to immersion and projection
RRG for immersions
Riemann-Roch-Grothendieck RRG for projections

RRG for immersions : deformation to normal cone

W = Blxxoo (Y x P1).

Ble(¥) |
\\\ Y
P(Nxyy) X -
\
P(]VXxoo/YxPl) X xbo
2z =00 P1 z=0 zZ =00 131 z=0

Shu Shen Coherent sheaves & RRG 24 /36



Reduce to immersion and projection
RRG for immersions
Riemann-Roch-Grothendieck RRG for projections

RRG for immersions : deformation to normal cone

W = Blxxoo (Y x P1).

Blx(Y) |
\\\ Y
P(Nxyy) X -
\
P(Nx xoo/yxpt) X xpo
Z =00 P1 z=0 zZ =00 131 z=0

Deform an immersion X — Y to an other immersion

X — P(NXXOO/YxPl)~
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e to immersion and projection
for immersions
Riemann-Roch-Grothendieck RRG for projections

Direct image for projection

em:M=XxS—S.
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Direct image for projection

erm:M=Xx8§—=S5.
o Assume # = &*(D*,A") € K(M).
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Direct image for projection

em:M=XxS—S.
o Assume # = &*(D*,A") € K(M).
e We need to show

Cth(ﬂ'!gZ) = / TdBc(TX)Cth(D.,A”) in HBC(S’ R)
X
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Reduce to immersion and projection
RRG for immersions

Riemann-Roch-Grothendieck RRG for projections

Direct image for projection

em:M=XxS—S.
o Assume # = &*(D*,A") € K(M).
e We need to show

Cth(ﬂ'!gZ) = / TdBc(TX)Cth(D.,A”) in HBC(S’ R)
X

o D* = Q% (X, D*|x) : infinite dimensional Z-graded vector
bundle on S.
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Riemann-Roch-Grothendieck

Direct image for projection

em:M=XxS—S.
o Assume # = &*(D*,A") € K(M).
e We need to show

Cth(ﬂ'!gZ) = / TdBc(TX)Cth(D.,A”) in HBC(S’ R)
X

o D* = Q% (X, D*|x) : infinite dimensional Z-graded vector
bundle on S.

o Q0*(S,D*) = Q0*(M, D*).
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Riemann-Roch-Grothendieck

Direct image for projection

em:M=XxS—S.
o Assume # = &*(D*,A") € K(M).
e We need to show

Cth(ﬂ'!gZ) = / TdBc(TX)Cth(D.,A”) in HBC(S’ R)
X

o D* = Q% (X, D*|x) : infinite dimensional Z-graded vector
bundle on S.
o 00*(S,D*) = Q% (M, D*).

o Antiholomorphic superconnection A" = A”.
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Riemann-Roch-Grothendieck

Direct image for projection

em:M=Xx5—=S6.
o Assume # = &°*(D*, A”) € K(M).

e We need to show
Cth(ﬂ'!gZ) = / TdBc(TX)ChBC (l).7 A”) in HBC(S’ R)
X

o D* = Q% (X, D*|x) : infinite dimensional Z-graded vector
bundle on S.

o 0%*(S,D*%) = 00%*(M, D*).
° Antiholomorphic superconnection A” = A”.
o mT = &(D*,A").
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e to immersion and pr
for immersions

Riemann-Roch-Grothendieck RRG for projections

Elliptic Chern character

Shu Shen Coherent sheaves & RRG 27 /36



Reduce to immersion and projection
RRG for immersions

Riemann-Roch-Grothendieck RRG for projections

Elliptic Chern character

o Given metrics g” and ¢7¥, we can define an L?-metric on
D =Q%(X,D*|x).
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Riemann-Roch-Grothendieck RRG for projections

Elliptic Chern character

o Given metrics g” and ¢7¥, we can define an L?-metric on
D = QU*(X, D*|x).
o A= A"+ A, A? fibrewise elliptic.
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e to immersion and projection
or immers

Riemann-Roch-Grothendieck RRG for proJect)ons

Elliptic Chern character

o Given metrics g” and ¢7¥, we can define an L?-metric on
D = QU*(X, D*|x).

o A= A"+ A, A? fibrewise elliptic.

o ch(D Al/ng TX) = (gm)NmTrs[eXp( -AQ)]
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Riemann-Roch-Grothendieck

Elliptic Chern character

o Given metrics g” and ¢7¥, we can define an L?-metric on
D =Q%(X,D*|x).

o A= A"+ A, A? fibrewise elliptic.

e ch(D, A", gP,¢gT¥) = WTrs[exp(—AQ)].

Theorem (Bismut-S.-Wei 2021)

Q ch(D, A", gP, gT¥) € 3,0PP(S,R) and d-closed.

@ Its class chpc(D, A”) in Hpc(S,R) is independent of gP, g7,
and
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Riemann-Roch-Grothendieck

Elliptic Chern character

o Given metrics g” and ¢7¥, we can define an L?-metric on
D =Q%(X,D*|x).
o A= A"+ A, A? fibrewise elliptic.
o ch(D, A", gP,gT¥) = WTrs[exp(—AQ)].
Theorem (Bismut-S.-Wei 2021)
Q ch(D, A", gP, gT¥) € 3,0PP(S,R) and d-closed.

@ Its class chpc(D, A”) in Hpc(S,R) is independent of gP, g7,
and

chpo(D, A”) = chpc(mF).

o
spectral truncation + fibrewise Hodge theory.
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Riemann-Roch-Grothendieck

Elliptic Chern character

o Given metrics g” and ¢7¥, we can define an L?-metric on
D =Q%(X,D*|x).
o A= A"+ A, A? fibrewise elliptic.
o ch(D, A", gP,gT¥) = WTrs[exp(—AQ)].
Theorem (Bismut-S.-Wei 2021)
Q ch(D, A", gP, gT¥) € 3,0PP(S,R) and d-closed.

@ Its class chpc(D, A”) in Hpc(S,R) is independent of gP, g7,
and

chpo(D, A”) = chpc(mF).

o
spectral truncation + fibrewise Hodge theory.

Byproduct: a new proof of Grauert’s theorem.
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e to immersion and projection
for immersions
Riemann-Roch-Grothendieck RRG for projections

Atiyah-Singer index theorem
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Riemann-Roch-Grothendieck

Atiyah-Singer index theorem

@ S = x: by Atiyah-Singer,
Cth(ﬂgﬁ) = ChBC(D7 AH) = 1Hd(A+>

= / TdBC (TX)ChBC (D, AH).
X
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Reduce to immersion and projection
RRG for immersions

Riemann-Roch-Grothendieck RRG for projections

Atiyah-Singer index theorem

@ S = x: by Atiyah-Singer,
Cth(ﬂgﬁ) = ChBC(D7 AH) = 1Hd(A+>

= / TdBC (TX)ChBC (D, AH).
X

o S general : family index theory of Atiyah-Singer implies RRG in
Hgr.
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Riemann-Roch-Grothendieck

Atiyah-Singer index theorem

@ S = x: by Atiyah-Singer,
Cth(ﬂgﬁ) = ChBC(D7 AH) = 1Hd(A+>

= / TdBC (TX)ChBC (D, AH).
X

o S general : family index theory of Atiyah-Singer implies RRG in
Hgr.

o To get RRG in Hpc, we need the local family index theorem.
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e to immersion and projection
for immersions
Riemann-Roch-Grothendieck RRG for projections

Elliptic local index theorem
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Reduce to immersion and projection
RRG for immersions
Riemann-Roch-Grothendieck RRG for projections

Elliptic local index theorem

o JTX complex structure on X, w¥ = g?X (., JTX.).
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Reduce to immersion and projection
RRG for immersions

Riemann-Roch-Grothendieck RRG for projections

Elliptic local index theorem

o JTX complex structure on X, w¥ = g?X (., JTX.).

o If 5X8X wX =0, by local family index theorem, as t — 0,
ch(D, A", g7, g™ /t) —some limit in Q(S,R)

= / Tdpe(TX)chpe(D, A”) in Hyo(S,R).
X
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Reduce to immersion and projection
RRG for immersions
Riemann-Roch-Grothendieck RRG for projections

Elliptic local index theorem

o JTX complex structure on X, w¥ = g?X (., JTX.).

o If 5X8X wX =0, by local family index theorem, as t — 0,
ch(D, A", g7, g™ /t) —some limit in Q(S,R)

= / Tdpe(TX)chpe(D, A”) in Hyo(S,R).
X

_X .
o If 07 0Xw™X # 0, there are some divergence terms after Getzler’s
rescaling.
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to imm on and projection

or immersions
Riemann-Roch-Grothendieck for projections

Dolbeault-Koszul resolution

e X =TX.Y € C®X,nmTX).
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Reduce to immersion and projection
RRG for immersions

Riemann-Roch-Grothendieck RRG for projections

Dolbeault-Koszul resolution

e X =TX.Y € C®X,nmTX).

@ i: X — X by zero section.
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Reduce to immersion and projection
RRG for immersions

Riemann-Roch-Grothendieck RRG for projections

Dolbeault-Koszul resolution

e X =TX.Y € C®X,nmTX).

@ i: X — X by zero section.

o Dolbeault-Koszul: 1,0x = &* (W*A.(T*X),EX + iy) .
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e to immersion and projection
for immersions
Riemann-Roch-Grothendieck RRG for projections

Enlarge the fibration
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Reduce to immersion and projection
RRG for immersions
Riemann-Roch-Grothendieck RRG for projections

Enlarge the fibration

o i1.# and ¥ are expected to have the same direct image on S.
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to imm on and projection
for immersions
Riemann-Roch-Grothendieck RRG for projections

Enlarge the fibration

XxS - X xS
S

o i1.# and ¥ are expected to have the same direct image on S.
0 7 =& (x* (M(T*X)®D) ,m* A" +iy).
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o D =0"(X,0%(TX)® D).

Shu Shen Coherent sheaves & RRG 32 /36



Reduce to immersion and projection
RRG for immersions

Riemann-Roch-Grothendieck RRG for projections

Hypoelliptic deformation

o Infinite dimensional object on S:

Q¥ (X, 1" (AM(T*X)®D), Ay

D

e D=0Q%(X,Q%(TX)® D).
o gP g% ~ L%metric on Q**(TX) ® D ~ non degenerate

Hermitian form by twisting r : (z,Y) — (z, =Y).
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Riemann-Roch-Grothendieck RRG for projections

Hypoelliptic deformation

Infinite dimensional object on S:

Q¥ (X, 1" (AM(T*X)®D), Ay

D

D = Q**(X,0%*(TX) ® D).

P, gT* ~ L%-metric on Q**(TX) ® D ~ non degenerate

Hermitian form by twisting r : (z,Y) — (z, =Y).

o i ydim X _ T x =
wX ~~ non degenerate Hermitian form (ﬁ) fX ahewrpg
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Hypoelliptic deformation

o Infinite dimensional object on S:

Q¥ (X, 1" (AM(T*X)®D), Ay

D

o D =0"(X,0%(TX)® D).

o gP g% ~ L%metric on Q**(TX) ® D ~ non degenerate

Hermitian form by twisting r : (z,Y) — (z, =Y).

o i ydim X _ T x =
e wX ~» non degenerate Hermitian form (ﬁ) fX ahewrpg

o We get non degenerate Hermitian form on D.
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Hypoelliptic deformation

o Infinite dimensional object on S:

Q¥ (X, 1" (AM(T*X)®D), Ay

D

o D =0"(X,0%(TX)® D).

o gP g% ~ L%metric on Q**(TX) ® D ~ non degenerate

Hermitian form by twisting r : (z,Y) — (z, =Y).

o i ydim X _ T x =
e wX ~» non degenerate Hermitian form (ﬁ) fX ahewrpg

We get non degenerate Hermitian form on D.
Ay = Ay + A}, A} is hypoelliptic,

1 —
A@:5(_AV+|Y|2+...)+vyH+z'aawx+...
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Hypoelliptic Chern-Weil theory

o We can define ch(A%, g?, g7, wX) as before.
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Hypoelliptic Chern-Weil theory

o We can define ch(A%, g?, g7, wX) as before.

@ ch(AY,g”, 97", w™) € ©,QPP(S,R) and d-closed
Q [ch(AY, g, TX,wX)] € Hyc(S,R) is independent of g©, g™, w™.
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Hypoelliptic Chern-Weil theory

o We can define ch(A%, g?, g7, wX) as before.

Q ch(AY, g%, ¢T¥,wX) € ®,977(S,R) and d-closed

Q [ch(A/{z,gD,gTX,wX)] € Hyc(S,R) is independent of g©, g™, w™.

e [Ch(Al{’ngagTX7wX)j| = ChBC(ﬂ'[ﬁ) € HBC(S7 R) )
V.
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Hypoelliptic Chern-Weil theory

o We can define ch(A%, g?, g7, wX) as before.

@ ch(AY,g”, 97", w™) € ©,QPP(S,R) and d-closed
Q [ch(AY,g D gTX, )] € Hyc(S,R) is independent of g©, g™, w™.
© [ch(AY,g", TX,wX)] = chpe(m.F) € Hge(S,R).

Part 3 is based on the fact that the hypoelliptic curvature A3 can be
deformed to the elliptic curvature A2. As b — 0, we have
(Bismut-Lebeau 08)

ch(AY, g7, b*gT* ,wX) — ch(A”, ¢”, ¢7*) in Q(S,R).
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Hypoelliptic local index theorem
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Hypoelliptic local index theorem

0 IF 9 9XwX =0, as t — 0,

(381)  ch (A%, 9P, gT¥ /10N /1) —>/ T(TX,¢"X)ch(D, A", gP).
X
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Hypoelliptic local index theorem

0 If D 9XWwX = 0,ast— 0,

(381)  ch (A%, 9P, gT¥ /10N /1) —>/XTd(TX,gTX)ch(D,A",gD).
o If we replace wX by |Y|?w™ in the construction, as t — 0,

(3:2) b (A gP g™ /R YY) o [ TATX T )eh(D, A, g),

without any assumption!
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o If we replace wX by |Y|?w™ in the construction, as t — 0,

(3:2) b (A gP g™ /R YY) o [ TATX T )eh(D, A, g),

without any assumption!
@ The associated hypoelliptic Laplacians are
Q case (3.1): —2AY 4+ tY 2+ ¢1/2V,yu +i00w™ [t + .. ..
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Hypoelliptic local index theorem

0 If D 9XWwX = 0,ast— 0,

(381)  ch (A%, 9P, gT¥ /10N /1) —>/XTd(TX,gTX)ch(D,A",gD).
o If we replace wX by |Y|?w™ in the construction, as t — 0,

(3:2) b (A gP g™ /R YY) o [ TATX T )eh(D, A, g),

without any assumption!
@ The associated hypoelliptic Laplacians are
Q case (3.1): —2AY 4+ tY 2+ ¢1/2V,yu +i00w™ [t + .. ..
© case (3.2): —2AY + [t3/4Y |2 + ¢34V 30y 1 + 00|V [Pw™ + ...
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Thank you for your attention !
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